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dynamics capabilities of a quadrotor. Using the exosystem concept of
output linear regulation, an inverse methodology was implemented, that
goes from the required points, to Bézier curves and finally, to the
differential equation of the exosystem. The condition for the existence of
the solution of Francis equation was implemented in order to get a metric
to quantify the required time for trajectory tracking in function of the
dynamical capabilities of the plant and the maximal initial error. Under the
given control framework, tracking performance is primarily influenced by
plant dynamics. Moreover, trajectories can be continuously tracked due to
the invariance properties of output linear regulators. These results are

applicable only on the linear region of plant dynamics.

© 2025 The Authors.
Published by Association for Scientific Computing Electrical and Engineering.
This is an open-access article under the CC-BY-NC license.

1. Introduction

There is a growing demand for unmanned aerial vehicles (UAVs), including quadrotor drones.
Over time, increasingly complex and powerful algorithms have been developed, significantly
enhancing the performance and robustness of drone missions. The control laws governing these
systems have achieved near-complete satisfaction regarding performance, stability, fault tolerant and
maneuverability, see for example [1]-[14]. However, the inherent dynamics of quadrotors pose
challenges for experimental implementation [1], [15]-[17]. Numerous specific problems in this
domain continue to evolve, leading to continuous improvements. The growing demand for UAVs and
the significance of trajectory tracking can be explained in [2]. A complete research can be found in
[3] the author presents the classical PID like an excellent option for small vehicles, due to simplicity
and easy tuning. Due to the stability of quadrotor the principal control law used for the quadrotor are
the PID controller, see [8], [15], [20]-[26].

For MIMO system the linear quadratic regulator is considered an excellent option, since the A
matrix of QUAYV (quadrotor like unmanned aerial vehicle) is simple, (see the matrix A of the equation
(6) in this paper) and this optimization tool permit an excellent tracking performance. Citing the same
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work, when the unpredictability dynamics must be considered in an operational environment, is
recommended to use the H oo stratagem [4], although if the non-linearities exists in a considerable
operational region, the tuning of control will be difficult [5]-[7]. In the published work [3] explains
the Model Predictive Control as an advanced control, converting the tracking error problem in the
classical optimization problem of minimization. The author presents and compare different options
like: Feedback Linearization Control, Backstepping Control [8], Sliding Mode Control, Fuzzy
Controller, Model Reference Adaptive controller, L1 Adaptive Controller, Nonlinear Auto
Regressive Moving Average L2 Controller. Is highly recommended the discussion and comparative
analysis of [3]. An important conclusion is: “Addressing these practical limitations requires careful
consideration of system constraints, robust control design, and optimization of computational
resources to ensure reliable and efficient operation in real-world environments.” [3].

Additionally, the author recommends hybrid or learning-based technologies. With regard to these
new strategies, it can be found advanced methodologies in [9], this approach is complex but is a robust
solution and gives an efficient control. The published work in [10] presents an UAV application with
high precision requirements, using and mixing different optimizer tools to track circular paths. The
use of Neural Networks has been used successfully like an optimization tool in many works, see [11].
O an interesting fusion of Backstepping with neural networks can be seen in [12], [13]. An approach
with Al methodologies that shows that such algorithms have big potential for plants with complex
dynamics can be found in [14].

One such challenge is the trajectory tracking problem for individual drones in specialized
missions, such as tracking humans, animals, high-speed vehicles, or military targets in combat
scenarios [15]-[17]. Some- times, a predefined trajectory must be followed to track specific objectives
[18]. Advanced algorithms typically incorporate obstacle avoidance strategies, making trajectory
planning particularly complex due to the unknown dynamic capabilities of the drone in tracking the
required path, for obstacle avoidance an Al stratagem is presented in [19], where Bézier curves and
Laplacian-based Spline Gradient Flow are used. Various methodologies have been proposed to design
well-defined trajectories, such as concatenating different segments and employing discrete dynamics,
as seen in [20]. Another widely used approach is differential flatness-based optimal planning, which
enables trajectory definition in critical emergency scenarios, an example can be found in [21] and
[22], where flight paths are optimized for under-actuated systems.

All stratagems presented above are unbeatable in some aspects. But in accordance to [3] a real
system constraint is not considered. In this work the simple theory of output linear regulator theory is
used, taking advantage in the invariance properties and the well-defined Francis equations [23].
Taking account, the real system constraints, the initial situation of the QUAV and the desired path; a
simple technique like output linear regulator could be efficient and robust. Since the 70’s the output
linear regulator theory has no the same actual impact like the algorithms presented before. But here is
employed like a useful tool for the objectives explained.

