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Mathematically and computationally, issues arise in the modeling and
simulation of nonlinear fractional-order Riccati Stochastic Differential
Equations (RSDESs) as a result of their memory dependence, non-linearity,
and stochasticity. Such equations are critical in many fields of application, in-
cluding control theory and financial mathematics, but their numerical solution
is little studied. This gap is investigated in this research through this effort in
the development of a very robust hybrid computational method to tackle the
solutions of fractional-order RSDEs. The contribution to the research is the
development and application of a comparative optimization-based method
which combines three metaheuristic algorithms (Particle Swarm Optimization
(PSO), Firefly Algorithm (FFA), and Artificial Bee Colony (ABC)) to enact
precise nonlinear RSDE that are characterized by Caputo-type fractional
derivatives. The suggested algorithm minimizes an uncontrolled fitness
feature simulation with Brownian incremental steps and numerical changes
of the fractional derivation. Parameters of trial solutions, each algorithm
minimizes the residual error of the RSDE within a discretized time grid. The
numerical experiments prove that the PSO-based framework obtained better
precision, accelerates, and has better numerical stability over the time horizon
FFA, ABC, and standard methods of solution. The fair comparison of all the
algorithms is carried by the same stochastic realization of the Brown path.
Detailed analyses of the error, like mean squared errors, and absolute errors,
revealed that the PSO is efficient to capture both deterministic and stochastic
nature of the RSDEs. To sum up, the suggested PSO-based metaheuristic
algorithm framework offers a very successful and broadly applicable approach
to the numerical approximation of fractional stochastic dynamics, and hence
develops the repertoire of computational scheme accessible to model complex
systems in the sciences and engineering.
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1. Introduction

Fractional order Riccati Stochastic Differential Equations (RSDEs), especially of Riccati type, are
part and parcel of the theory of dynamic systems in many different fields of science and engineering,
e.g. optimal control, robust stabilization, financial mathematics, and signal processing [1]-[5].
Nevertheless, it is revealed to be important in a nonlinear, stochastic, and streamlined manner because
dealing with these equations presents an analytical and computational challenge that arises due
to nonlinearity, stochasticity, and the memory consequence of fractional derivatives [6]-[9]. The
inability to solve in closed form the majority of the fractional RSDEs also makes their numerical
treatment very difficult [10], [11].

This study aims to solve a class of nonlinear Fractional Riccati Stochastic Differential Equations
(RSDEs) by employing advanced metaheuristic optimization techniques. The general form of the
RSDE considered is given by:

D"y(t) = f(y,t) +g(y,t)dw:, 1€ [to,T] (1)

where DV denotes the Caputo fractional derivative of order v, y(¢) is the state variable, f(y,t)
represents the nonlinear deterministic component, and g(y,?)dw; introduces stochasticity through a
standard Brownian motion increment dw;. The objective of this study is to approximate the solution
y(t) by optimizing the parameters of numerical solvers using computational intelligence techniques.

A new numerical technique is presented in this article for solving the general nonlinear quadratic
Riccati stochastic differential equation of arbitrary order, the term dw; represents an increment of
a standard Brownian motion (Wiener process), introducing stochasticity to the system. Which is
expressed in its generic form with initial conditions as follows:

dV

Y0 =P +a@yO)w +r(0y* (1), 0<z<T 2

where dw(t) represents the increment of Brownian motion (or Wiener process), introducing stochas-
ticity to the system. With the initial conditions specified as:

dk

ﬁy(()):ck, k:O,l,Z,...,N—l (3)

whereas, boundary condition at ¢ = #y, for 0 < 79 < T, is written as
dk

W)’(to):bk, k=0,1,2,...,.N—1 @

Equation (1) includes a parameter v that specifies the order of the fractional derivative, allowing
its value to be adjusted to achieve the desired behavior of the solution. Where v = n, being n
an integer number, formula 1 turns into the canonical Riccati equation of the stochastic differential.
Although other numerical methods have been presented like the Adomian Decomposition Method, the
Variational iteration Method, and the Fractional Adams Moulton Method [12]-[14], they are usually
not good in terms of accuracy, convergence, or applicability to practical, complicated problems.
Also, artificial intelligence methods, especially neural-network or single-strategy optimization-based
schemes are either overfitting, cannot generalize, or do not respond as well to search spaces of very
high dimension [15]-[18]. In 2011, the FFANN structure was used with an optimization of internal
connection weights implemented with a hybrid metaheuristic of Particle Swarm Optimization (PSO)
global exploration with Simulated Annealing (SA) local refinement to solve differentially expressed
equations. This two-pronged approach enhanced significantly the correctness of solutions as well
as the convergence nature of answers, especially where fractional-order derivatives were carved up
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in the Caputo definition. This approach has been compared to other known numerical methods
so the methodology has been checked against the well-known Adomian Decomposition Method
(ADM) [19] and Genetic Algorithm (GA)-based solvers [20], showing it to have a higher level of
their performance in terms of accuracy and the speed of algorithmic calculations. In a sequence of
test cases, the same methodology was revealed to provide rather accurate approximations and thereby
substantiate its value in solving a wide range of challenging stochastic differential equations in fields
like control engineering, financial modeling and even signal processing [21]—[23]. In a study that
published in 2015, the numerical solution of nonlinear first-order Riccati differential equations, of
both integer-order and fractional-order forms were considered. The method was developed based
on the utilization of the combination of artificial neural networks (ANNs) and Sequential Quadratic
Programming (SQP) to make an approximation of the solution. The research was based on a great
number of experiments, and such training of the neural network consisted of numerous trials of
random initial values of neural network weights, and subsequent statistical data processing of the
resulting fitness functions [24], [25]. To confirm the effectiveness and reliability of the method,
authors have performed two numerical cases studies where the ANN-SQP framework was compared
to well-known methods like the Adaptive Backward Fractional Moulton Method (ABFMM) [26]. The
findings indicated that the suggested technique has substantially improved convergence rate, precision
and computational efficiency compared with the standard numerical solvers and therefore supported
its abilities in solving challenging fractional differential equations [27], [28].

In order to close these loopholes, this paper suggests a new hybrid computational strategy
where the PSO, FFA, and ABC algorithms are merged to solve the fractional-order nonlinear RSDEs.
Through utilizing the strong suit of the international and local search behaviors that exist within both of
these metaheuristic techniques [28], [29], approximate solutions are accelerated in an efficient manner
even in the case that no analytical forms are available. In extensive simulations and the evaluation
against the available methods, the research proves the reflecting a 35-45%, stability, and computational
efficiency of the suggested scheme, especially when applied to the problems with fractional dynamics
and stochastic perturbations [30]-[32]. The study may address this gap by contributing to the field
of research through the establishment of a comparison itself and as such, providing a formal study of
pattern construction with the use of hybrid metaheuristic approaches on fractional- order stochastic
Riccati equations. Its work fills that gap by uniting PSO, FFA, and ABC in one framework and
then comparing its performance to that of the standalone algorithms. Although, hybrid metaheuristic
methods, e.g. PSOABC, were previously used to solve practical optimization problems, e.g. capacitor
placement and solar PV modelling [33], the integration of hybrid metaheuristics and a third algorithm,
namely FFA in fractional-order RSDEs has not been previously attempted [34]. As far as we are
aware, a similar study is the first to combine PSO, FFA and ABC into a single framework specifically
targeted at overcoming the computational challenges of fractional RSDEs [35].

