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ARTICLE INFO ABSTRACT
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structured transformations without relying on prior state feedback or
restrictive assumptions. The method uses a sector matrix to capture spectral

characteristics of the closed-loop system and employs a convex LMI-based
optimization framework for feedback gain computation. Its performance is

glﬁ) ycvlzz"g(rl;ls validated on a benchmark turbo.—generator system charac.terized by .large
Bigenspace éh aracterization; scale and tlght.Iy coupled dynamics. Compared to conventllonal technlql.les
Output feedback; such as adaptive pole placement and eigenstructure assignment, which
MIMO systems; often involve high control effort, sensitivity to disturbances, or limited
Multivariable Control Systems; precision, the proposed approach delivers superior results. It achieves
Parameterization significantly lower steady-state errors (RMSE: 0.013 and 0.009), minimal

control input magnitudes (maximum of: 14.12 and 3.12 for the two inputs),
reduced spectral sensitivity (2.12), and improved robustness to eigenvalue
perturbations (relative variation 0.018). These findings underscore the
method’s practical applicability, computational efficiency, and robustness,
making it a strong candidate for high-performance MIMO control
applications.
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1. Introduction

Induction The problem of eigenvalue assignment in multivariable (MIMO) control systems via
static output feedback (SOF) has long attracted attention due to its practical importance in robust,
optimal, and adaptive control design. Early foundational studies established the theoretical bounds on
pole placement using output feedback [1]-[3], showing that up to min (m,p) eigenvalues can be
arbitrarily placed, where m and p are the numbers of system inputs and outputs, respectively. Unlike
state feedback, which requires full state measurement, SOF offers a more realistic solution in practice
by relying solely on measurable outputs. Significant research efforts have focused on necessary and
sufficient conditions for eigenvalue assignment feasibility, including approaches based on algebraic
geometry and structural properties of system matrices [4]-[6]. This led to deeper characterizations of
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the SOF problem space [7,8], and the development of numerical methods that handle both parametric
and non-parametric formulations [9]-[12]. Methods relying on eigenstructure assignment, modal
matrix construction, and companion form transformations have been explored for several decades
[13]-[16]. Notable advances include robust pole placement via gradient flows [17,18], and
optimization-based feedback synthesis [9,10], [19], with further refinements proposed in block-
structure relocation and matrix polynomial formulations [20]—[23].

Despite these developments, SOF design remains inherently nonlinear and non-convex.
Traditional iterative algorithms often require precise initial estimates or impose structural constraints,
limiting their scalability to high-dimensional systems [24]-[27]. In response, hybrid analytical—
numerical methods have been introduced to improve stability, tractability, and robustness under
uncertainty [28]-[32]. More recently, the integration of artificial intelligence and learning-based
optimization has offered promising new avenues for output feedback control. For instance,
reinforcement learning has been used to construct adaptive controllers with reduced computational
complexity [33], while neural networks enable dynamic gain tuning in uncertain environments
[34,35]. Techniques such as Physics-Informed Neural Networks (PINNs) and event-triggered
observers have further extended applicability to real-time MIMO systems [36]—[39].

In addition, convexification strategies have been introduced to approximate non-convex SOF
design problems using linear matrix inequalities (LMIs), as seen in recent works on control synthesis
under structured uncertainties [40]-[42]. These innovations have been validated in diverse application
domains, including robotics [31,34], machines and aerospace [43]-[45], biomedical systems [46], and
energy systems [47,48]. Motivated by these trends, this work presents a new parametric formulation
for output feedback design that enables full eigenvalue assignment without prior state feedback. The
approach uses block similarity transformations and sector matrices to derive an explicit analytical
expression for the SOF gain matrix. This leads to a structured nonlinear system capturing all feasible
solutions. Unlike iterative or optimization-based methods, the proposed approach improves
transparency, reduces computational effort, and ensures strong numerical stability in practice. The
main contributions and novelties are summarized as follows:

* An optimal static output feedback algorithm has been developed for multivariable systems.
* Projection of the entire space into the allowable space through the LMI optimization algorithm
* The proposed SOF control technique is applied to a turbo-generator system.

The remainder of the paper is organized as follows: Section 2 outlines the theoretical background
that shows the impact of operator theory on linear systems and Eigen-space decomposition. It reviews
relevant algebraic structures and system transformations. Section 3 introduces the proposed
methodology and presents its parametric formulation. Section 4 validates the approach through two
case studies on benchmark systems. Section 5 compares the turbo-generator case study, with two
methods reported in the literature. Finally, Section 6 concludes this study and highlights the future
perspectives.

2. Theoretical Foundations and Operator-Theoretic Foundations

This section provides the mathematical foundation for the proposed method, introducing
operator-theoretic concepts, rational matrix-valued functions, and spectral projectors. These tools are
essential for analyzing multivariable systems and designing structured output feedback controllers.
The eigenspace decomposition and projector-based techniques define the spectral structure of the
closed-loop system. High-order differential systems (polynomial operators) often involve large-
dimensional matrices, which has led to a renewed interest in rational matrix polynomial and state-
space representations [49]. Polynomial systems theory relies on the properties of polynomials and
polynomial matrices, using polynomial operator algebra (i.e., a natural extension of classical
operational calculus based on Laplace and z-transforms). To clarify these concepts, consider finite-
dimensional Hilbert spaces U, Y representing the input and output spaces, respectively. Consider the
differential operator A = d/dt, understood as an unbounded densely defined closed linear operator
on a suitable domain D(1) c L?(R,U), generating a strongly continuous semigroup on L2. Defining
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two operator-valued matrix polynomials: D, (1) = ¥{_, D ;A1 € B(Y), N,(1) = XL N At e
B(U,Y) where D;; € RP*P c B(Y), N; € RP*™ < B(U,Y), and B(.) denotes the space of
bounded linear operators between corresponding spaces. Then the differential system can be
formalized as an operator identity: D;(A)y(1) = N;(A)u(4d) with u € D(N L (/1)), y € D(DL (/'l)),
both contained in a suitable function space (e.g., Sobolev spaces H* (R, U), H* (R, Y)). By applying
the functional calculus for the differential operator A, and assuming D; (1) is left-invertible in the ring
of rational operator-valued functions, we obtain the input-output map: y(1) = H(A)u(4d) with
H(2) = D;*(A)N, (1) where H(A) € B(U,Y) is a rational matrix-valued function defined on a
domain in the complex plane A €Y © C. Alternatively, one may define a right matrix fraction
description of H(A) as: H(A) = Nx(1)Dz'(1) where Dz(1) = fzo Dpi 2t € B(U), Nx (1) =

¢ NgiA*"' € B(U,Y). Such a rational operator-valued function H(1) admits a state-space
realization under the realization theory of infinite-dimensional linear systems.