In the framework of output linear regulator theory, the internal model principle allows trajectories
to be integrated as an exosystem within the entire system, transforming the tracking regulation
problem into a strategy as robust as the invariance principle is. Furthermore, the system remains
invariant to any initial conditions of both the exosystem and the plant, and its robustness has been
extensively validated in previous studies [24]-[26]. Using Bézier curves as a basis for trajectory
generation is one of the multiples parametrized curves, is advantageous because it simplifies the
exosystem construction, and allows a smooth and continuous transitions through designated way-
points in space. This approach has been effectively demonstrated in applications such as [27].

Even though the invariance property is present, several uncertainties remain unresolved. In the
state if the art there is currently no rigorous analysis of the specific properties that the quadrotor must
exhibit or the limits of the trajectory it should follow most notably, how far the quadrotor can be from
the intended path before it starts tracking. Since the trajectory is constructed by piecing together
several segments each defined by a differential equation whose solution forms part of the overall path

Fernando Castrejon-Ratfaela (Tracking Trajectories of a Quad-Rotor Using Output-Linear Regulator with Hybrid
Exosystem, Dwell-Time Analysis)



International Journal of Robotics and Control Systems
Vol. 5, No. 5, 2025, pp. 2568-2588

2570 ISSN 2775-2658

a hybrid stability analysis is necessary to assess tracking capabilities rigorously. In literature, the
simplest form of such analysis involves the concept of “dwell time” [28], [29].

Incorporating the internal model principle, the output linear regulator enables the inclusion of
trajectory dynamics as part of the plant. To achieve this, it is necessary to construct the differential
equations corresponding to the trajectory to be tracked. A practical approach for defining arbitrary
trajectories involves constructing them using segments of third-degree Bézier curves. This differential
equation combines discrete changes in initial conditions, effectively transforming the system into a
hybrid dynamical model. The continuous and discrete components of the differential equation must be
designed to represent the original Bézier curve accurately.

“The main contribution of this work is the use of the “dwell-time” concept in order to know the
characteristics necessary to track trajectories in a satisfactory manner, the stratagem consists in
substitution of the Francis equation into the solution of the system, obtaining the dwell-time
formulation. A numerical example is presented for a quadrotor tracking a 3D complex and closed
trajectory.” This work is only a theoretical approach, and only intended to gives an initial tool to
determine the dynamic capabilities of the quadrotor to follow certain waypoints in function of the
initial tracking error. The experimental validation involves many more problems that need to be solved
and is proposed as an opportunity for the reader, or as future work for the authors.

2. Method

In accordance to the introduction and the published work [3] in function of the specific tracking
problem, a methodology could be superior than others. In general, the output linear regulator with
exosystems is not superior, but is a simple way to generate an algorithm in which there is prior
knowledge of the exact capabilities of the system to follow a given trajectory. According to the
definition of a linear output regulator, the exosystem can be tracked regardless of the initial
conditions of both the plant and the exosystem [23]. However, this principle applies only to a single
exosystem. In this case, multiple exosystems switch at unknown time instants, necessitating a
dedicated analysis of the tracking performance under these conditions. Consequently, it is essential
to determine the limitations of the proposed method to ensure its effectiveness in this specific
scenario. First a description of the Quadrotor Model is presented, and the basic theory formulation
for Linear Output Regulator. The Quadrotor Dynamics are linearized in hover condition, the system
is stable with all eigenvalues equal to zero. A simple feedback control can be applied in order to
obtain an advantageous asymptotic stability for an easy tracking, the plant will keep yaw motion
fixed, and pitch and roll will be used to tridimensional translations.

In next section the methodology for construction of Bézier Curves like Hybrid System is
presented. The Bézier curves will conform three-degree polynomials time depending and with three
unknown constants to be calculated. The feasibility consists in a parametrized curve that is
constructed from two point defining the first and last obligatory pints (points where the quadrotor is
required to flight), the other two intermediate points are care of reach continuity and smoothness
with the neighboring curves of the global trajectory constructed for the N Bézier curves. The classical
Jordan form is applied to construct solution of linear differential equation that is associated to the
Bézier curves. Then the structure of the output linear regulator with the differential equation that is
associated to the Bézier curves represented like exosystem is presented, using the classic
nomenclature for Hybrid Systems. In results section the Bézier curves definition and the Output
Linear Regulator theory are merged to construct the exosystems. This exosystem will be introduced
in the plant dynamics. Although the plant dynamics with feedback control is asymptotically stable,
the exosystem could be unstable. But each exosystem solutions draws only one segment of the
trajectory, and therefore it will be switching. This switching signal will be maintaining solution
exosystem bounded [30], and the output linear regulator will be capable of reducing error tracking
dynamics sufficiently. When this event occurs, the switching signal is called: “dwell time signal”
[31]. And Flowchart diagram of the entirely approach is presented in Fig. 1.
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Fig. 1. Methodology flowchart