Since the numerical study of RSDEs has been largely limited to a handful methods, in this
work, a robust, flexible and scalable optimization-based framework is provided, which can be used
to overcome such limitations existing in the literature so far. This study introduces a distinct ad-
vancement over existing research by presenting a hybrid computational intelligence framework that
simultaneously integrates three metaheuristic optimization algorithms PSO, FFA, and ABC to solve
nonlinear fractional-order RSDEs [36]. Unlike prior works that employ these algorithms individually
or in limited combinations, this research formulates a cooperative hybrid strategy in which the global
search capability of PSO is complemented by the local intensification properties of FFA and the ex-
ploratory diversity of ABC [37], [38]. Additionally, this study applies the hybrid method specifically
to fractional RSDEs characterized by Caputo derivatives, a domain where analytical solutions are gen-
erally unavailable and existing numerical methods often suffer from high computational complexity,
instability, or poor convergence [39], [40]. The research contributes not only a new algorithmic design
but also a comprehensive comparative evaluation, demonstrating through rigorous simulations that the
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proposed method significantly outperforms standalone PSO, FFA, ABC, and traditional numerical ap-
proaches in terms of accuracy, robustness, and computational efficiency [30], [35]. Thus, the novelty
lies in the synergistic integration of three swarm-based algorithms tailored for fractional stochastic
systems, the first application of such a combination to Riccati-type equations, and the comprehensive
validation framework used to substantiate its superiority over existing methods [36], [41].

The issue presented in the present paper regards a nonlinear fractional-order RSDE numerical
solution, which is technically very hard owing to their composite characteristics of nonlinearity, non-
local memory effects, and stochastic noise. The equations appear in many practical settings and
find applications in optimal control theory, signal processing, financial modeling and many other
application areas where the dynamics of a complex system are unable to be well-modeled using
classical integer-order systems. Although such analytical and numerical approaches are theoretically
relevant and practically important to solve the complex interplay between fractional operators and
random processes, especially in the nonlinear context, they fail to address the problem adequately.
This absence of solid and generalizable fractional RSDE solvers indicates a major lapse on the literature
and a sense of the need to identify better and more operational computations strategies. This issue
must be met in order to progress simulation and control theories in fields that necessitate proper
modeling of memory and noisy driven dynamical systems.

2. Fundamental Concepts

This section presents major definitions and background concepts that will inform the mathematical
framework in the other sections that will follow. Several definitions of fractional integrals and
derivatives have been introduced into literature in the last few years such as Riemann-Liouville,
Caputo, and Riesz definitions. All these formulations are structurally and practically different and
advantages based on the given formulation vary according to the problems to be handled. See the
literature of fractional calculus which has defined equivalences between these definitions when the
functions belong to certain classes [30]. As a general rule in this work, we consider both the Riemann-
Liouville and Caputo definitions as these definitions are widely applicable, and are also the most
tractable definitions in describing the physical and stochastic phenomena with memory.

2.1. Riemann-Liouville Fractional Integral and Derivative

The fractional integration of order v > 0 is defined as [23]:

v _ 1 ! v—
1)) = 7 |, 00" @z ®
(1°1) (1) = £(0) (©)

where IV is the v-th order fractional integral operator. The fractional derivative of order v > 0 is
generally given as:

(DY f) (1) = <jt)n(1”f) (t), n—1<v<n )

where DV is the fractional derivative and n is an integer.
2.2. Caputo Fractional Derivative

Riemann-Liouville definition of fractional derivative is mathematically rigorous, but has some
drawbacks in the field of physics where fractional differential equations are used to model physical
systems; this is because it proves disadvantageous in dealing with initial conditions which in general
agree with real-life readings. Thus, in our work, we will use the fractional differential operator DY
which was suggested by Caputo [29] because it is consistent with initial value problems in the classical
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sense, and would serve a larger class of problems of interest in physical and engineering applications.

R IO e p—

! _ \n—v—1 ¢(n) o
o o /0 (=0 (0dT, n—l<v<n ()

['(n—
where " is given in Equation (7). The useful property of the Caputo integral operator is given as:

£k

o n—l<v<n )

n—1
(I"DYf) (1) = (1) = Y 0 (0)
k=0

By Caputo formula, the derivative of a variable is performed on the end result of the fractional
integration, as opposed to by Riemann-Liouville definition where the derivative is performed before
fractional integration. In practice, Caputo derivative is more desired as it can work with traditional
initial and boundary cases homogeneous and non-homogeneous in nature that are common in most
physical and engineering cases. However, the Caputo and Riemann-Liouville formulations give
identical results when it is assumed that initial conditions are homogeneous [31]. Here the Caputo
definition of the fractional derivative is used as it fits naturally with physically meaningful initial
conditions, in stochastic models, where datum variables are expressed as physically measurable
quantities.

2.3. Mittag-Lefller Function

The Mittag-Lefller functions (MLFs) are quite key in the fractional calculus, as they have the
potential to extend the exponential functions and precisely model memory-based processes. It has
fast-growing property, and it is therefore well-suited in modeling dynamics of both in integer-order and
fractional-order differential equations. The one-parameter Mittag-Leffler function took the following

classical presentation [31]:
Eq(t) = — >0 10
«)= X Farr ) (10)

When a = 1, it reduces to the exponential function. The two-parameter version is characterized with
parameters & and f3:

Eaﬁ(r):/;)wim, a>0,>0 (11)
It reduces to the standard MLF function when 8 = 1.
2.4. Stochastic Process
Let (Q,. %, P) be a probability space. A stochastic process W;(®),z € [0,), ® € Q is said to be
a Brownian motion or Wiener process, if [32]:
1. P{w e QWy(w) =0}) = 1.

2. Forty <t; <t <...<ty,, the increments W;, —W,,,W,, = W,,,...,W, —W, | are independent, for
any n € N.

3. For arbitrary ¢ and 7 > 0, W, — W; has a Gaussian distribution with mean 0 and variance h.

where .# stands for the o-algebra of subsets of a sample space Q and P for a probability measure.
2.5. Notations and Variable Definitions

The notations and variables used throughout this study are systematically defined and summarized
in Table 1.
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Table 1. Consistent definitions of variables and symbols used in mathematical formulations

Symbol Definition
¥(t) State variable or solution function of the Riccati equation
\% Order of the Caputo fractional derivative, 0 < v < 1
DY Caputo fractional derivative operator of order v

fe,y()) Nonlinear deterministic component of the RSDE

E(t) or dW{t)  Stochastic term modeled by the increment of a standard Brownian motion (Wiener process)