Theorem 1 Let U, Y, X be finite-dimensional Hilbert spaces (e.g., R™; RP; R™) and let the
operator H:Y < C - B(U,Y) be a proper rational operator-valued function, analytic on a
connected open set Y € C containing the resolvent set of some operator. Then, there exists a
quadruple of bounded linear operators (A,B,C,D) € B(X) X B(U,X) X B(X,Y) x B(U,Y),
with: A: X - X, B: U - X, C:X - Y and D € B(U,Y) such that for all A € p(A) (resolvent set
of A), H(A) = C(AI — A)"B + D where (AI — A)™1 is the resolvent operator of A. Moreover, the
realization is minimal if:

e span{A¥Bu: u € U, k > 0} is dense in X (controllability),
e span{CA*x: x € X, k > 0} is dense in Y (observability),

Specifically, there exist two canonical minimal realizations: (A;, B¢, C.,D.) and (4,,B,,C,,D,)
called controllability and observability realizations (respectively), with

{H(/‘L) = Nx(DDR*(A) = C.(AI — A)"'B. + DC} 0
= Dzl(A)NL(A) =Co(A — Ao)_lBo +D,
And
¢ ¢ ¢ ¢ ,
Dr() = Y, Dria’™'; Ng(D) = X, NgiA~H; D, (D) = Y, DA™ Ny(A) = Y, NpA“!
i=0 i=0 i=0 i=0

Proof: We define a hierarchical sequence of abstract state variables {x;(1)}{_; € H where H =
H*(R,R™) is the Sobolev space and each belonging to the image of resolvents of A, by recursive
relations derived from the inverse powers of A. That is:

X, () = A7 NLuD) = Doy o xp(A) = 27 [Ngu(@) = Dpyy(D) + x,-1(D)]

After recursive substitution and rearrangement, the linear time-invariant (LTI) dynamics can be cast
into a first-order operator differential system:

SIRI I el [T I NI,
AXk;(/D - 0, o:p -D;, Xk:(l) * NLZ_bLZNLO u)
x,(4) 0, - I, -Dj x,(1) Npi — D3Ny > o
X1.(/‘D
y(» =[0, - 0, I,] xk:(/l) + Npu(d)
\ Xf:(l)
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with 0, is a p*"* order null matrix, I, is a p** order identity matrix.

More compactly this can be written as 1x,(1) = 4,X,(1) + Bou(4); y(1) = €C,x,(1) + D,u(1)
where
* X, (t) € R?P collects the auxiliary observable state variables,
* A, € RfP**P is an observable block companion-like matrix constructed from D,;,
* B, € R*?*™ encode the algebraic dependencies between input and auxiliary variables,
* C, € RP**P encode the algebraic dependencies between output and auxiliary variables,
* D, = N, is the direct feedthrough matrix.
Thus, the transfer function H(1) € R(A)P*™ is given by:
H(/D = Dzl(A)NL(A) = Co(/ll - Ao)_lBo +D,.
Similarly, the system admits a right matrix fraction description y(1) = Nzx(1)Dz(D)u(1), and
¢ £ -1
Z [Nri — NRODRi]A[_i] Z DRiA[_i] u(d) = Ngou(d) + ¥,e (1)
Let us rewrite this last equation in the following form:

y(4) = {Ngo +

[Zle[NRi - NRoDRi]/V)_i]_1 Yoew(d) = [Zf:o DRL-/V_"]_1 u(l) =Q)

This last equation gives A°Q(1) = u(1) [DRl/l{)'lQ(/l) + Do AP 72QA) + - + DRgQ(/l)] and
Voew(A) = [Nr1 — NroDg112°71Q(A) + -+ + [Ngp — NroDre]Q(1). Now, we define a sequence of
state variables: X;(1) = 2*"1Q(1); where k =1..¢ and by recursive formulation we get
Ax, (D) = x,(); 1x,(1) = x3(A); ...; A1xp(1) = 2°Q(1) and the new output is given by the
expression V,.,(1) = Ngou(d) + X_,[Ng; — NroDgri]Xs—i+1(A). It is very easy to check that:
x,(1) = 2271Q(N) = u(d) — Xt , DriXpy1-i(A) so, in matrix form we can write:

x; (1) Om I, w0 O (D 0 )
: Om Om Om : m
AlxeD = 5 v O %] + |7 [u@D
. . (0]
: 0., (5 I, : Im
xp(4) —Dgpy —Dgpy -+ —Dpyllx,(2) m > 3)
x1 (1)
y(A1) = [(Ngp — NgoDge) - (Ngy — NgoDg1)] Xk.(/l) + Ngou(d)
\ xp(4)

Or, more compactly Ax.(1) = A.x.(1) + B,u(1); y(1) = C.x.(1) + D u(1) where:

* x.(t) € R®™ collects the auxiliary controllable state variables,

e A, € R¥™*™ i5 a controllable block companion-like matrix constructed from Dg;,

e B, € R‘™ ™ encode the algebraic dependencies between input and auxiliary variables,
* C, € RP**™ encode the algebraic dependencies between output and auxiliary variables,
* D. = Np, is the direct feedthrough matrix.

Thus, the transfer function H(A) is obtained as:
H(2) = Npe(D)D'(1) = C.( — A)'B. + D,

It is understood that the state space representation is not unique irrespective of the transfer
matrix which is unique. This means that an infinity of state space representation should belong to the
same system, due to the fact that any operator will have an infinite equivalent forms related by
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isomorphism. That is if we have Ax;(t) = A;x;(1) + Bju(1); y(1) = €;x;(1) + D;u(1) and
X1 = TX2 then AXZ(t) = A2X2(/1) + Bzu(l), y(/‘l) = CZXZ(/‘{) + Dzu(l) with Az = T_lAlT;
B, =T 'B;;C, = C,T; and D, = D;. In term of transfer matrix, we have

H(A) = Cz(AI - Az)_132 + DZ = ClT(/‘lI - T_lAlT)_lT_lBl + D1
= Cl(){l - Al)_lBl + Dl
Hence, every finite-dimensional LTI system with polynomial differential representation admits

both left and right matrix fraction descriptions in the ring of rational operator-valued functions
R(A)P*™ and can be realized canonically in state-space form. (QED) o

Note: The ring R[A] of real-coefficient polynomials can be naturally embedded in the ring of
rational matrix functions R(A), and the structure of H(A) reflects its fractional ideal form in this
ring, supporting a dual interpretation via left and right coprime factorizations.

Let Y, = (4, B, C, D) be a finite-dimensional LTI system defined over Hilbert spaces X = R™, U =
R™, and Y = RP, governed by the state space evolution: A1x(1) = Ax(1) + Bu(1) and y(1) =
Cx(1) + Du(1) where A € B(X); B € B(U,X); C € B(X,Y);and D € B(U,Y).

Definition 1 The system Y, is said to be exactly controllable on the time interval [ty, t1] if for every

pair of states Xq,X; € X, there exists a piecewise continuous control input u € L?([ty, t1], W) such
that the solution x(t) € C1([ty, t,], X) of the system satisfies: X(ty) = Xq, X(t1) = X;.

Definition 2 The system Y, is said to be exactly observable on the time interval [ty,t,] if for any
Xo € X, the knowledge of the output trajectory 'y € Y for t € [ty, t1], corresponding to zero input
u(t) = 0, allows for the unique determination of the initial condition X(ty) = X,.

To formally characterize exact controllability/observability in finite-dimensional LTI systems,
the following theorem provides necessary and sufficient algebraic and analytical conditions.
Theorem 2 (Kalman’s Rank Condition) The controllability Gramians of linear system is given by
integral formula W,(0,t;) = fotl [e‘ATBBTe_ATT] dt and the controllability matrix is given by
Q. = [B AB - A" 1B ] € R™"" The necessary and sufficient condition for the linear time
invariant system to be completely state-controllable is given by one of the following condition:

(i) W,:(0, ty) is nonsingular, or equivalently W, (0, t;) is positive definite (PD) matrix.
(ii) The matrix Q. is full rank, i.e., rank(Q.) = n. Or equivalently QCQI is nonsingular.