2.1. Quadrotor Model

In this work a non-linear model of quadrotor was used, in accordance to [32], [33] and [34], the
dynamics are expressed like:

x() = f(x(), u(®) (1)
y(t) = h(x(D)) 2)

The output vector is defined like:
h(x) = Cx 3)
With C = 13412, and [5x4 is the identity matrix with a dimension of 12 X 12.

The state and control are x(t) = [x1(¢t)...x12()]7 ,u(t) = [ul(t)...u4()]” . The
equation system in (1) is defined like:

X2
. . . B
(sm(xn)sm(x7) + cos(xll)sm(xg)cos(x7)) o
X1 X4 P
iz (— cos(xy)sin(x;) + sin(xll)sin(xg)cos(x7)) El
3
X4 Yo P
X5 —g + cos(x,) cos(x,) =
Xe | _ m
1 % = Xg (4)
7
. I, —1 l
Xg X10X12 - = _jixm-o + &
)'59 Ixx Ixx Ixx
xlo X10
X11 XgX12 lez ~ lax - ]ﬂ g + %
v I I I
X1z vy vy vy
X12
L, —1 l
XgXyg % + B
IZZ IZZ
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Where x4, x5, x5 are the linear displacements in meters along earth axis X,, Y, Z, respectively, see
Fig. 2. A similar model can be found in [35].

The variables x;, xq, x11 are angular displacements in radians on body axis X}, Y}, Z,. The 8
inputs are defined.

Br =bui +uf +u3 +uj),
B2 = b(uj +uf —uf —uj),
B3 = b3 +uf —uf —uj) (5)
By = d(ui +uf —uj —uj),
N =u; —u; +uz — uy.

Fig. 2. Quadrotor diagram obtained from [33]

The effective controls are the frequency rotors uq,u,,us,u, in radians per second. The
displacement is caused by 8, (t), B, (t) causes a roll movement, 3 (t) induces pitch and B, (t)induces
yaw. The parameters shown in (4) and (5) are:

b =542 x10—6 Ns2,
d =1.1 x 106 Nms2,
1 =0.24m,

m =1kg,

g =9.81 m/s2,

Jtp =104 x 10—6 Nms2,
Ixx =8.1 x 10-3 Nms2,
lyy =8.1 x 10—3 Nms2,
Izz =14.2 X 10—3 ms2.

In an ideal condition, the quadrotor flight will maintain small attitude angles, considering

this, we selected hover flight like trim condition. The necessary input for trim condition in hover
rad

flight is u; (t) = 212.72 - with i = 1,...4. The linearized model with trim condition (xg, ug)
is given for the next equations:

Fernando Castrejon-Rafaela (Tracking Trajectories of a Quad-Rotor Using Output-Linear Regulator with Hybrid
Exosystem, Dwell-Time Analysis)



International Journal of Robotics and Control Systems

ISSN 2775-2658 2573
Vol. 5, No. 5, 2025, pp. 2568-2588
% = Ax + Bu, (6)
y = Cx + Du. (7
Where

212.7183
. _1212.7183

xO - [0]12X1'u0 - 212.7183 . (8)
212.7183

In(6)and (7),A € R12x12,B € R12Xx4,C € R4 X 12,D € R4 X 4, all values are
zero excepting the next definitions: For matrix A:

A(,2)=AGB,H)=A5,600=A5,600=A0,100=A{11,12)=1, A&, 7=A(2,9)=9.81.
For matrix B:
B (6,:)=0.0231, B (8,:)=—0.6832, B (10, :) =—-0.6832, B (12, :) = 0.0330.

For matrix C:
c(1,1) = €(,3) =C€(3,5) =C411) =1 9)

2.2. Output Linear Regulator

In accordance to output linear regulation theory, the complete system is conformed for the plant
state x and the exosystem w, the output and error dynamics are presented in (10).

x = Ax + Bu,

w = Sw,

y =Cx + Qw, (10)
e =Cx—Qw.