W(t) Standard Brownian motion (Wiener process)
Yo Initial condition y(0) = yq
t Time variable
Eq(t) Mittag-Leffler function of order o, generalizing the exponential function
() Gamma function
L Length of time interval or total simulation time
At Discrete time step size
N Number of discretization steps or particles/fireflies/solutions depending on algorithm
w Inertia weight in PSO
c1,¢2 Cognitive and social acceleration coefficients in PSO
ri,r Random values uniformly distributed in (0, 1) in PSO
Vi Velocity of the i*” particle in PSO
Xi Position of the i*” particle in PSO
Di Personal best position of the i/ particle in PSO
g Global best position found by the swarm in PSO
Bo Initial light intensity in FFA
Y Light absorption coefficient in FFA
(07 Randomization parameter in FFA
Tij Distance between firefly 7 and firefly j
o Attraction function between fireflies i and j
0 Fitness function (error/residual)
s Number of time steps in simulation
n Weight vector or parameters in the optimization process

3. Particle Swarm Optimization Algorithm (PSO)

A significant stochastic, population-based algorithm is PSO proposed initially by Kennedy and
Eberhart [15] that was based on the collective behavior of flocking birds and schools of fish. Each of
the particles in PSO models a candidate solution in a n-dimensional search space and each particle
updates both its position and velocity iteratively depending on its experience and the experience of its
neighbors. This essential process entails having particles examine the solution space by fine-tuning
its course of action taking into account both the locally best spot of their previous history and the
best-recognized position in all of the swarm. This tradeoff between local search and global intelligence
allows the algorithm to efficiently converge on either optimal solutions or near-optimal solutions in
high dimensional searching spaces. Based on the following sequence of steps [7], the typical PSO
process can be identified as follows:

* Particle initialization: A population of particles is randomly initialized within the search space,
where each particle represents a potential solution to the optimization problem.

* Fitness calculation: The objective function in form of Equation (12) in this case is used to calculate
the fitness of each particle and the equation quantitatively measures the quality of the current position
of the particle as a solution of the problem.

* Velocity Update: Making use of the best historical position of each participant (the best possible
position (ppes ), and the position searched out by the whole swarm which is globally the (gp.s ), the
velocity of each particle is updated accordingly. It will both balance exploration and exploitation
and direct particles toward areas of the solution space worthwhile exploring.
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* Position Update: The position of each of the particles is then modified to include the newly
calculated velocity to the current position, and thus causing each particle to be advanced to the
possible future (better) solutions.

* Stopping condition check: The process ends when the stopping condition is met, for example when
reaching a defined number of iterations or when the fitness function reaches a defined threshold. If
the condition is not met, the fitness calculations are repeated and the process continues.

The positions and velocities of the particles are given by the following formulas:
Vi(t+1) = @Vi(t) + Ciri (P, —Xi(t)) + Cora(G — Xi(1)) 12)

The velocity of particle i, written as V;(¢) is changed in respect to the contemporary location
X;(t), where P, is the personal best position discovered by the particle i; G is the global best location
discovered by the swarm. The inertia weight w, cognitive and social acceleration coefficients C; and
C,, respectively; and ry, ro are randomly distributed over the range of (0, 1) which brings stochastic
property in the movement of the particle [15].

4. Firefly Algorithm (FFA)

The FFA is a metaheuristic optimization algorithm, inspired by the bioluminescent signaling of
the fireflies at night time. In FFA, the driving optimization notion is the fact that through the intensity
of their lights or solutions in this case, the fireflies will be attracted to light their counterparts [33]-[36].
There are three idealized rules that the algorithm follows:

* Fireflies have attained a gender-less status and they all are equally attracted to each other with greater
attraction being proportional to brightness.

* The intensity between two fireflies is inversely proportional to distance i.e., a fainter/darker firefly
goes towards the brighter one. In the case when no firefly brighter than itself is close by, it drifts
aimlessly.

* The objective function value is linked to the brightness of a firefly: higher the brightness means
better solution in cases of maximization problems. This brightness can also be described flexibly
in terms of fitness measures.

In particular, the intensity of light of a certain point, I(x), directly depends on the value of
the objective function f(x). The other attribute of the firefly, that is, their attractiveness, which is
represented as f3, also directly depends upon the light intensity /() and thus varies with the distance
rij between the fireflies i and j. The further the distance the less brightness is seen owing to a series
of changes that occur in the course of both the geometrical dispersion of the projected light, and in the
absorption of the light by the intervening medium. This is the decay effect of the luminous intensity
I(r), which is exponentially proportional to distance in the usual expression [1]:

I(r) =Ipe " (14)

where Iy The first equation here is B that is the initial light intensity, while v is the light absorption
coefficient. From the physical point of view, the light intensity reduces inversely of the square of the
distance r to the source of light. Consequently, the attractiveness 8 as a function of the distance r can
be expressed as:

B(r) = Boe " (15)
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It is worth pointing out that the exponent yr can be replaced by other functions such as 77" when
m > 0. Then, the FFA can be summarized as the pseudo code. The distance between any two fireflies

i and j at x; and x; can be the Cartesian distance r;; = ‘ ‘x,- —X j‘ 2, or the b-norm. The movement of a
firefly i is attracted to another more attractive (brighter) firefly j and the position update of the firefly
located at X; will be done as follows:

Xt = X!+ Boe ™ (X1 = X)) + age] (16)

5. Artificial Bee Colony (ABC)

The Artificial Bee Colony (ABC) algorithm is a bio-inspired optimization technique designed
based on the behavior of honey bees in foraging for food. It also types bees between employed,
onlooker, and scout, which can do their part in exploration and exploitation of solution spaces. Bees
are employed to seek locally around known solutions and deliver quality information to the onlooker
bees, and the latter choose promising areas to follow. Scout bees help in diversification as they
look out in finding new solutions in case of stagnation. Solutions to improve the objective given by
candidates are looked upon as source of food and the colony helps optimize these candidates to reduce
the objective. This strategy balances locally intense and globally explorative thereby rendering ABC
useful in the case of challenging high-dimensional optimization problems [37], [38].

5.1. Foraging Behavior of Honey Bees

The honeybee swarms forage selection model demonstrates how a distributed form of intelligence
can be constructed using few simple rules of behavior, as in the case of food locations and food division
of labor between employed and unemployed foragers [39]. This system is governed by important
dynamics:

* Food Sources: are scored by their proximity, quality of energy per label, and their ability to be
farmed, which is compiled in a profitability equation.

* Employed foragers: take advantage of particular sources and share the information (e.g., location,
quality) to affect the decision of hives.

* Unemployed foragers: comprise scouts who search new resources as well as onlookers who use
the common information to select targets [40].

6. Mathematical Modeling and Analysis

This section introduces the mathematical model to simulate Riccati stochastic differential equa-
tions (after that, RSDEs) of an arbitrary (including fractional) order by use of the advanced meta-
heuristic optimization methods, including PSO, FFA, and ABC. We start with an overview of methods
previously proposed based on artificial intelligence to solve the models of integer-order stochastic
differential equations where the advantages and disadvantages of these methods will be discussed.
Such methodologies open the way, we shall see, to the extension herein given to include the fur-
ther complications arising with non-integer (fractional) derivatives, and hence allow to numerically
compute a wider range of stochastic dynamical systems.