The observability Gramians of linear system is given by W, (0,t;) = f(fl [e'ATTCTCe 'AT] dt and

the observability matrix is Q) = [CT CcTAT ... cT(aHT ] € R™™M  The necessary and
sufficient condition for the LTIsystem to be completely state-observable is given by one of:

(i) W, (0, t1) is nonsingular, or equivalently W, (0, t1) is positive definite (PD) matrix.

(ii) The matrix Q,, is full rank, i.e., rank(Q, ) = n. Or equivalently QOTQO is nonsingular.

Proof: see [16], [49].

Without loss of generality, setting t, = 0 and x(t;) = 0, the system is completely controllable
if for every X, € X, there exists an input u € L2([0, t;], U) such that the corresponding trajectory
satisfies Xx(t;) = 0. A necessary and sufficient condition for complete controllability is the

surjectivity of the controllability map: Cpg,1: L*([0,t;], U) = X, 1w +— fotl eAt1=DBu(r)dr. In
algebraic terms, this is equivalent to Kalman’s rank condition: rank[B AB---A" 1B ] = n.

The observability of the system is equivalent to the injectivity of the observability operator:
Oty " X = L>([to, t11.Y), %, — CeA'Bx,. In other words, the system is observable if
Olt,t,](X0) =0 = x, = 0. That is, the state can be recovered uniquely from the output
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measurement over the time interval. In algebraic form, the system is observable if and only if the
observability matrix satisfies: rank[CT CTAT - €T(A" )T | =n.

Theorem 3 (Popov-Belevitch-Hautus Test [49]) Given an LTI system described by its state space
evolution Ax(1) = AX(1) + Bu(1); and y(1) = €x(1) + Du(A) then, the two tests for
controllability are:
* PBH Rank Test: The pair (A, B) is controllable iff rank[Al — A, B] = n forany A € a(A4)
* PBH Eigenvector Test: (A, B) is controllable iff there exists no left eigenvector of A orthogonal
to the columns of B, or (A, B) is controllable & {w'A = AwT and w'B = 0} only ifw = 0.

The two Popov-Belevitch-Hautus tests for observability are:

* PBH Rank Test: The pair (A, C) is observable iff rank|[Al — AT, cT]T =nforany A € o(A)
* PBH Eigenvector Test. (A, C) is observable iff there exists no right eigenvector of A orthogonal
to the columns of C, or (4, C) is observable & {Av = Av and Cv = 0} only if v = 0.

If rank(Q.) = r < n, then the system is not fully controllable: the reachable subspace R: =
Im (Q.) © X has dimension 7, and only the projection of x(t) onto R can be arbitrarily steered via
control. it is not possible to move from X, to any arbitrary final state x4, i.e., only r entries of the
state can be moved arbitrary and the remaining ones moves with its own dynamics (not assigned by
the control law). If the system is stabilizable there is a similarity transformation (due to E.R.
KALMAN) that decomposes the system in controllable and non-controllable parts. The set of all
controllable states X, named the controllable subspace, is given by:

ty
X, = {x| X= —J eAtr-DBu(t)dr, V u(r)}
0

Corollary 1 [16] The necessary and sufficient condition for partial state N of the system to be
controllable is: M € X, = R(Q.), where R(Q.) = {X € X| x=Q.v, V v€ER"}is the range
space of the matrix Q..

If we can find an input u(t) that is able to transfer the output y(t) of the continuous LTI system
from any arbitrary position to zero in a finite time t, then the system is said to be completely output
controllable.

Theorem 4 (Complete output-controllability) The necessary and sufficient condition for the linear
time invariant system to be completely output-controllable is given by one of the following condition:
(i) W, (0,t1) = fotl [Ce'ATBBTe_ATTCT] dt is nonsingular, & W,.(0, t;) is PD matrix.
(ii) The Qo = [CB i CAB - : CA™ B i D] € RP*M+DM™ g 1] row rank, i.e., rank Q,. = p.
Proof: see [20]-[29].

Note: The controllability, observability, and cross Gramians are indeed characterized as
solutions to algebraic matrix equations, specifically Lyapunov or Sylvester equations. The
controllability Gramian W, satisfies the dual Lyapunov equation: W,AT + AW, + BBT = 0. The
observability Gramian W, satisfies the dual Lyapunov equation: ATW, + W,A+ C'C = 0.

2.1. Eigen-Space Decomposition and Projectors

The eigen-space decomposition of a matrix A along its spectral projectors leads to powerful
insights, particularly in control theory, model reduction, and frequency-domain analysis. Let A €
C™™ be a diagonalizable matrix. Then there exists a complete set of spectral projectors {E;}¥_,

corresponding to its distinct eigenvalues {1;}¥_,, such that: A = Zle ME; with EE; = §;;E;,
zle E; = I and each projector E; satisfies: E? = E;, and E;A = AE; = ,E;. This gives the

spectral decomposition of A in terms of its eigen-subspaces: C" = @le Im(E;). If A is not
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diagonalizable, we generalize the decomposition using Dunford’s decomposition: A = Az + N
where A; = Z;‘zl LE;, N = Ele N; and A;N — NA,; = 0 with N; nilpotent operators acting on
the generalized eigenspaces [50,52]. Now, let’s explore how spectral projectors are constructed from
left and right eigenvectors of A. Assume that A € C™™ and suppose A; € C is a simple eigenvalue
of A. Then: Av; = A;v; and wiT A= AiwiT where v;, wl-T are right/left eigenvectors of A. We can
normalize them such that: wl-T v; = 1 and therefore A[Z;{:l vl-wl-T ] = Zle AiviwiT but Zle Vl-wl-T =
I, hence E; = viwiT. Also, we have A[v; ... v,,| = [vy ... v, ]diag(44 ... 4,) or equivalently, AV =
VA. If we put W = V-1 then A = VAW. If A is diagonalizable but eigenvalues are repeated, and let
{vi;} be abasis of right eigenvectors associated with A;, and {w;;} be the dual left eigenvectors, then
E; = Elr: 1 Vi jwiE. In light of this, consider the multivariable LTI system described by the transfer
matrix, defined as:

HQ) =NWO)DA)1=CAI—A)"'B+D=CVAI —A)~"'WB+D (4)
where
A€ RY™; B e€R™™; Ce€RP™; DeRP™
; ) . ) ) WT A 0
v; : Right eigenvector of A L 1
. T
w;: Left eigenvector of A w=(%z|; A=|:
A; : The eigenvalues of A :
wl 0 An
V=[Vi V2 = W w=vy1 n

Expressing the transfer function in terms of its eigenvalues (i.e. assume that matrix D is non-zero):
T
n Cv;w; B H H
H(}) = L4 p= 1 o4y " 4D 5
@ Zi:l A=A A=A A=A ®)

with: H; = Cvl-wiTB =[(A—=2)HQ) — D)]j=y,. If A€ R™™" is diagonalizable then can be
rewritten as:

n
A=VAW =D, Avw] and H;=CEB (6)

The partial fraction expansion of H(4), show that each mode A; contributes a rank-one (or low-
rank) residue H; = CE;B to the total transfer behavior. Each term H; /(1 — A;) represents the modal
response associated with eigenvalue A;. The rank and norm of H; quantify the contribution of mode
A; to input-output behavior.