The O matrix defines the variables of the exosystem to be tracked. The control law in (11) is
con- formed for a feedback matrix gain K designed for the stability of the plant and a L matrix to
be designed.

u = Kx + Lw. (11)

For check different control strategies (K gain matrix from equation (11)) in quadrotor see [36].
The new vector state is:

x
Xs = {W} (12)
And the final system is presented in (13).

x; = (A + BK)x + (BL)w,
w=Sw, (13)
e =Cx+ Qw.

Consider the feedback matrix like A; = A + BK. As can be seen in the matrix Ag of (14), the
control law L will maintain the plant in the span of the exosystem, as long as the K control law is
correctly designed for a Hurwtiz matrix (A + BK).

_[A+BK BL
| s
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In (14) is important to note that the eigenvalues of S are all zero. That is:
a(s) =0, (15)
With &(-) known as spectrum.

The process for the output linear regulator design is clarified for the next lemma: Consider
the feedback system in (13) and suppose that A + BK is Hurwitz, then: tlim e(t) =0.

For any (xg, wy) if and only if (1,L) from:
(A + BK)I1 - 1IS = BL, (16)
Is such that:

—CIT + Q = 0. (17)

This is a known condition for Output Linear Regulator established for Francis and Wonham in [37].

3. Results and Discussion
3.1. Bézier Curves and Hybrid Exosystem

Given the linear-time-invariant system:

w = Sw, (18)
Ye = Qw
The solution is
w(t) = eSEtw(t)). (19)
On the other hand, a parametric third-degree Bézier curve can be defined like: B(¢) = (1 - tt__ttl )3 P+

t—t, t—t; \2 t-t; \2 t—t, -t \3
3 (tz—tl) (1 - tz—tl) Py +3 (tz—tl) (1 - tz—tl) Py + (tz—tl) Py.
Once this is established, the aim is to emulating B(t) with exosystem output y, in the elapsed
timet € [ty,t,]. Suppose that the control points P; withi = 1,...,4 are known and are defined as

uni- dimensional coordinates x, the time-span t € [t;,t,] is also known. Since all parameters in
B(t) are well known, the Bézier function could be defined as:

B(t) = at®+ bt?> + ct +d, (20)

With a, b, ¢, d like coefficients of polynomial. B(t) is a linear combination of coordinates and
time instants ty, t,.

As mentioned in the last section this solution of exosystem w(t) shall equal than Bézier curve.
B(t). This is possible using a general solution for an exosystem using the Jordan form and setting
with the polynomial; w(t) = B(t).

First the solution in the Jordan form can be obtained with the classical next transformation, see

J, 0 -« 0
for example [28], ] = PSPt = 0 ]:2 0 _
e
A 1 - 0
With a total of [ Jordan blocks. Each of the J; block has the next form: J; = /1_1' 0
0 0 inyxn;

Fernando Castrejon-Rafaela (Tracking Trajectories of a Quad-Rotor Using Output-Linear Regulator with Hybrid
Exosystem, Dwell-Time Analysis)



International Journal of Robotics and Control Systems
ISSN 2775-2658 2575
Vol. 5, No. 5, 2025, pp. 2568-2588

Wach 4; is an eigenvalue of S, the matrix P contains the eigenvector of S. From the normal
Jordan a simpler solution of e5¢ can be presented:

—1 tZ tni—l
t J— cee —_—
it 0 . 0 2t (nin_zl)!
t™T
st _p-1| 0 el2t .. 0 Jit — git|0 1 ¢ —
er =" : con o |PET e (n; = 2)!f
0 0 e elit I S . :
00 0 -- t
o0 0 0 - 1

For the exosystem, it is important to consider the spectrum defined in (15). Furthermore, for a
third- degree polynomial, the dimension n is setting to 4. Then the Jordan matrix will be:

t2 3
0100 e 5 3
o0 1 0 j_ ¢
]_0001'6 e01t2!,
00 0 O 0 0 1 ¢t
0 0 0 1
152 _+3\3
1 t—t, @-t)”  (t-t1)
2 6
152
With substitution of t = t — t: e/t =0 1 t—t, % )
0 o 1 t-t
0 0 0 1
The exosystem solution is
wa(t)(t = )% ws(t)(t —t)*
[ BT ) - )+ wa )|
w, (t)(t — t;)?
w(t) = w + wy(t)(t = ty) + wy(ty) : (21)
wy(t)(t — t) + ws(ty)

w, (t1)