6.1. Integer Order Case
The general form of the nonlinear RSDE of integer order (v = n) is:

d}’l

(O =p(O) +q(@)y(Ow+r(e)y* (1), 0<t<T (17)
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Equation (1) has its solution that is determined by the initial and boundary conditions that are
provided in Egs. (2) and (3). The classical theory of optimization claims that simply structured
numerical methods permit the approximation of continuous functions and their subdivisions of all
orders on compact manifolds. Using the power to search globally by metaheuristic algorithms,
especially PSO, FFA and ABC enables us to come up with a confined scheme to estimate the response
y(t) of the stochastic initial value problem and higher-order derivatives of y(¢). They are quite
good techniques when it comes to dealing with the complexities and non-regularity associated with
stochastic and fractional-order systems.

6.2. Fractional Order Case

When log-sigmoid activation functions are adopted, the optimization paradigms that are devel-
oped based on PSO, FFA, and ABC, as stated in Eqs. (1) and (16), do not exactly apply to the
dynamics of SODEs as well as SDEs in cases where fractional derivatives are involved. In order
to overcome this shortcoming, the current research suggests applying the exponential function as a
more appropriate one within the modeling framework. This decision is motivated in two aspects: 1)
the exponential function fulfills universal approximation requirements to handle the complex solution
space, 2) its fractional derivative can be represented in a closed form, being conveniently expressed
via the Mittag-LefHler function (MLF), which serves to be one of the most important functions of
fractional calculus. Formal definition the fractional derivative of exponential function can be formally
defined by the following formula:

v
Weﬁf =17 Ey 1 v(Br) (18)

The represented by Eq. (18) can now be given as:

y(t) = Z e Pt (19)
i=1
dV

L0 = Y Pt E -\ (Bt) (20)
i=1

Fractional order stochastic differential Equation (1) can be solved approximately by taking the lin-
ear combination of Egs. (19) and (20), which are the exponential activation function and its fractional
derivative, respectively, to form a numerical scheme. Here, it is supposed that certain realizations of
the Brownian motion are provided through which the solution, y(¢) would be approximated, based on
a proposed technique. See Fig. 1 that shows the Methodological Workflow (Flowchart).

6.3. Numerical Treatment of Fractional Derivatives and Stochasticity

In this context, the fractional derivatives are expressed in Caputo form such that this fits well with
the classical drawbacks.

The Caputo derivative The Caputo derivative DVy(¢) for v € (0,1) is computed via its operational
equivalence to convolution integrals, expressed as:

v _ 1 ! yl(t)
DVy(t) = X0 —V)/o (t—s)Vds 21

The discretization of this integral form involves numerical quadrature rules, e.g. Grunwald-
Letnikov approximations or L1 schemes which transforms the continuous memory term into weighted
sums. The exponential activation in the present case is adopted because it has a closed-form derivative
in fractions:

D'eP' = BYE, (B1") (22)
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Problem Formulation and
Mathematical Modeling
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Numerical Handling of Fractional
Derivative and Stochastic Term

’

Implementation of Metaheuristic
Optimization Algorithms

J

Metaheuristic Optimization
(PSO, FFA, ABC)

]

Comparative Analysis and
Performance Evaluation

1

Interpretation of Results
and Conclusions

J

Fig. 1. Flowchart of the Proposed Research Methodology

The selection means the computational profitability and analytical tractability when these are
installed into metaheuristic solvers. Modeling of stochastic terms occurs through Wiener processes
at time, W (), and is discretized through simulation of Brownian motion increments as a normally
distributed random variable with variance proportional to the timestep i.e.,AW; ~ N (0,h). Such
stochastic perturbation gets directly included in the objective (fitness) function where the optimization
algorithms work. The fitness function is based on the error: the fact that the trial solution (created
through candidate parameter vectors, in PSO, FFA or ABC) fails to meet the fractional RSDE:

N
Error(y) = Y. ID"yi — f (ti,y:) — g (t1,yi,) AWi|. (23)
i=1

The reduction of this error through the parameter space is the main challenge of a numerical
optimization. The population consists of the candidate solutions of the form of discretized time
history of the system state, and the fitness is calculated, given this residual. These algorithms search
the space of the parameters through an iteration of the velocity-position updates (PSO), attraction
dynamics (FFA), or nectar sharing behavior (ABC), and irrespective of how, always use discrete
approximations of the fractional operator and stochastic increment. These measures make sure that
the optimizer will explore an efficient search space characterized by high dimension, noise propagation
and non-convexity.

7. Methodology for Learning

The following section describes and examines the three metaheuristic algorithms for solving
fractional stochastic differential equations.

7.1. Algorithm Steps to Solve the Fractional SDE using PSO

In this section, the problem is solved with Particle Swarm Optimization (PSO) due to its simplicity,
ease of implementation, effective parameter control, and reduced computational cost compared to
conventional mathematical and heuristic techniques [33]. Fig. 2 shows the overall workflow of the
PSO algorithm used. Overall procedure and steps of Particle Swarm Optimization algorithm used in
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the experiment are re-summarized in Fig. 2.

Start

Create parameters of PSO ‘

v

Establishment of a first squadron ‘

.

Randomly initialize the position and velocity of each particle

'

Find the value of the objective function (Fitness) for each current particle
Y ¥

Finding the Gbest public and private location for the particle

¥

| If the particle fit is better than Pbest then we update Pbest

!

If the fitness for any Pbest is better than Gbest, then we update Ghest

+

| Update the V, and X, For every particle

r ___ end standard? —
Gbhest is the perfect solution Yes
Stop

Fig. 2. Generic flow diagram of particle swarm optimization algorithm

7.1.1. Fitness Function

The fitness of every particle is measured as an error of the objective function based on the
stochastic differential equation; this is calculated as the mean sum of squared residuals and minimized
as optimization occurs.

ej=ejt+er, j=123,... (24)

where j is the flight index, and e}- is given as:
Iy (a 2 ?
b= X (@) - p0) g @)y @ =) 0) es)
i=1 \ 4l

Here, we have s to mean; the number of steps taken during the period (0,7'). The specific value
of s is made flexible in order to find some sort of optimization in-between computational complexity
and the measure of accuracy to be yielded by the devised algorithm. Similarly, e jz is related to the
initial. The above analysis can be summarized in the following algorithm

7.1.2. Algorithm Steps

1. Swarm Initialization: Initialize the number of particles and randomly set their initial positions in
the n-dimensional search space.
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2. Parameter Setup: Set algorithmic parameters including number of iterations and fitness threshold.
The cognitive coefficient ¢; decreases linearly from 2.5 to 0.5 while the social coefficient ¢, increases
linearly from 0.5 to 2.5.

3. Fitness Evaluation: Fitness Evaluation: Calculate the fitness of the particles using the objective
function given in Equations (24) to (25).

4. Particle Ranking: Rank the particles according to their fitness value (the lesser the better) and
keep the characteristics of the best performing particle.

5. Velocity and Position Update: Velocity and Position Update: Change velocities and positions
according to Equations (12) and (13) respectively. repeat Step 3-5 till the maximum number of
iterations has been reached.

6. Global Best Tracking: Global Best Tracking: Keep a best solution globally per iteration. Steps
2-6 should be repeated to gather finally statistically viable number of global bests.

7. Final Optimization: Final Optimisation: The optimization of the best global solution is done
using that of MATLAB optimization tool box. Store the best fitness value and the particle to carry
on analysis.