2.2. Block Canonical Forms of MIMO Systems

Consider an LTI system represented by the state equation in general coordinates:

x(t) = Ax(t) + Bu(t) and y(t) = Cx(t) + Du(t) @)

where x € R", y € R?, u € R™, A € R™", B € R™™, and C € RP*",

Definition 3 The system described by equation (7) is said to be block controllable of index ¥ if the
N

matrix Q. = I‘OW(ALB)l,:;L has full rank and € = n/m is an integer. In this context the operation

row(X i)f:_(} is the row-wise concatenation of the matrices X; for i = 0,1, ..., £ — 1, interpreted as

building a matrix by aligning those matrices horizontally from left to right.

Next theorem gives conditions under which a multivariable linear system can be transformed
into a block controller canonical form. This structure simplifies control design and analysis. The
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transformation is possible if the system order is divisible by the input dimension and the system is
block controllable of the corresponding index.

Theorem 5 (I. Gohberg and B. Bekhiti [22,23]) The multivariable control system described in (7)
can be transformed into a block controller form if the following two conditions are satisfied.

® ¢ = n/m is an integer
@ The system is nlock controllable of index £

If both conditions are met, then the coordinate transformation xX.(t) = T X(t) transforms the system
into the following block canonical controller form

X.(t) = Acx.(t) + Bou(t) and y(t) = Ccx.(t) + Dou(t) (®)
P . _1n—1
where: T = col(TeyA'). i Teq =[O i Oy i i L] (row(AlB)f:;) and

Om Im Om Om C;!— T
Om Om Om Om :

A, =TAT;' =| : : On|; B.=T:B=| [} C =CT;'=| ;
0, 0, . I, = ¢

—Ay Ay o —Ay I, cl

with: X, € R", A; € R™™, ¢, €e RP*™, i=1,.,¢, I, and 0,, are the m X m identity and
null matrices respectively, and the superscript T denote the transpose. In this context the operation
col(X l-)f:_& is the column-wise concatenation of the matrices X; fori = 0,1, ..., £ — 1, interpreted as
building a matrix by aligning them vertically from top to down. |

Let R; € R™ ™ be a square matrices (called right block roots or solvents) such that the right
¢
functional evaluation of Y!_,A,R'™* = 0,, or [4,..A; Ao]col(Rg‘)k:0 fori = 1,2,...,¢. In

matrix form we can write A.X; = X;R; where X; = col(Rﬁ‘)i:) . If we define the right block
Vandermonde matrix Vi = [X; X5 ... Xp] then A.Vr = VizAg with Ag = blkdiag(R; ... Ry).
Definition 4 The system described by equation (7) is said to be block observable of index £ if the

matrix Q, = col(CAi)f:_; has full rank and € = n/m is an integer.

Theorem 6 (I. Gohberg and B. Bekhiti [22,23]) Consider the multivariable system described by
innovation equation (7). This system can be expressed in block observable canonical form if the
following two criteria are met:

® The ratio £ = n/p is a positive integer and

@ The system satisfies block observability of index ¥, i.e., the block observability matrix Q, has full
rank. Under these conditions, the system admits a similarity transformation of the form X,(t) =
T,x(t), where T, is a nonsingular transformation matrix. This yields an equivalent state-space
representation in block observable canonical form

X, (1) = ApX,(t) + Bou(t) and y(t) = €%, (t) + Dou(t) )
, _ g1y -1
where T, = row(AiTo,),_; Tor = (col(€A), ) [0,: 0, 1,] and
o, - 0, -4, B, 0, T
L, - 0, -4, . o,
A, =T AT, =|: & i |, B.=T;B=|i|, c¢,=cT,=
Op b Op _AZ BZ
0, I, -4, B, I,
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with X, € R", A; € RP*P, B, e RP*™,i=1,.,¢, I,and0,, are the p X p identity and null
matrices respectively. O

3. Eigen-Space Characterization and Key Findings

In multivariable linear systems, state feedback assigns closed-loop eigenvalues by shaping the
matrix A — BK to achieve desired dynamics. For fully controllable systems with full-state access,
any pole configuration is achievable. When only outputs are measurable, output feedback can
indirectly assign a subset of poles. Advanced methods like block pole placement generalize
eigenvalue assignment by targeting invariant subspaces or matrix polynomial factors, allowing
structured control in MIMO systems. In such systems with state dimension n = £m, the block
controllable canonical form facilitates block pole assignment, where the gain matrix K is designed
so that the closed-loop matrix A, yields the desired characteristic matrix polynomial D4 (1) [28].

3.1. Relocation of Block Poles via State Feedback

This subsection revisits the classical problem of closed-loop eigenvalue assignment via full state
feedback. It establishes the block pole relocation framework, which is later extended to the output
feedback setting. The relocation of block poles via state feedback in MIMO systems can be rigorously
formulated as the spectral shaping of a bounded linear operator A € B(X) on a finite-dimensional
Hilbert space X = R", perturbed by the rank-m operator BK € B(X), where B € B(X,U), K €
B(U, X), and U = R™ [13]. For systems admitting a block controllable realization with dim(X) =
£m, the problem reduces to synthesizing K such that the spectrum of the closed-loop operator A; =
A — BK matches a prescribed set of invariant factors encoded by a right matrix polynomial D;(1) €
R[A]™>™ This constitutes a nontrivial inverse spectral problem in the algebra of rational operator-
valued functions, constrained by block structural compatibility and requiring the transformability
(via similarity) of a system of endomorphisms on X [21].

Theorem 7 (B. Bekhiti [20]) Let Y. = (A, B, C,D) be a finite-dimensional linear time-invariant
system defined over Hilbert spaces X = R™, U = R™, and Y = RP, admitting a rational transfer
function representation: H(A) = C(AI — A)™B + D = N(A)D(A)~! with N(1) € R[A]P*™ and
D(1) € R[A]™™. Assume the system is block controllable with n = €m be a desired monic matrix
polynomial whose set of right invariant factors (block poles) is {Ry, ..., Ry} € C™*™. Then, there
exists a state feedback operator K € B(U, X) such that the spectrum of the closed-loop operator
A; = A — BK satisfies the condition: det(Dd(/l)) = det(ﬂ —-(A4- BK)) with the feedback
operator K given by:

K =BT N AN 2\? yt-1\! - 10
= [BC (row(A B)i:O) A ] - row(Ri)l,:1 [row (col(Rl- )kzo)i:J T, (10)

VNN
with T, = {col (BI (row(A‘B)l,_O) A‘) }; and BI =[0,,:0,,:iI,] € R™™ This
= i=0

construction yields a similarity transformation under which the closed-loop operator admits the
prescribed spectral structure governed by D 4(1), completing the block pole relocation. mi