For observation, the first row of (21), is in the same form than (20) and the next rows are their
first, second and third derivative respectively. The evolution of system will be function from initial
conditions only.

wq(ty)
wee = e
w,(t1)
B(tl) 1 t,—t, (t1—2f1)2 (t1—6151)3 Wl(tl)
Replacingt = t; in(21): g,,,((ill)) =10 1 t1—t (t1—_2.t1)2 ngg )
B”,(tl) 8 8 é tq I ty W4-(t1)

For calculus of initial conditions, we obtain an identity matrix and we have the next important
result:

B(t1)
B'(ty)
B"(ty) |
B"'(ty)

w(ty) = (22)
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That’s mean that the exosystem differential equation presents the initial condition t; defined for
the Bezier curve and their derivatives in the instant t;. For error equation of the corresponding
variables the output exosystem is defined like:

Ye(t) = Qw(t). (23)

For a three-dimensional space the equation (18) and the Q 12x12 dimensional matrix becomes to:

10 0000 O OOOOUOUOUOUOUWO

{6 0 00100 0O0O0OOO0OO0OTO0OO0OTO
Q= 0 0 0o00OOOOT1TUO0UO0UO0OO0OTGO0OTGO0ODTO 24)

0o 0 0o0o0OOOOOUOOOTI11TO0O0OTO

The equations (23) and (24) with initial condition defined as (22) conforms the exosystem that
defines the trajectories passing through the points presented in (19). The S matrix which define the
dynamics of the exosystem Ww(t) = Sw(t),is a 12 X 12 superdiagonal matrix of ones for each
dimensional variable and each trajectory segment, the form of the trajectory is defined only by the
initial conditions.

3.2. Output Linear Regulator with Hybrid Exosystem

In accordance to the hybrid nomenclature in [29] and [31], the hybrid system is defined by H =
{F, G, C, D} the hybrid state variable z is the vector:

Xs
zZ= {W} (25)
T

The continuous dynamics F(z) is defined by

%s = (A + BK)x + BLw,

w = Sw,
F(z) = 1 (26)
T=—),
b1~ 4
With the flow map:
C=R"XR"x[0,1) x RY. (27)
The discrete-time dynamical system is:
+ =
6 ={" =", (28)
v =0
With the jump map:
D=R"xR"x {1} x R4, (29)

The hybrid domain is defined by:

£ = 5 o) (30)
j=0

That’s means that the state x; and exosystem w are continuous in [tj, tj+1] and the error equation
is segmented onto hybrid domains with the next nomenclature:

Fernando Castrejon-Rafaela (Tracking Trajectories of a Quad-Rotor Using Output-Linear Regulator with Hybrid
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3.2.1. Dwell-Time Signal

To achieve tracking, the error dynamics is no necessary to be stable nor asymptotically stable, the
relaxed requirement is a sufficient convergence to an acceptable error in function to flight mission. The
next definition is extracted from [31]. o is a dwell-time signal and the solution is a dwell-time
solution with dwell time 7, > 0if¢t; + 1 —¢; < 7p forj = 1,2. Thatis, jumps are separated by at

Least 7p amount of time. Next, we need to obtain the amount of time 7, for this special case.
The solution of first equation in (26) is established like:

t
x(t,)) = eAl(t‘t"f)xO]_ + eAit f e A"BLw(t, j)dt, A, = A + BK.
With:

t—to.

wzj) = el J)Wo,. — A1+ 1S = BL, (32)

Fom solution of complete information problem: CIT = Q,

Therefore x(t, j) = eAl(t_tOf)xoj + et ftto e MT(—A I+ l'IS)eSTe_StOJ'wO]. dr,
j

Knowing that: % [e~417[1eST] = e 417 A [1e5T + e 417[1SeST = e~ 417 (—A, 11 + I1S)e’?,

t—to.

The following is reached: x(t, j) = eAl( J)xoj + et f; % [e‘AlTHeST]dTe_StOJ'WOj dr,
j

Finally, solving and reordering results:

t—ty.

x(6,)) = e*(70) (xg, — wg ) + e 0 (33)

Consequently, the error solution is obtained substituting in the second Francis equation presented
in Lemma 1.

t—to.

z)woj — cnes(tto;

g(t’]) = CeAl(t_tof) (ij — HWOj) + CHeS( ])WOj' (34)

This result is concluding, is evident than the error dynamics depends only of plant dynamics and
I1. In order to reach a specific final error, this equation can be presented like:

e(t,)) = ™ )gy, (33)
Where.