7.2. Adaptation of Fitness Functions for Fractional Stochastic Differential Equations

When a solution to FSDEs should be composed, it becomes highly nuanced how the fitness
function is constructed. FSDEs as opposed to classical ODEs or integer-order SDE do not only
involve the integration of memory-dependent fractional derivatives into the objective functional but
also of stochastic perturbations. To this purpose, the suggested fitness function is defined in a
discretized time domain {79,171, ...,ty} and is designed to be minimized when the residual error in the
solution of the Caputo-type fractional RSDE is minimal. :

=

1
=5

1

F(0) [(DYyo(1) = £ (1,0 (1)) — & (1, o 1)) AW 26)

1

Here,0 is the parameter over which one would optimize (e.g., the weights of an approximating
function), D"y (#;) is the numerically evaluated Caputo derivative of the candidate solution at time
t;, and AW; ~ N (0,h) models the Brownian increment approximated at each timestep h. With this
formulation, it will be made sure that the deterministic and stochastic dynamics are encoded faithfully
in the residual structure. Remarkably, the natural variability is reflected in the fitness function because
it employs Monte Carlo sampling at every fitness calculation or, instead, sets a random seed to
maintain convergence characteristics among iterations. Also, fractional derivative induces a non-local
dependence of the past time steps, requiring the discrete convolution sums or spectral approximations
to be computed efficiently using memory. The computation is contained in the composition of
each candidate’s fitness; thus, it directly affects the dimensionality of the swarm, of the discussed
optimization programs. This design causes the fitness function to act as a probabilistically regularized
approximation of the FSDE residual, to lead the optimizer to candidate solutions that are respectful
of both the memory structure of fractional calculus and of the randomness of stochastic processes.
It is in this bi-accommodation that correct and consistent solutions to nonlinear fractional stochastic
Riccati are attained.

7.3. Algorithm Steps to Solve the Fractional SDE using FFA

1. Define the Problem and Parameters
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» Set FFA parameters: number of fireflies #, maximum iterations itermay, light absorption 7, initial
attractiveness fy, randomization o

* Define domain of independent variable #; and fractional order v
2. Firefly Initialization: Randomly generate initial positions representing potential solutions y(#;)

3. Objective Function: Define MSE fitness function:

MSE—1§,<dV (ti) — (p (1) +q (t:) y (t:) dw (t;) +r (t:) 2(t~))>2 @7
_N,‘:1 dtl-vyz P\li) T~ qli)yti)aw(l )y

4. Light Intensity Calculation: Calculate the light intensity / of each firefly based on the value of
the objective function. A lower error corresponds to a higher light intensity:

I; < —objective function. (28)
Then, Fireflies with lower errors are considered brighter.
5. Firefly Movement: For I; > I;, move firefly i toward j using Eq. (15).
6. Update and Check: Recalculate objective function, adjust positions if outside search space

7. Stopping Criterion: Stop when maximum iterations reached or solution change below threshold

7.4. Algorithm Steps to Solve the Fractional SDE using ABC

1. Initialization: Set number of food sources N, maximum cycles Cp,x, limit parameter, fractional
order, and initial conditions

2. Population Generation: Randomly initialize N candidate solutions and evaluate fitness
3. Employed Bee Phase: Explore neighborhood of each solution, apply greedy selection

4. Onlooker Bee Phase: Select food sources based on probability p;, generate new solutions
5. Scout Bee Phase: Replace abandoned solutions with new random ones

6. Convergence Check: Continue until stopping criteria met

~J

. Output: Return best solution found

7.5. PSO-FFA-ABC Optimization Framework
8. Simulation and Results

This section presents the simulation results of two nonlinear Riccati stochastic differential equa-
tions: the integer-order model and the fractional-order one. A comprehensive convergence study is
conducted to validate the statistical significance of the method, along with an investigation of the
sensitivity of input span and step size on accuracy and computation time.
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8.1. Examplel

Consider the nonlinear RSDE [41], [42]:
dV
drv”

subject to the initial condition y(0) = 0.

() =y () +y(O)w +12, 0<r<1 (29)

Algorithm 1 PSO-FFA-ABC Optimization Framework
Input

Objective function f(x): Error-based fitness function derived from RSDE
Population size N
Maximum number of iterations Tiyax
PSO parameters: w (inertia), ¢y, ¢
FFA parameters: o (randomization), By (base attractiveness), ¥ (absorption coefficient)
ABC parameters: limit (abandonment threshold)
Initialization:
Initialize population X = {x,x2,...,xy} with random candidate solutions
Initialize velocities V for PSO
Evaluate initial fitness f(x;) for all i
Identify global best ghest and individual bests ppegj
For t =1 to Thax
Phase 1: PSO Update (Global Exploration)
for each particle i in population do Update velocity:
VIi] = w V[i] + 1 xrand() % (ppesgi — X[i]) + 2 rand() = (goex — X1
Update position:
X[i] = X[i] + V[i] Evaluate fitness f(X[i]) Update pi.g(;) and gpes: if improved
end for
Phase 2: FFA Update (Local Intensification)
for each firefly i do
for each firefly j £ i do
if f(x;) < f(x;) then Move firefly i toward firefly j:
X[i] = X[i] + Bo+exp(—y+|IX[i]] = X [J]||*) * (X [j] = X[1]) + 0+ (rand () — 0.5)
end if
end forEvaluate and retain best solutions
end for
Phase 3: ABC Update (Diversity and Refinement)

* Employed bees: Explore neighbourhood of each solution, greedy selection applied
* Onlooker bees: Select solutions based on fitness probability, refine best ones
* Scout bees: Replace stagnant solutions exceeding limit with new random ones
* Combine best solutions from all phases into a unified population
* Rank solutions, update global best gpegt
Output:

* Best approximate solution to the RSDE: gpes

Zena T. Yassin (Comparative Analysis of Metaheuristic Optimization Techniques for Solving Nonlinear Fractional Riccati

Stochastic Differential Equations)



2626 International Journal of Robotics and Control Systems ISSN 2775-2658
Vol. 5, No. 5, 2025, pp. 2612-2637

8.1.1. First Order Case (v =1)

The exact solution for v =1 is:

t 2 1)y /d
Y(t):ef{(lﬂ 3%) z+gr W

(30)

Stochastic differential equations methods based on refined artificial intelligence techniques were
used to provide the solution to the equation as shown in Eq. (29). The interval + where simulations
are done was ¢ € (0,1) and step size 0.1, and the results have been provided in Table 2, which are
compared to PSO, FFA, and ABC algorithms. The suggested approach provides a sensible estimate
to solve the fractional RSDE. Of the metaheuristics which have been tried, PSO was more efficient
because it passes on the time-consuming procedures such as crossover and mutation found in FFA and
replaced by rotating through all dimensions.

In Table 2, it becomes evident that PSO is the best metaheuristic method of solving the first-order
nonlinear fractional Riccati SDEs. In particular, it has good precision to minimize MSE at all the
points tested and this is a good indication that it could be a solver of choice in fractional stochastic
modeling settings.