The MIMO deterministic systems are described by the quadruple Y. = (4, B, C, D). An observer
S is an auxiliary system evolving on the same state space X, with its state X(t) € X converging
asymptotically to the true state x(t), regardless of the input u(t) € U. This convergence is governed
by the observer error £(t): = x(t) — X(t) which follows a homogeneous system under the perturbed
operator A — LC. The observer gain L € B(Y, X) is designed to assign the spectrum of A — LC.
When the pair (4, C) is block observable and dim(X) = ¥p, L can be synthesized so that the block
eigenstructure of A — LC matches any admissible monic matrix polynomial with prescribed right
block roots [29].
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Theorem 8 (B. Bekhiti [20]) Let Y. = (A, B, C,D) be a finite-dimensional linear time-invariant
system described by: X(t) = Ax(t) + Bu(t); y(t) = €x(t) + Du(t) with x(t) € X and dim(X) =
€p and assume that the pair (A, C) is block observable. Then there exists an observer gain L € R™*P
such that the spectrum of the error dynamics operator A — LC matches a prescribed set of block
roots {84, ...,8;} € CP*P ifand only if (A, C) admits a block observable realization. The gain matrix
L is given explicitly by:

o1 it 17t
L= [Af (col(CA‘)f:;) CI] -T, [col (row(Sﬁ‘)i:z)i:J (col(Sf)le) (11)
i i #_1 _1 [_1
with T, = row (Al (col(ca?);_)) CI) s and Co=[0,:0,::1,] € RP*® [fA—LC
- i=0

is Hurwitz, then (t) = 0 as t — oo, and the estimate X(t) converges asymptotically to the true state
x(t), independently of initial conditions. And the observer evolution is given by the following state

equation %(t) = (A — LOX®) + [B : L][uT(®) yT(®)] . 0
3.2. The Proposed Output Feedback Gain Matrix Design

This subsection presents the core contribution of the paper. Building on the theoretical
foundations of Section 2, it formulates a robust parametric output feedback method for structured
pole placement in finite-dimensional MIMO systems without requiring full state measurement. The
method leverages operator-theoretic representations of the closed-loop dynamics, Kronecker-
algebraic parameterization, and similarity transformations based on block controllability and
observability. A sector matrix is introduced to encapsulate the dominant spectral content within a
sensitive subspace, and Theorem 9 establishes the use of LMI-based optimization to compute the
output feedback gain matrix explicitly. This structured approach ensures closed-loop stability under
both algebraic and geometric constraints and enables efficient and scalable implementation [49].

Assume now that the feedforward term satisfies D = 0, and define the first Markov parameter
as My =Y,-y AiH; = C[\M{E{ + -+ 1,E,,|B = CAB. Suppose further that H(1) is an m X m
matrix, implying that the product CB is square. Under this condition, we may represent the
expression accordingly

HD =Y, (ﬁf) (12)

Therefore, if A; denotes the target closed-loop matrix to be matched through state feedback u =
—Kx, then:

n n
D, AiHlia = CA4B = (BT ® C)vec(4,) = vec (Zizl AiHid) (13)

Here, @ denotes the Kronecker product, and vec(®) represents the vectorization operator. Given
that under state feedback the closed-loop matrix is A; = A — BK, we can express this relation in
terms of K as follows:

n
(BT ® I)vec(K) = vec|(CB)™* (CAB - D LiHy)] (14)
Put differently, fact 1 can be interpreted as asserting that:
(BT ® Ivec(K) = vec((CB)™*(CAB — CA;B)) = vec((CB) (M, — M,,)) (15)

Rather than applying state feedback, let us consider the output feedback control law defined by
u = —Ky. In this case, the resulting target matrix is A3 = A — BKC, and fact 2 can thus be
reformulated accordingly:
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(CT (03] B)Vec(K) =vec(A—A4y) = rank(CT ® B)

> rank([CT ® B : vec(4 — 4,)]) (16)

Definition 4 The system described by the quadruple Y. = (A, B, C, D) is referred to as non-defective
if the system matrix A is non-defective, meaning that A has a diagonal Jordan form.

Non-defective systems are highly desirable, as the poles of such systems exhibit less sensitivity
to perturbations in system parameters (see Guangbin Cai in [42]). In order to obtain a non-defective
closed-loop system, the matrix A = diag(4,,1,, -+, 4,) is selected as the Jordan canonical form of
the desired matrix A; = A — BKC, where each A; (i = 1,2,::-,n) denotes a prescribed complex-
conjugate eigenvalue intended for the closed-loop system.

Remark: The computation of the output feedback matrix corresponding to a given triple
(B, A, €) can be approached through several algorithmic techniques. In this work, we propose a
direct algebraic formulation based on the explicit structure of the closed-loop characteristic
polynomial. This leads to an efficient and original parametric design methodology that utilizes a
tailored state-space transformation to construct a complete parameterization of admissible output
feedback matrices.

Notably, because the matrix K is affected from the left by € and from the right by B, the method
naturally facilitates the application of both block controllability and observability transformations
from the outset. This yields an original framework for reconstructing the output feedback matrix. By
applying a pre-multiplication on the left by T, and on the right by T, the output feedback equation
transforms into:

BKC=A-A4, = T.BKCT, =T.(A— AT, (17)

Based on the previously defined transformations T, T,, and the matrices B., C,, we derive the
expression:

O
B.KC, =

0 O
[0, K] =T.(A- AT, = |5 L]=Tc(4-40T, =8, (19)
m
Therefore, the output feedback matrix can be constructed as: K = A,,(n —m+1:n,n—p + 1:n)
Question: What condition on the structure of A, ensures that the system achieves the desired

performance? To answer this, we perform the transformation 4., = T AT, and follow the procedure
outlined below

i=

_ T coap-1771 : -1 T
A = [col {BC [row{A‘B}iZO] A‘} . A] row{A‘ [col{CAl}iZO] C, }i:O =|a, Aa] (19)

Using equation (19) it can be concluded that the desired closed-loop matrix can be parameterized in
terms of T, T, Ay, Ag and A, as follows:

A, Aﬂ]
T—l
AY Asec ?

where: Ag..: denotes the sector matrix to be determined, and the submatrices are extracted as

A; =T:! (20)

A, = Aco(l: (n—-m),1:(n— p)); Ag = A, (I:(n—m),(n—p+ 1):n);
A, = ACO((n —m+1):n1:(n —p)); As = ACO((n -m+1):n(n—p+ 1):n)

Remark: 1t should be emphasized that the matrix A, plays a central role in defining the closed-
loop behavior, as it encapsulates all spectral characteristics of the system. Since it is the sole
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component that modifies the eigenspace of the closed-loop configuration, this sector structure is both
critical and highly sensitive within the proposed design methodology.

0 0
Beo=|y | = K=45— A 1)

where: K € R™P, As € R™? and A, € R™*P,

The proposed approach imposes no constraints on the location or multiplicity of the eigenvalues
and does not rely on any prior knowledge of the open-loop spectrum. Its core objective is to construct
a parameterization of the target-matrix A, as a function of A, such that:

A, Ag
AY Asec (0)

Where Ag..(0) € R™P, F(@) € R™™ and 0 represents the set of parameters defining the
functional matrix Ag.. (@), which must be identified to ensure that A, achieves the desired spectral
properties. In other words, if 144, -+, 445, denote the target closed-loop poles to be assigned through
output feedback, then:

A, =T;! [ ]Tgl =F(0); O€eR™ (22)

AQQ) = det(AI — F(9))
= (A=241)A—2g2) - (A = Aan) (23)
= M+t tay,

Applying the LMI-based convex optimization method, the solutions to a system of n equations
with mp decision parameters 0 is obtained. LMI-based formulation allows for convex optimization,
numerical robustness, and guarantees on feasibility, especially in the context of spectral assignment
under structural constraints.