&,

= ij - HWOj (36)

The error is 3-dimensional vector, therefor the Euclidian norm will be used. Since we can write
. . Ay(t—tg. Aq(t—tg,
the error in the next form: |e(t,j)| = ||Ce i 01)50 Ce i 01) ”501-” <
Aq(t—to,
e o ) o, |
P_ljl(t—toj)P

Consider the Jordan normal form: eAl(t_tOf) =e ,

<
J
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Where J; es the unique Jordan normal form, and T the corresponding eigenvectors. For quadrotor
dynamics, the eigenvalues are presented with multiplicity equal to 1, simplifying this analysis.

Substituting the normal form in the Euclidian norms: ||e(¢, /)| = ||C]| eAl(t_t(’f) ||£0].|| =
-1 _
e o |

eAl(t—tOj)

< e—a(t—toj)

And we can write:

Where &« = min{(Re(|A]) : A € 67 (A1)}, that means; the dominant eigenvalue in a Hurwitz
matrix. This inequality is trivial and not proof is necessary. See for example [28] for reference. The

. . . . ) —a(t-t,.
classical solution for a Linear system can be expressed like: ||e(t, j)|| < Ce a( °1) ” €, ”

With an algebraic process the time necessary to obtain a determined error defined by €, for
each jump j is:

&,

Tp. > a Y|Ln
K [

pn +1. (37)

In (37), &_4 is the initial error in the jump j, and £, is chosen by performance
requirements. Therefore, the Tp, for each jump j expressed in the Definition 3.1.1 and has been
determined.

3.3. Numerical Example

Initial condition for plant is defined like: xo, =[9 0 7 0 —1 0545 1 0]7. The
parametrized curves, like Bézier curves, are interpolations between points that conforms a convex
group; these points can be separated like reglementary and construction points, see for example [38].
The “reglementary points” defined bellow does reference to the waypoints through which the
quadrotor must fly, and the construction point defines the convexity of the curves, please refer to [38].

The trajectory is defined by the next parameters:
1. Reglementary points number: 5

2. Reglementary points coordinates:

5 5 0 9 5
P1= 3,P2= 3,P3= —-10 ,P4_= 1,P5= 3.
1 6 0 5 1

3. First segment construction points coordinate:

1 1
Pei1 =42¢,Pci2 = 161
2 3

4. Intermediate segment construction points coordinate:

10 6
Pcyp = 1—10¢, Pe3p = 144
10 3

5. Segments time length (seconds):
s; € (0,20),s, € (20,50),s5 € (50,90), s, € (90,120).

The segments of the Bézier curves defined above are plotted in Fig. 3.
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Now, for exosystem construction the initial conditions w(t;) with j = 1, 2, 3, 4 are calculated by

the equation (19) as in (22). For a three-dimensional space and the yaw angle constant to zero we
obtain the next results.

5 5 5 0]
. . _|-3/5 | -3/20 | 3720 o
0 —9/1000 3/1000 0l
5 3 6 0]
. 3/5 —-9/20 9/20 0
Forj =2 (t = 20):x(20) = _7//150 ,y(20) = _2§75 ,2(20) = _1//30 ,6(20) =1
—1/2250 1/360 —~1/1000] 0.
b //
5 X5
Y3
Z . Z1
(m)
M Curve l y(qy 5 e 0
s Curve2 ') Rl T X(m)
Curve 3 -10
S Curve 4
Fig. 3. Three-dimensional trajectory
Forj =3 (t = 50):
i 0 1 T —10 T 0 101
50) = -1 50) = 0 s0)=| ..o | g0y =|°
xS0 =1 497400 ["YOD=| 217400 |-ZG0 =] gg/800 |G =],
| —147/32000) | —35/12043) | —33/8000] 0]
Forj =4 (t = 90):
i 9 1 T =10 T 0 0]
9/40 0 -1 0
x(90) = —1//60 YOO =1 21/400 [ZOD=| gg9/800 |70 =gf
| —147/32000) | —35/12043 | —33,/8000] 0]

The initial condition wy j
wo, = [x(0) ¥(0) z(0) 6(0)]",
wo, = [x(20) y(20) z(20) 620)]",
wo, = [x(50) y(50) z(50) 8(50)]",
wo, = [x(90) y(90) z(90) 6(90)]".