Table 2. Comparison of results for example I for first order case (v = 1)

v=1
PSO FFA ABC HPM [47]
MSE Abs Error MSE Abs Error MSE Abs Error MSE Abs Error
0.0 0.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0027 1.0000 1.0000
0.1 0.8095 0.3055 0.0714 0.3157 0.1756 0.1492 0.1823 0.3125 0.0996
0.2 1.4253 0.0869 0.0020 0.0866 0.3336 0.7604 0.4645 0.8089 0.1973
0.3 29074 0.2457 0.0220 0.2241 0.5199 0.0406 0.5255 0.8385 0.2913
0.4 5.040 0.4634 0.0938 0.4733 0.4804 0.6206 0.4859 0.5158 0.3799
0.5 4.3915 0.0712 0.0214 0.1491 0.5088 0.6053 0.4609 0.5990 0.4620
0.6 2.5036 0.4844 0.2070 0.6238 0.3074 0.4883 0.3075 0.7679 0.5368
0.7 4.7386 0.0533 0.1891 0.4238 0.2417 0.4883 0.2625 0.6522 0.6036
0.8 29164 0.1349 0.1950 0.6262 0.5709 0.1561 0.7368 0.7969 0.6617
09 1.3776 0.1360 0.1522 0.1370 0.3046 0.1378 0.3453 0.1470 0.7460
1.0 0.8202 0.1139 0.1411 0.5474 0.2036 0.5148 0.2452 0.6370 0.2724

T Exact

The observations here are consistent with theory, and demonstrate again the increased practical
value of PSO in stochastic processes where the dynamics is memory-dependent, such as in scientific
and engineering simulations. Comparative trends are shown in Fig. 3, where the convergence behavior
and the error evolution of exponential Euler, explicit midpoint, and implicit midpoint methods are
shown in solving RFSDEs.

Fig. 3 shows the convergence behavior of the proposed framework to solve the RFSDEs, and the
decrease in the value of the objective function (PSO, FFA, ABC and HPM) with the increase in the
number of iterations. All the curves illustrate the rate of progression of an algorithm, and strong and
efficient optimization strategy is reflected in the integrated approach.

8.1.2. Fractional Order Case

In the fractional-order context an analytical solution to Eq. (29) cannot be found. The work, thus,
uses PSO, FFA, and ABC algorithms in solving the equation numerically through fractional orders
0.5 and 0.75. The randomly initialized swarm possesses particles numbering 160 particles with 30
dimensions. The inputs of training are taken off at points of time with a step of less than 1 over the
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length between ¢ € [0, 1]. Table 3 shows a detailed comparison of the absolute and the mean squared
errors of the various algorithms during the solution of example I at fractional orders.

c

of Exact and

forv=1

Exact

01 02 03 04 05 06 07 08 09 1

Time (1)

(a)

of Exact and

19
18
1.7
16
15

Si4
13
12
TR

1

0.9
0 005 01 015 02 025 03 035 04 045 05

Time (1)

(c)

Comparison of Exact and Approximate Solutions for v = 1

Exact
\ - - —FFA

0 01 02 03 04 05 06

Time (1)

(b)

Exact vs HPM

07 08 09

¥
~x

—©— Exact
— ® — HPM Approx

2

Fig. 3. Comparison of exact and approximate solutions for v = 1: PSO, FFA, ABC and HPM

Table 3. Comparison of results for example I at different fractional orders (v = 0.5)

T Exact r=03

PSO FFA ABC HPM [47]

Abs Error  MSE Abs Error  MSE Abs Error  MSE Abs Error
0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.1 0.8095 0.1378 0.6681 0.6756 4.4248 0.2766 3.3781 0.2738
0.2 1.4253 0.0137 0.3409 0.1717 3.7185 0.2179 1.5697 0.4541
0.3 2.9074 0.1830 0.2896 0.0852 3.4875 0.3060 3.5201 0.5739
0.4  5.040 0.0951 0.2740 0.2988 3.4763 0.2981 2.5005 0.6444
0.5 4.3915 0.0356 0.2629 0.2578 3.3998 0.2411 2.4118 0.6741
0.6 2.5036 0.4030 0.2582 0.1710 3.3977 0.2305 2.7541 0.6719
0.7 4.7386 0.1074 0.2492 0.3498 3.3899 0.2240 1.8565 0.6480
0.8 29164 0.2330 0.2469 0.9059 3.4878 0.2194 3.1090 0.6133
0.9 1.3776 0.0936 0.2449 0.3937 3.3799 0.2046 1.8803 0.5796
1.0 0.8202 0.1425 0.2395 0.5428 3.3766 0.2046 1.5630 0.5585

In order to evaluate the performance of algorithms further, Table 3 shows numerical results
in the case of another fractional-order scheme of the same example. Table 3 and Table 4 show a
strict comparison of the PSO, FFA, and ABC methods to solve the fractional order (RSDE with two
fractional orders (v = 0.5;v = 0.75) against the Homotropy Perturbation Method (HPM).

Being a well monitored mathematician, quantifying the findings, it is clear that PSO has performed
better than the other algorithms both in the aspect of Mean squared error MSE and Absolute error,
especially at important intermediate values such as with t = 0.2, = 0.4 and r = 0.5. Conversely, FFA
and ABC show much higher errors, usually by orders or orders of magnitude, in particular, as the
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time variable evolves, due to lower numerical accuracy and worse treatment of the stochastic memory
effects intrinsic to fractional RSDE:s.

Table 4. Comparison of results for example I at different fractional orders (v = 0.75)

v=0.75

PSO FFA ABC HPM [47]

Abs Error MSE Abs Error MSE Abs Error MSE Abs Error
0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.1 0.5457 0.1229 0.7970 0.2602 4.4115 0.3295 2.8876 0.1847
0.2 0.7828 0.2620 0.3773 0.3636 4.1010 0.3290 2.2070 0.3137
0.3 0.4339 0.1262 0.2711 0.5509 4.2210 0.3136 1.6455 0.4145
0.4 0.3784 0.1883 0.2588 0.4241 4.3120 0.2862 1.9528 0.4928
0.5 0.4021 0.2221 0.2499 0.0594 4.2110 0.2862 1.0092 0.4621
0.6 0.3295 0.0615 0.2274 0.1923 4.1220 0.2509 2.0617 0.5973
0.7 14494 0.2678 0.2256 0.7431 4.4790 0.2509 1.3365 0.6317
0.8 2.7776 0.2135 0.2212 0.2794 3.9555 0.2357 1.3213 0.6604
09 4.8204 0.0317 0.2163 0.1307 3.9055 0.2357 1.3722 0.6879
1.0 2.7182 0.3374 0.2161 0.0766 3.8055 0.2357 1.8275 0.7182

T Exact

The HPM is also not able to maintain the low rates of errors under the fulltime domain. These
trends emphasize the strong capabilities of PSO as an optimizer and an adaptive process and in doing
so PSO represents the most reliable, consistent solver of fractional stochastic dynamics, in both weak
and nonlinear memory regimes as shown quantitatively in both tables.

Fig. 4 is a comparison of the numerical performance of PSO, FFA and ABC in solving an RSDE
with several different fractional orders. The figure shows how all the algorithms can be outlined to
approach the solution as time goes by and compares them with the analytical solution. The outcome
data suggest that PSO is more accurate and robust in the process of dealing with the complex fractional
stochastic equations when considering the results than FFA and ABC.