Theorem 9 Let Y. = (A, B, C, D) be a finite-dimensional linear system that is both block controllable
and block observable and let T, T, € GL,,(R) be the associated similarity transformations. Suppose
we  define  the  closed-loop  matrix  via  the  parameterized  form: Az =
T;'[Ax Ap; A, As(0)]T,t = F(0); where Age(0) € R™*P js the sector matrix depending
linearly on @ € R™P, and all other blocks are fixed. Assume that the desired spectrum oz =
{Ad1, - dan} € C lies in the open lefi-half plane. Then, there exists a symmetric positive definite
matrix P € R™" such that the following Linear Matrix Inequality holds: F(8)TP + PF(0) < 0 and
the output feedback gain matrix K(0):= As — Agec(08) stabilizes the closed-loop system: A —
BK(0)C = A;(0). The design reduces to the convex feasibility problem: Find @ € R™, P €
St such that F(@)TP + PF(0) < 0. The matrix K(@)can be computed by solving the following
Linear Matrix Inequality (LMI) optimization problem:

minimize trace(P) 24
{subject to P>0, F(O)"P+ PF(0) < 0. } (24)

Solving this convex program yields a good choice of the sector matrix Agec(0), and thus an output
feedback gain K(0) such that the closed-loop system: is asymptotically stable. i

While the proposed method enables full eigenvalue assignment without state feedback, marking
a major step in static output feedback design, its applicability is subject to certain conditions. It
requires the system to be block controllable and block observable, as detailed in Theorems 5 to 9.
These structural properties are necessary for the use of similarity transformations and sector matrix
parameterization. In systems lacking such block structures or with deficient
controllability/observability ranks, the LMI formulation may not yield feasible solutions.
Additionally, in ill-conditioned or weakly coupled systems, eigenvalue placement may become
sensitive, requiring careful tuning or regularization. Although theoretically scalable, very high-
dimensional systems may face numerical issues unless sparsity or decomposition methods are
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applied. Future work may consider extending the approach to dynamic output feedback and observer-
based frameworks to address these limitations.

Algorithm:

« Test system for block controllability and block observability
e Derive the similarity isomorphisms T, and T,

e Compute canonical form A.,and reconstruct the matrix As

« Define A, through F(0) parameterization

e Impose A(1) = det(/ll — F(B)) and solve via LMI
minimize trace(P); subjectto P > 0,F(@)"P + PF(0) <0
Lo Build Ag,.(0) and determine gain K using eq(20 — 22)

Remark: 1f the system is not block transformable, augmentation is performed as proposed by J.S.
Shieh (see Malika Yaici [29,30]). For the application, let us consider the example presented in
Fredriksson, J. [25], Yan, in [36], and Misgeld [46].

4. Representative Case Studies and Results

To assess the effectiveness and practical relevance of the proposed output feedback design, two
representative case studies are presented. These examples illustrate the synthesis of feedback gain
matrices under structural and spectral constraints, using block companion transformations and sector-
based parameterization. Closed-loop pole placement is achieved through either an LMI-constrained
framework or symbolic computation, depending on the structure of the sector matrix. The first
example addresses blood gas regulation in extracorporeal circulation, which is a critical control
problem in biomedical applications. The second example, presented later, highlights the method's
generality and robustness.

Example 1: The regulation of patient blood gas levels within physiological ranges during stable
extracorporeal circulation is a critical control problem [36], [46]. A schematic representation of the
system configuration is shown in Fig. 1. The state and control variables are defined as follows: x; is
oxygen flow rate, x, is carbon dioxide flow rate, x3 is arterial partial pressure of oxygen (Pa02),
x4 is arterial partial pressure of carbon dioxide (PaC02), u; is reference input for oxygen flow, and
u, is reference input for carbon dioxide flow.

PaCo2ref Computer ﬂ)@\ TF PaC02 _
3 > (Z) > and % _
3 actuators |- I -2 _A\f.\ %02 Patient Pa02|
Pao2ref e >
Regulator Part
serer T — minimize trace(P)

subjectto P >0, <
F(6)TP + PF(0) < 0.
° K(G) = A6 - Asec(e)

Fig. 1. Block diagram illustrating the control structure for patient blood gas regulation.

Consider a continuous-time state-space model whose parameters depend on the patient's
condition. Nominal values can be estimated and stored for reference as needed. Based on typical data
(see Magdi S. Mahmoud [41]), the model in equation (7) is defined by the matrices (4, B, C). The
primary variables of interest are x3 and x,. Initially, the system’s response is evaluated under a
perturbation in arterial oxygen and carbon dioxide pressures. The state-space matrices are:
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—10.045 0.002 0.003 0.001 10 0
0.0010 -9.989 0.001 0001 p,_|0 10|, ~_10 00 17, p_

A 6.0450 —3.002 —4.997 0.001]’ B= 0 o0 ;€= [0 01 0]’ D =02
0.0020 0.505 0.001 -5.002 0 0

Prior to implementing any control strategy, it is crucial to verify the system's asymptotic
stability. In this application, stability will be enforced via output feedback. The corresponding block
controllability and observability canonical transformations are defined as follows:

—_pT i f-17 -1 -1 1[0,
T = B! [row{a'B},_| =10, I,][B AB] O
-1 Ter cA I,
T, = col(TclA‘)i_O = N1
- T A T, = I‘OW(A T"l)i:O = [Ty AT,]

We now proceed to compute the matrix 4.,

0.0981 0.0165 —1.47640 —0.2482

A
A = TAT 0.1976 —0.0001 —2.96260 0.0012| _ « Ap
co e —-1.4764 —0.2482 17.2798 2.9052 A As
—2.9626 0.0012 34.5366 —0.0157 4
The desired eigenvalues for the non-defective closed-loop system are given by 4, , = —75597 +

124024i and A3 4, = —74568 + 129237i. The corresponding characteristic polynomial is given by:
A(A) = 2* + 3013 4+ 65942 + 65121 + 46967. The parameterized desired matrix is:

0.0981  0.0165 -1.4764 —0.2482 011
0.1976 —0.0001 —2.9626 0.0012 6

— -1 -1 — . — 12
Ae=Tc|_14764 —02482 6y, 6, |Te =F®; —and 6=]g5"
—29626  0.0012 6, 02, 025

To enforce the sector matrix Ag,. (@) to match the desired characteristic polynomial, we solve
the following system of equations det(AI — A (9)) = A1) = 2* + 3023 + 65912 + 65121 +
46967 using the LMI-constrained framework. By using equations (20) and (21) we obtain the output
feedback matrix

0.6569 0.2920 16.6229 2.6132
Asec = | = K=A5—Ag = |

0.6280 0.4317 33.9086 —0.4473

Example 2: A fundamental component in power generation systems is the turbo-generator, illustrated
in Figure 2. Its dynamic model comprises six state variables, two control inputs, and two measurable
outputs (refer to [32], [47], and [48])

The input u, is the turbine throttle (steam valve) and is typically used to control y, : the generator
terminal voltage (GTV), while the input u, is the excitation voltage (field current input) that controls
y,: the electrical active power output (EAP) of the generator. Both the GTV and EAP paths are
dynamically coupled through the electromechanical interaction between the turbine and the
synchronous generator, constituting an inherently multivariable control problem as depicted in Fig. 2.
The goal is to track GTV/EAP setpoints in the presence of load and frequency disturbances using
steam valve and excitation positions. Using appropriate data see (Magdi S. Mahmoud [41]), the
system matrices are given by:

—18.4456  4.2263 —2.2830 0.2260 0.4220 -0.0951 —0.2748 3.14630
—4.09770 —-6.0706  5.6825 -—0.6966 —1.2246  0.2873 —0.0501 -9.37370
A= 1.4449 14336 —2.6477 0.6092 0.8979 —0.2300{, B = —0.1550 7.42906
—0.00930 0.2302 -0.5002 -0.1764 —6.3152 0.1350(’ 0.0716 —4.91760
—0.04640 —0.3489 0.7238 6.3117 —-0.6886  0.3645 —0.0814 —-10.2648
—0.06020 —0.2361 0.2300 0.0915 -0.3214 -0.2087 0.0244 13.7943
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_[0.5971 -0.7697  4.8850 4.8608 —9.8177 -—8.86100

¢= 3.1013  9.3422 -5.6000 -—0.7490 2.9974 10.5719

]; D = 0,,

Generator
=/

Turbine ¢ Y ) Turbo-Generator >y

Ge:neraior Shaft % =Ax +Bu 1
Z& T U, —>» >,
ﬁl \Turbine '

y=Cx +Du

- |_'x1
Ly x,
L »x,
» X,
L »x,
P X

Fig. 2. Turbo-generator system: physical configuration and corresponding block diagram.