The matrix Q, that is the correlation between plant state and exosystem is a matrix of dimension
4 x 16, with all values zero excepting: Q(1,1) = Q(2,5) = Q(3,9) = Q(4,13) = 1, The exosystem
W = Sw is defined by:
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So O4xsa Osxs Ogxqg 0 1 0 O

Osxa  So  Oaxa Ouxa 0 0 1 0
S= w(t), So = .
Osxa Oaxa  So  Ouxa ©), S 0 0 0 1
Osxs Osxa Osxsa  So 0 0 0 O
With simple pole location design and solving the Francis equations in (16) and (17), the control
law u = —Kx + Lw, is defined by the next matrices.

r 39.0817 39.8065 42.7301 353146 17
50.7845 49.7273 57.8765 41.7761
65.4254 27.7942 64.3418 25.3095
111.4329 40.8647 107.4407 35.2827
148.8666 163.8057 148.5659 163.3193
82.9342 87.2892 82.8536 87.1599
—452.5554 —138.0551 —421.3001 -101.7553
—53.1071  —15.0293 —44.5734 —6.0062
175.7201 174.1363 216.7686 130.5047
16.2599 20.3300 25.6557 10.6795
16.2599 —74.5068 40.2456 —74.6869

L 42,1137 —51.1640 41.9879 —51.2434

For I1 matrix all values are zero excepting the next: I1(1,1) = I1(2,3) = I1(3,5) = [1(4,6) =
11(5,9) = 11(6,10) = 11(11,13) = 11(12,4) = 1,—-I1(7,7) = —I1(8,8) = 11(9,3) = 11(10,4) =
0.1019,11(7,7) = I1(8,8) = —0.1019,

And for L, the matrix I is zero excepting the next terms: I'(1,11) = I'(2,11) =I'(3,11) =T'(4,11) =
10.8419, —T'(2,15) = —T'(4,15) = I'(1,15) = ['(3,15) = 7.5858,

AndL =T +KII.

For the discrete part of dynamics G (z), the timer t *switches the initial conditions w* = wy,.
At the end of a complete closed trajectory (the four segments), the quadrotor will hover at the first point.
The Fig. 4, Fig. 5, Fig. 6 shows the tracking error using the linear model of the quadrotor.

The error dynamics is too sensitive to numerical errors, presenting overshooting see Fig. 7, for
Simulink simulation is impossible to achieve the exact precision in the switching signal, and this
problem can be reduced with a minor elapsed time integration in simulation.

The same linear output regulator was applied to the non-linear system of the quadrotor presenting
almost the same performance, at least with a small error initial condition, this can be seen in Fig. 7.
The timer is obtained like discrete differential equation as in (38) and (39).

) 0.01
T=——¢€[0,0.01], (38)
b+1— Y
Tt =0. (39)
The evolution of the signal 7 is presented in Fig. 8.
3.4. Dwell-Time

The dwell time of each jump can be obtained with equation (37). The minimal eigenvalue is @ =
—1. The permissible error is chosen like &5, = 0.01 for all j. For j =1, the initial error con be

calculated with (35). And the norm is ||£01|| = 6.083. The dwell time forj = 11is:

0.01
> [1n (=0 )| = 74107 s. 40
o1 —[ n(e‘°||6.083||)] ° (40
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Forj = 2,7y, = 32.93615,]]¢(32.9361)|| = 3.601le — 5.
Forj =3,7p, = 58.3482s.
Forj =4,1p, = 95.9947 s.

From j = 3 to 4 the error norm is to small, and is not presented.

10+

_5 1 | |
0 50 100 150
Time [s]

Fig. 4. Exosystem tracking in x-coordinate, earth system, with quadrotor non-linear model

10

2
5 7X2
E
z 0
N
x
-5
-10 .
0 50 100 150

Time [s]

Fig. 5. Exosystem tracking in x-coordinate, earth system, with quadrotor non-linear model

In the next table different initial errors are testing until the output linear regulator fails to track
the trajectory. Only the first jump is considered (tracking of the first Bézier curve [34]). This initial
error will be obtained with the different positions of the quadrotor.

Due to non-linearities that can be presented in high attitude angles the results on the nonlinear
model are also presented. In the last experiment with an initial error of 913.5 m the electric motors are
saturated in the maximum operation rate (1100 rad/s or 10,504 rpm), see [34] for operation parameters.
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Any initial error greater than 913.5 m fail to track the first segment with a final error of 0.01m,
as the presented in the numerical example, check the Fig. 2 and coordinates for the second mandatory
points. That’s mean, the jumping signal, is not a dwell-time signal.