8.2. Example II

In order to further test the proposed stochastic optimization algorithms a more complex quadratic
Riccati differential equation of arbitrary fractional order is assumed. It is more difficult than its
predecessor and it is not only because it is not linear but also because it has stochastic processes.
This test case increases the evaluation of the performance and reliability of the algorithms in finding
solutions to tough nonlinear SDEs of fractional-order [43]-[45]:

dV
o (t) = () +2y(t)w, +1, 0<r<1 (31)
with initial condition y(0) = 0.
8.2.1. First Order Case
The exact solution is:
Y(l) — e—f(; %tzdt—kf(;tdw (32)

This problem is solved using the same methodology as shown in the solution to example 1. The
termination criterion is chosen when the number of iterations for the shown fitness function equates
to one thousand. The fitness function in this case is defined as:

MSE—1i<dV () = (P (1) +q (1) y (1) dw (1) + 7 (1) 2(f'))>2 (33)
_Nizl dt,'vyl P ) q i) Yy dw i §y- i
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The findings are shown in Table 5 and Table 6 and with comparisons to those already reported in
using PSO [39], FFA [41], and ABC [42].

Fig. 4. Comparison of numerical results for example I at v =0.5 and v = 0.75
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Our model performs about the same or better as compared to these two state-of-the-art methods.
In other situations that required fractional-order parameters, when the exact solutions to the Riccati
Eq. (33) could not be found, then our scheme was successfully used to obtain reliable numerical
approximations. The four algorithms were used to solve a particular first-order RSDE (Example II)
and the results were presented in Table 5. In the case of another fractional-order RSDE, Table 5
shows the comparison of accuracy of PSO, FFA, ABC, and HPM, it is obvious that PSO yields the
minimum absolute and mean squared errors in most time steps, in particular, at t = 0.2 and r = 0.4,
making it the most precise and stable. Even in comparison, the errors in FFA and ABC are far greater,
indicating less efficiency in addressing the fractional stochastic dynamics. HPM also underperforms,
especially at greater time values. On the whole, Table 5 reconfirms that PSO is the most trustworthy
algorithm solving fractional RSDEs. The study demonstrates that PSO significantly outperforms the
FFA, ABC, and Homotopy Perturbation Method (HPM) across all evaluated cases—first-order and
fractional-order Riccati stochastic differential equations. PSO consistently achieves the lowest mean
squared and absolute errors, reflecting its superior convergence, stability, and robustness in handling
both stochastic noise and memory effects intrinsic to fractional systems.
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Table 5. Comparison of results for example II for first order Case

T Exact v=1
PSO FFA ABC HPM [47]
MSE Abs Error MSE Abs Error MSE Abs Error MSE Abs Error
0.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0027 1.0000 0.0000
0.1 1.0379 0.3256 0.0706 0.3552 0.5751 0.3359 0.5796 0.8263 0.1102
0.2 09881 0.0407 0.2019 0.1199 0.2999 0.0422 0.2055 0.5379 0.2419
0.3 0.8865 0.0047 0.0685 0.0363 0.1905 0.0070 0.0838 0.2752 0.3951
04 0.7917 0.0379 0.1948 0.1075 0.3179 0.0570 0.2388 0.1011 0.5681
0.5 0.7159 0.0362 0.1902 0.1082 0.3290 0.0713 0.2671 0.6124 0.7575
0.6 0.6342 0.0142 0.1192 0.0659 0.2568 0.0506 0.2250 0.5119 0.9582
0.7 0.6459 0.0041 0.0644 0.0045 0.0696 0.0031 0.0656 0.1063 1.1634
0.8 0.5974 0.0197 0.0303 0.0227 0.0524 0.0011 0.0333 0.3464 1.3652
0.9 0.6809 0.0423 0.2003 0.0424 0.2059 0.0285 0.1690 0.7264 1.5549
1.0 04971 0.0356 0.1889 0.0453 0.1732 0.0154 0.1241 1.4483 1.7238

These results reaffirm PSO’s effectiveness as a powerful numerical tool for solving complex
fractional stochastic models, offering clear advantages over both traditional and other metaheuristic
methods. Comparative approximation curve of the various algorithms at Fig. 5.
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Fig. 5. Comparison of exact and approximate solutions for v = 1: exact solution, PSO, FFA, and ABC

8.2.2.

Fractional Order Case

The nonlinear Eq. (31) cannot be solved analytically in its fraction order that is. Thus, PSO,
FFA and ABC are the mathematical representations of Equation (32) in Eq. (12) and Eq. (13) by
numerical modeling. These are the orders of fractional derivative whose values are, 0.5 and 0.75.
It makes use of a swarm of 140 particles randomly initialized, within a 20-dimension search space.
The input definition of training makes the use of interval ¢ € [0, 1] where the presence of the short
step interval less than 1 is used. The results of the solution of Example II with varying orders of the
fractional equations to the accuracy are provided in Table 6.
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Table 6. Comparison of results for example II across different fractional orders

v=0.5
PSO FFA ABC HPM [47]
Approx. MSE  Approx. MSE  Approx. @ MSE MSE
0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.1 1.0000 1.3260 0.1098 0.6102 1.8255 0.7125 1.7312 0.3217
02 1.0494 05189 0.5049 03305 1.9285 13647 1.7312 0.6296
03 1.0756 1.0584 09049 0.3437 19285 1.0885 1.7312 0.9409
04 12961 0.6579 0.8839 1.3953 19185 0.6815  1.6257 1.2507
0.5 1.6068 0.6313 1.4641 0.8278 1.8285 0.8078  3.0646 1.5494
0.6 15891 05800 1.7141 13572 1.7285 1.0072  1.8667 1.8254
0.7 15300 0.8696 1.6211 1.1185 1.6284  0.5387  1.8379 2.0665
0.8 1.2375 0.8390 1.5836 0.6796 1.6285 0.8873  1.8510 2.2606
09 0.6929 0.4459 14106 04054 1.5285 0.3885  1.9561 2.3968
1.0 0.7977 0.5360 1.7972 09797 1.9285 1.3255 19719 2.4660

T Exact

Table 7 presents the comparison, with reference results of the earlier works, on a greater scale.

Table 7. Comparison of results for example II across different fractional orders

v=0.75
PSO FFA ABC HPM [47]
Approx. MSE  Approx. MSE  Approx. @ MSE MSE
0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.1 1.0000 09788  0.1995 1.0760 1.3424 09413  1.0436 0.2168
02 1.0059 0.6469 03995 1.0080 1.3424 1.1524  1.3341 0.4288
0.3 09115 09055 0.6115 1.7738 0.9767 0.2334  0.9660 0.6546
04 0.8630 09311 0.8630 0.7925 2.6689  1.0837  1.6502 0.8914
0.5 09703 0.8581 09703 0.6599 2.6689 0.9490 1.6502 1.1327
0.6 1.1276 1.2256 1.1276 0.4705 2.6689  1.1642  1.3632 1.3702
0.7 0.7212 0.7247 0.7212 0.8922  2.6689  0.3763  1.2095 1.5942
0.8 0.5681 14017 0.5681 0.6507 2.6679  0.5239  1.0489 1.7948
09 02948 2.1334 0.2948 0.5233  2.6669 0.5717 1.0212 1.9622
1.0 04197 1.0873 0.4197 08379 25689  1.3389 0.9955 2.0873

T Exact

Comparison of PSO, FFA and ABC solutions to the non-linear RSDE in fractional orders Table 6
and Table 7 portray 0.5 and 0.75. These tables give values of the exact solutions, algorithmic
approximations, and the percent errors. PSO has always produced the error of the lowest type at the
end of iteration and has done better as compared to FFA and ABC in approximating the exact solution.
At the higher fractional order, the strong performance superiority of PSO can be also confirmed, which
proves its reliability and high accuracy in the solution of complex stochastic differential equations.
Fig. 6 illustrate graphical comparisons of approximate solutions and exact solutions of Example 11
under fractional orders.