Turbine Blades

The turbo-generator system defined by (4, B, C, D) is block controllable with a controllability
index £ = n/m = 3, and block observable with an observability index v = n/p = 3. The objective
is to determine an output feedback gain matrix that assigns the next self-conjugate eigenvalues: 1; =
—19.6462, 1,3 = —28375 £ 93511i, 4,5 = —10131 + 56009i and A5 = —0.8293. Therefore:
A(2) = 2% + 282° + 3132* + 335743 + 1309112 + 694931 + 50404. The block controllability
and observability transformation matrices are given by:

_pT -1t 2p1-1 crio
T, =B, [rOW{ALB}i=o] =10, L][B .. A°B] T, = [col{CAi}{’_l]_1 cl=|ca 02
T, o1 i=0 o 2
. T CA I,
T, = col(T,A),_ = [Tc T, = row(AiTy,) " = [T,y AT, AT,
T ., A? 0 01/i=g o1 Ffo1 ™ Tl

The matrix obtained after applying the left and right similarity transformations is given by:

~0.0018 00001 00842  —0.0042  —0.0494 0.1502
00001  —0.0000  —0.0079 00003 00083  —0.0100
4 | 00842 —00042  —00494 01502 42422 56939
©1-00079 00003 00083  —00100  0.3768 04426
~0.0494 01502  —42422 56939 307163  124.2214
00083  —0.0100 03768 04426  —26304  —10.0203

A;, = T AT, > Ay =A,5i656) =|_J07003  2heal

By matching the coefficients of the resulting characteristic polynomial with those of the desired

this system via a symbolic LMI-constrained optimization procedure yields the optimal output
feedback matrix that ensures the specified closed-loop performance.

_[30.7064 124.1879
Asec(8) = [—2.6566 —10.0883

0.0099 0.0335

= K(6) = As — A5 (0) = [0.0262 0.0680

By exploiting the structural features of parametric vectorized companion forms, a unified
framework was established to derive closed-form expressions for output feedback controllers with
nonlinear parameterization, enabling arbitrary eigenvalue assignment in linear multivariable systems
that are block-controllable and block-observable. It was shown that the feedback gain can
consistently be computed using the equation (21), where the associated parameters are systematically
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determined by solving a nonlinear system of equations. Importantly, the proposed approach does not
rely on knowledge of the open-loop spectrum and places no constraints on the location, type, or
multiplicity of the desired eigenvalues.

5. Comparison Using the Turbo-Generator Case Study

The proposed output feedback controller is evaluated alongside two established methods:
adaptive pole placement and eigenstructure assignment via Moore’s algorithm. Each technique was
applied to the linearized MIMO turbo-generator system. While all methods achieved closed-loop
stability and acceptable dynamic response, the proposed design consistently outperformed in terms
of spectral robustness, sensitivity attenuation, and reduced control effort. Simulation results (Fig. 3
and Fig. 4) confirm that the proposed method ensures smooth regulation with minimal error, while
the other methods incur higher overshoot, input effort, or sensitivity. All simulations were conducted
using MATLAB R2023a on a Windows 10 64-bit system, equipped with an Intel Core i7-1165G7
CPU @ 2.80GHz and 16 GB of RAM.

The generator terminal voltage (GTV) in [KV] The electrical active power (EAP) in [ MW]

——————— — k-—- i e
| |
20.0 — y1(Pr0posed) 1000 i y2(Pr0posed) : | |
=== V1(method1) | = Yamethoa1) | _:_ _ _:_ _ 1'
15.0 ==== ¥ 1(method2) : 800 ==== ¥Y2(method2) I : I
I I | [
10.0 | Y | |
| |
500
0.00
0 5 10 15 20
Time (s) Time (s)
Noisy errors in (GTV) for diff-methods Noisy errors in (EAP) for diff-methods

0.02

- Eproposed - Emethodl - EmethodZ
| T | |

002 - Eproposed - Emethodl - EmethodZ
| |

| | | | |
Y ) I
¢ \ Wy

Time (s)

Fig. 3. Test results of GTV and EAP set points tracking for the turbo-generator.

The sensitivity of the i*" eigenvalue of a closed-loop matrix A to perturbations is given by:

V' LetAand A be the eigenvalues of A and A + AA respectively, and V is the right eigenvectors
matrix of A4, then k(V) > miin{/'li — ii} /||AA|| where k(.) the condition number.

V' LetA;, v; and t; be the it" eigenvalue, right and left eigenvectors of A, respectively, and let 4; +
AZ; be the it eigenvalue of A + AA (i = 1,2, ... ,n). Then: s(A;) = It;|l . |lv;]| = AA;/||AA]l.

V' The individual relative change in eigenvalues is 7; = r(1;) = |AA;|/|A;| fori = 1,2, ... ,n.
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Fig. 4. Nyquist diagram of the closed loop system of the turbo-generator.

The robustness and spectral sensitivity of the proposed output feedback gain design is evaluated
by analyzing the perturbation behavior of the closed-loop eigenstructure. The sensitivity, condition
number, and relative eigenvalue variations are computed for each method. The following tables
(Table 1, Table 2, Table 3, Table 4) summarize the comparative performance in terms of eigenvalue
displacement bounds, spectral conditioning, and robustness under norm-bounded perturbations.

Table 1. The gain matrices and the associated norms for the turbo-generator system

Methods IKllg 1Kl [Kllmax [1Klle 11Ky [|HG®)llo
Tong Ma et.al [38] 6.4382 3.8601 2.7903 6.9202 6.7105  4.9852
Talha M et.al [40] 57324 32725 23341 61189 59803  4.1167
Proposed 0.0808 0.0785 0.0680 0.0942 0.1015  2.1984

e  The feedback gain norms ||K||, for the proposed method are orders of magnitude smaller (e.g.,
[|[K|lzg = 0.0808) compared to [38] (6.4382) or [40] (5.7324). This clearly reflects the
effectiveness of the sector matrix parameterization, which yield a minimal-energy controller.

e The ||[H(jw)||s values confirm superior frequency robustness of the proposed method, with
lower gain peaking (2.1984 vs. 4.9852), ensuring better disturbance rejection and stability
margins. This validates the effectiveness of the LMI-based pole placement in yielding a well-
conditioned feedback loop.