-W

X5 W,y [m]

0 50 100 150
Time [s]

Fig. 6. Exosystem tracking in x-coordinate, earth system, with quadrotor non-linear model

5 --non linear
—linear
s
D
— |- L L k 1
20 40 60 80 100 120 140

Time [s]

Fig. 7. Tracking error comparison, linear and non-linear quadrotor dynamics

3.5. Discussion

The main calculous involved is the determination of I gain matrix through the solution of the
Francis equation, as were presented in (16) and (17). This matrix is solved using the “solve”
MATLAB Function. In accordance to regulation theory only one I' gain matrix is applicable to any
initial condition, and any trajectory [39]-[45], since only one calculus is necessary for each system
(plant dynamics including feedback control), no matters the trajectory problem. For the numerical
example presented above, the process takes 7 seconds with a processor Intel(R) Xeon(R) CPU ES5-
1603 v3 @ 2.80GHz.

In the numerical examples the permissible tracking error was chosen like 0.001 m in all study
cases. The quadrotor dynamics is parametrized only by the minimal eigenvalue @ = —1. The main
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contribution in this work is the equation (35), this equation defines the elapsed time necessary for
get the permissible tracking error in function on the initial error (distance from quadrotor to desired
trajectory), is not trivial as the trajectory are constructed like an exosystem hybrid. The metric is
applicable in any segment of the complete trajectory. The construction form Bézier curves permits
the inclusion of mandatory points for the quadrotor mission. This stratagem for tracking trajectories
not pretends to be better than other existing methods, but gives a tool to determine the dynamical
capacities of the plant and any possible trajectory. For more info on different approaches, please refer
to [3], [46]-[50].

In order to ensuring stable transition between trajectory segments, the Bezier curves and
therefore the exosystem must be smooth and continuous; the invariant principle guarantees the
stability of error dynamics as long as the switching signal is a dwell-time switching signal. The results
presented here do not included the performance analysis of the regulation theory for tracking
trajectory, but the dwell time determination and the theoretical validation using simulations. The
experimental validations go beyond the scope of this prelaminar analysis. For an experimental
validation the quadrotor and the feedback control shall be correctly identified, the low noise in the
actual quadrotor and the electronic system could be simplify the data collection and the applicability
of the feedback control and the output linear regulator. Its highly recommended to realize indoor
experiments, using a continuous tracking of the quadrotor coordinates, for example using optical
devices instead of accelerometers and global navigation systems [51]-[56].

The Table 1 and Fig. 7 shows a similar performance of the output linear regulator in the linear
and no linear quadrotor model, this in accordance to [39], but only in the linear region, without a
rigorous analysis, and with a trial and error test, the maximum initial condition permissible was the
6.083 m, nevertheless the dwell-time analysis is not capable to determine the final error in the non-
linear system [57]-[60].

Table 1. Dwell-time comparation between linear a non-linear quadrotor model for different initial
error for the first jump (j = 1)

o Arriving time to desired error. Final error norm.  Final error norm.
Initial error norm Tp,

Linear System Linear System Non-Linear System
6.083 m 7.4107 s 7.4105 s 0.01028 m 0.02244 m
10.1 m 792s 792s 0.0117 m fail
17.41 m 8.4622 s 8.4602 s 0.01042 m fail
86.27 m 10.0627 s 10.0621 s 0.01039 m fail
913.5m 124225 s 1242 s 0.0112m fail
0.01
reset
signal (s) - -
0

Fig. 8. Timer dynamics
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4. Conclusion

This work defines the time required for tracking any trajectory as a function of the initial error
and the dynamical properties of a quadrotor with feedback control. Once the first segment is tracked
with a minimal error of 0.01 m the next segments will be tracked with no more than 0.01 m error due
to invariance properties of an output linear regulator and the insensitive properties of initial conditions
of the hybrid exosystem. The analysis of dwell-time shows that, due to the invariance principle, the
quadrotor with asymptotic stability will track any well- constructed group of Bézier curves in finite
time, no matter the trajectory’s complexity or the plant’s dynamics with feedback control, due to the
way it is built, the Bézier curves permits force the tracking toward the defined points of mission flight.
The robustness of the output linear regulators has been proved in many published works, including
robustness against noise, external perturbations, and parametric un- certainty, but just theoretically.
This analysis is imitated to a small linear region, the dwell-time approach fails to the original non-
linear plant. The next recommended step should be and non-linear output regulator and equivalent
non-linear dwell time determination. Is obligatory, like future work, an experimental validation of
robustness, and linear region limits, and more important for this work, for a dwell-time signal
validation, these experiments should be done as recommended in the discussion section.
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