The nature of the comparative testing of PSO, FFA and ABC approximate solutions of the RSDE
at fractional orders v = 0.5,v = 0.75 is as outlined in Fig. 6 and Fig. 7 respectively. In both plots, the
approximate solutions of the three algorithms are plotted against exact solution over the range (0, 1)
to show the accuracy and the convergence nature of each algorithm. Such images provide support
to the fact that PSO performs well at keeping close to the real solution, as it reveals a fact that even
though the FFA and ABC algorithms converge to the optimum, their accuracy is much lower than of
PSO algorithms deviate further from the exact solution curve as fractional order increases.
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8.3. Algorithmic Insights and Performance Behavior

The metaheuristic algorithms that were used in this paper, Particle Swarm Optimization (PSO)
showed better convergence and lower mean squared error in all test cases consistently. Such better
performance may be attributed to the fact that PSO has the inherent property of global exploration- and
local exploitation, which should be determined through the velocity update mechanism. Incorporation
of both the cognitive (self-learning) and social (swarm learning) aspects allows the particles to search
the solution space reasonably well in the initial stages of the search process whilst simultaneously
narrowing down their motion within the prosperous regions as the search advances. As opposed
to Firefly Algorithm (FFA), which uses the concept of local attractiveness and could converge early
in multimodal landscapes, PSO preserves diversity in a swarm since particles are capable of being
guide by their personal best as well as by the global best. Besides, PSO offers a more deterministic
search pattern as compared to Artificial Bee Colony (ABC) algorithm which is based on probabilistic
selection of solutions and random scout behaviour. It is a structure that causes faster convergence
without loss of accuracy. Thus, the algorithmic structure of PSO fits better into the solution space of
stability and gradient-like progress toward optimality of fractional-order Riccati stochastic differential
equations. The hybrid method has this strength, in that, it uses PSO as the principal mechanism in the
optimization process.

8.4. Trade-offs and Computational Considerations

Although there should be an increase in accuracy and convergence, the cost and complexity
applied by the hybrid PSO-FFA-ABC algorithm bring about trade-offs. Incorporation of three
metaheuristic strategies increases the amount of control parameters, which makes the tuning process
much sensitive and time-consuming. Also, the hybrid structure has longer run time than individual
algorithms because of sequential implementation of numerous update rules. But this trade-off is
compensated by the improved robustness of escape from the local minima to obtain consistent results
in different conditions of fractional-order problems.

8.5. Convergence Analysis

As shown in Fig. 8, convergence trajectories of the hybrid PSO, FFA, ABC algorithms have been
set against the constituent methods PSO, FFA, ABC. The value of the objective function, that is, the
error metric (e.g., MSE) is plotted against the iteration number until 7,,,,. These plots reveal the rate
at which each technique reaches the best solution as well as the reliability of each technique in getting
the best solution with both the hybrid approach taking the least time to converge and the minimum
steady-state error.

Fig. 8, convergence behaviour of 500 iterations, of the hybrid PSO PSO (solid blue), PSO alone
(dashed red), FFA alone (dotted green), and ABC alone (dash-dot orange). The modified hybrid
approach has the minimum final error with a faster convergence rate, so it is illustrative of a better
performance of the hybrid approach in making better use of the fractional-order RSDE solution.

8.6. Summary of Numerical Findings

The outcomes indicate that the combination of the PSO, FFA, and ABC algorithms considerably
outlines individual metaheuristics in the accuracy and convergence time. The hybrid model had the
least mean squared error (MSE) in all of the test cases with its improvement as high as 45 percent,
compared to the standalone methods. Also, convergence occurred under 100 iterations in the majority
of the cases whereas with ABC and FFA alone, more than 200 iterations were required to achieve
the convergence. These results verify the effectiveness, consistency and excellence of the hybrid
framework to solve nonlinear fractional Riccati equations.
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Fig. 8. convergence trajectories of the hybrid PSO-FFA-ABC

8.7. Contribution of Hybrid Integration

The main advantage of combination of PSO, FFA, and ABC is that it produces a very high
increase of convergence stability and accuracy. PSO has good global search capabilities whereas
FFA and ABC offers local refinement and solution diversity. The combination reduces the issue of
premature convergence and ability of the algorithm to reach near optimal solutions consistently under
different problem settings, especially nonlinear fractional systems.

9. Conclusions

The current study suggested a comparative examination of the resolution of the nonlinear frac-
tional RSDEs with the numerical approach of three noticeable metaheuristic optimization algorithms,
including PSO, FFA, and ABC. The key idea was to develop a smart hybrid framework and test it
on some illustrative cases in which both integer-order and fractional-order RSDEs occurred, and then
compare the effectiveness, convergence patterns, and precision of these three stochastic solvers under
unified computing environments. The numerical experiments indicated that although each of the three
algorithms could be used to approximate the solutions to the RSDEs, these three algorithms could
solve the RSDEs more efficiently by PSO, compared to FFA and ABC on both the MSE, absolute
error and computational efficiency.

Precisely, PSO was found to be more superior in convergence velocity and robustness, espe-
cially when dealing with multidimensional searching space and systems like the fractional-order
systems described by Caputo derivative. Such boosted performance has been ascribed to balanced
exploration-exploitation phenomenon of PSO and lower computation burden than the biologically
inspired interactions in FFA and ABC. It is vital to point out that the given findings are obtained as
a result of controlled simulation conditions, under which the same stochastic inputs (realizations of
Brownian motion) were used to obtain fair comparison. In line with this, it was observed that PSO was
the best approach in optimizing this type of nonlinear fractional stochastic problems and this holds at
least in the problem configurations used and the tested parameter regime.

Future work can go further to consider using ensemble-based stochastic assessments, pairing
algorithms tested in hybridized applications, and real implementations where stochastic dynamics of
fractional-order occur often. However, results provided below confirm the feasible utility of PSO in
robust, accurate and computationally realistic solutions of complex RSDEs. And further studies may
be devoted to the implementation of the proposed hybrid optimization solution to real-life examples
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of the financial mathematics, control engineering, and biomedical systems, where fractional-order
stochastic description is becoming more and more actual. Also, exploring adaptive parameter tuning
and parallelized algorithm structures would be a feasible way to develop a higher level of computa-
tional efficiency and scalability on the high dimensional RSDEs.
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