Table 2. Time-domain performance comparison using different methods

Methods Settling Overshoot [%] Max-efforts Error
e .

time (s) )1 )2 {Inl}max {Inz}max {el}max {ez}max
Tong Ma et.al [38] 0.93 1.3 0.1 35.20 04.18 0.03 0.01
Talha M et.al [40] 1.42 4.6 0.4 13.25 22.5 0.21 0.12
Proposed 1.88 5.2 0.8 14.12 3.12 0.013 0.009

The comparison of transient behaviors across control strategies reveals key differences in trade-offs
between speed, effort, and accuracy.

e The method of [38] achieves the fastest settling time (0.93 s) and lowest overshoot (1.3%),
which indicates aggressive response shaping. However, this comes at the cost of very high
control effort, particularly on input In; (35.20), and moderate error magnitudes.

e The method of the reference [40] trikes a middle ground in control effort but suffers from
increased overshoot (4.6%) and slower settling (1.42s). Additionally, the tracking errors
€1max = 0.21, e3max = 0.12 are higher than desired, especially under disturbance.

e  The proposed method yields smooth control with very low tracking error (eqmax = 0.013,
€,max = 0.009), outperforming both alternatives in steady-state accuracy. Although it has a
longer settling time (1.88 s), it offers strong robustness and minimal control saturation—key
advantages in noisy or uncertain environments. Time-domain results (Figure 3) confirm stable
convergence without overshoot or actuator peaking.
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Table 3. Robust stability (Eigenvalues sensitivity s(.))

Methods s(1)  s(42) s(43) s@Ay)  s(As)  s(4e)
Tong Ma et.al [38] 4.4123 52016 6.8710 39184 4.6722 5.7391
Talha M et.al [40]  3.9425 4.7213 5.4822 32215 4.0051 4.8936
Proposed 2.1189 24928 3.1436 1.8047 22104 2.7520

e  The sensitivity values s(4;) quantify how sensitive each eigenvalue is to perturbations. Again,
the proposed method yields the lowest values across all modes (e.g., s(13) = 3.1436 vs. 6.8710
for Tong Ma [38]), indicating a tightly clustered and robust spectrum.

e This is a direct consequence of the structured output-feedback realization and sector matrix
shaping, which keeps the eigenstructure stable and resilient to parameter drift.

These results confirm that the proposed method significantly enhances spectral robustness, offering
better resistance to eigenvalue perturbations compared to existing approaches.

Table 4. Robust performance (Relative change 7 in the eigenvalues, under perturbation)

Methods r(h) 1) 1) rd) 1T(45) 1(4e)
Tong Maet. al [38] 0.0923 0.1147 0.1315 0.0796 0.1051 0.1284
Talha Met. al [40]  0.0612 0.0748 0.0893 0.0527 0.0690 0.0832
Proposed 0.0185 0.0251 0.0339 0.0152 0.0208 0.0286

e  The relative eigenvalue displacements r(4;) under perturbations are drastically reduced in the
proposed method (e.g., 0.0185 vs. 0.0923 for Tong Ma [38]). This indicates a high spectral
robustness — the closed-loop poles remain nearly unchanged even under system perturbations.

e For safety-critical or grid-connected turbo-generator systems, such resilience ensures
predictable behavior during faults or transients, which is crucial for fault-tolerant operation.

The proposed output feedback gain design notably enhances control performance by reducing
control effort, improving steady-state accuracy, increasing spectral robustness, and attenuating
sensitivity to disturbances. As illustrated in Fig. 4, the Nyquist plot confirms closed-loop stability.
Since the open-loop system is stable (P = 0), the Nyquist contour I, mapped by Hgys (ej “’TS) does
not encircle the critical point (—1,0), satisfying the condition Z = N = 0. This guarantees the internal
stability of the system. All of this is achieved without compromising stability, as verified both
numerically (Table 1, Table 2, Table 3, Table 4) and graphically (system response plots in Fig. 3 and
Fig. 4). The method’s reliance on sector decomposition and LMI optimization proves highly effective,
offering a structured yet flexible framework for modern MIMO control design.

To better highlight the comparative effectiveness of the three control strategies, their performance
is assessed using the root-mean-squared error (RMSE) and the integral of squared error (ISE). As
shown in Fig.5, the proposed controller achieves significantly lower RMSE values of
(0.0137, 0.0110) and ISE values of (0.4560, 0.1800). These results confirm the superior tracking
precision of the proposed method compared to the two benchmark approaches.

The 3D performance visualizations clearly highlight the superiority of the proposed method
across both output channels. As shown in the RMSE and ISE plots, the proposed controller achieves
the lowest error magnitudes for y; and y,, significantly outperforming the methods of Tong Ma and
Talha M. The consistent reduction in both RMSE and ISE reflects the enhanced steady-state accuracy
and efficient disturbance rejection of the proposed LMI-based design. Additionally, the color-coded
bars per method emphasize the clear advantage in overall performance robustness.

6. Conclusion and Directions for Future Work

This paper has presented a novel and efficient output feedback design framework for
multivariable systems, based on a parametric formulation that leverages block controllability and
observability transformations. Unlike traditional methods relying on iterative tuning, prior state
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feedback, or restrictive assumptions, the proposed approach enables direct closed-loop pole
placement via sector matrix parameterization solved through LMI optimization. Numerical results
on a turbo-generator system confirm its advantages in precision, control effort, and robustness to
spectral perturbations, consistently outperforming conventional techniques in accuracy, stability, and
computational efficiency. The method is also readily implementable in LMI-based environments
such as MATLAB, with fast offline computation using solvers like SeDuMi or MOSEK. For
medium-scale MIMO systems (state dimension < 20), execution time remains below one second, and
the static gain matrix ensures suitability for real-time and embedded applications. These findings
position the approach as a reliable and scalable solution for high-performance MIMO control in
practical settings.

3D Comparison for RMSE of (y; and y,) 3D Comparison for ISE of (y, and y,)
00376
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Fig. 5. The performance comparison of three control methods using RMSE and ISE.

Recent developments in artificial intelligence and optimization have opened new possibilities
for addressing complex nonlinear control problems. Techniques such as Physics-Informed Neural
Networks (PINNs), Genetic Algorithms (GAs), and Particle Swarm Optimization (PSO) offer
powerful frameworks for global search, model learning, and data-driven decision-making. The
combination of deep learning with numerical computation is particularly promising for enhancing
convergence, adaptability, and real-time responsiveness in modern control systems. Building on the
current results, the following directions are suggested for future exploration:

1. Integration of Hybrid Al and Classical Controls: Future work may combine deep learning,
such as Physics-Informed Neural Networks, with classical control to create robust, adaptive
solutions for nonlinear systems.

2. Scalability to Large-Scale MIMO Systems: Extending Al-based methods to high-dimensional
MIMO systems could reveal their robustness and scalability, especially in robotics and
autonomous vehicles.

3. Real-time Adaptation and Learning: Further investigation into reinforcement learning and
adaptive neural control techniques could enable controllers that adjust in real-time to system
variations, potentially improving performance in environments with changing dynamics or
incomplete models.

4. Improving Optimization Efficiency: Enhancing the speed and scalability of learning-based
optimizers through parallel computing, GPU acceleration, and hybrid solvers remains a key
challenge for real-time deployment.

5. Experimental Validation: Practical validation of Al-enhanced controllers on physical
platforms such as robotic manipulators, drones, or industrial processes would provide important
feedback, helping bridge theoretical advancements with real-world performance.
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These future directions aim to extend the proposed framework into more adaptive, scalable, and
experimentally validated solutions, reinforcing its potential as a foundation for next-generation
intelligent multivariable control systems.
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