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1. Introduction 

For several years, the trend has been increasing toward the widespread use of electric and 

autonomous vehicles. Intelligent transportation systems are undergoing a radical transformation, 

represented by the accelerated adoption of electric and autonomous vehicles, which have become 

essential components of the architecture of smart cities and future logistics systems [1]-[3]. This trend 

has extended to resource exploration and transportation in mining environments [4], [5]. The 

replacement of internal combustion engine vehicles with modern mobility solutions based on 

electricity and automation is a global trend aimed at enhancing sustainability and operational 
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 This paper aims to present a robust approach for controlling autonomous 

vehicles with nonlinear dynamics, addressing the key challenges of 

navigating in unknown environments and performing tasks under uncertain 

dynamics. Traditional approaches often exhibit limitations in handling 

uncertainty and convergence speed. To overcome these issues, this paper 

presents work on integrating a Terminal Sliding Mode Control (TSMC) 

with an Extended State Observer (ESO) to ensure finite-time convergence 

and active disturbance rejection. The proposed framework synergistically 

combines the TSMC controller and the ESO to achieve accurate trajectory 

tracking and robust disturbance rejection. The method is validated through 

MATLAB/Simulink simulations across multiple scenarios, confirming its 

effectiveness in navigating unknown environments under dynamic 

uncertainty. The proposed methodology demonstrates superior 

performance compared to traditional PID control. Key results indicate a 

nearly 60% reduction in settling time (to 1.3 seconds) and the complete 

elimination of overshoot in linear velocity tracking. Furthermore, the 

controller achieves approximately 78% higher tracking accuracy (RMSE 

0.04 rad/s) while suppressing control vibrations by more than 75%. 

Meanwhile, ESO provides high-precision state estimation, converging in 

less than 0.6 seconds with an estimation error of less than 2.5%, and 

reconstructing system uncertainties with 70% higher accuracy than 

conventional methods. These results demonstrate that the proposed method 

is a superior and robust solution for high-performance autonomous vehicle 

applications operating under dynamic uncertainties and stringent real-time 

constraints. 
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efficiency [6]-[8]. However, realizing the full potential of these emerging technologies requires a deep 

understanding of their dynamics and the ability to enable robust, high-precision control to ensure 

safety and optimal performance under diverse operating conditions and with modeling uncertainty 

[9]-[11]. Accurately modeling the nonlinear and complex dynamics of autonomous vehicles 

represents a fundamental challenge in the design of control systems [12], [13]. In this regard, Terminal 

Slip Mode Control (TSMC) has emerged as a powerful framework for managing nonlinear systems, 

thanks to its intrinsic advantages such as finite-time convergence and superior disturbance rejection 

[14]-[16]. TSMC technology enables a control system to achieve near-zero tracking error within a 

limited time frame, even in the presence of uncertainty [17], [18]. In contrast, traditional linear control 

methodologies, such as transfer function analysis, remain insufficient to handle the nonlinear 

complexities inherent in smart vehicle systems [19], [20]. 

Despite their advantages, traditional TSMC controller implementations face significant 

challenges, most notably chatter, which leads to wear on mechanical components and performance 

degradation, especially when state variables approach the slip state [21]-[23]. To address these 

limitations, recent research has focused on developing hybrid control systems that combine the power 

of TSMC with advanced monitoring, estimation, and adaptation techniques. In this context, the use of 

an extended state observer (ESO) has proven remarkably effective in estimating and triggering real-

time “total disturbances,” which include unrepresented dynamics in models, parameter uncertainty, 

and external disturbances, allowing for compensation before they impact the system [24]-[26]. The 

combination of TSMC and ESO, in an architecture known as TSMC-based ESO, provides an 

advanced solution that combines the response speed of TSMC with the proactive compensation 

capability of ESO, resulting in effective vibration suppression and significant improvements in system 

robustness and tracking performance [27]-[29]. This hybrid approach has found successful 

applications in a wide range of autonomous platforms, including ground vehicles [30], [31] and multi-

rotor UAVs [32], [33]. In addition, contemporary research is exploring other hybrid methodologies to 

enhance control robustness. For example, the incorporation of PID-based slip surfaces to improve 

dynamic performance under complex disturbances [34]. Simulations demonstrate superior 

performance over conventional SMCs in handling non-model dynamics and external disturbances. 

Furthermore, machine learning and reinforcement learning approaches are being combined to create 

adaptive controllers capable of self-tuning their parameters without the need for an accurate a priori 

model of the operating environment [35]-[37]. However, ensuring the stability of these indirect 

adaptive approaches remains a challenge, as documented in [38]. Reference [39] demonstrates that 

stability is not guaranteed when using an indirect adaptive fuzzy method to design a vehicle controller. 

While adaptive tuning of fuzzy rules can improve control loop performance against uncertainty and 

disturbances, stability is not guaranteed. Reference [40] also demonstrates that the robust H∞ design 

method reduces the impact of parameter uncertainty on control loop performance in the presence of 

disturbances. However, it cannot be used alone for effective vehicle control. 

In practice, relying on expensive or impractical sensors to measure all state variables, such as 

lateral speed, represents a major obstacle [41], [42]. Therefore, the design of controllers based solely 

on output feedback (output feedback control) has received significant attention, aiming to achieve 

high performance with limited measurements (such as trajectory and direction), providing a better 

balance between cost and efficiency [43]-[45]. This paper leverages these recent developments to 

contribute to the presentation of a robust hybrid controller based on the Terminal Slide Module 

(TSMC) principle, integrating an Extended State Observer (ESO) into the output feedback 

architecture. The main goal is to achieve accurate and efficient trajectory tracking of a vehicle with 

nonlinear dynamics, while eliminating the need for expensive lateral speed sensors, reducing 

complexity and cost, and ensuring superior performance and effective vibration suppression.  

2. Vehicle Dynamics 

The vehicle dynamics is crucial to design a terminal sliding mode controller. The modeling 

follows Reference [46]. In vehicle dynamics, aerodynamic forces and external forces from tire-road 
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contact are significant. Therefore, analyzing these forces and torques is essential. Fig. 1 shows a 

schematic of the vehicle, which exhibits motion along the x, y, and z axes and rotation around these 

axes. The reference describes the dynamic equations for both deceleration and acceleration modes. 

To ensure the proper performance of the presented method and obtain the desired results, a 

nonlinear model of the vehicle must be developed. With the exception of dynamic forces, all forces 

acting on the vehicle will be generated when the wheel comes into contact with the road. These 

factors must be taken seriously when modeling. In [47], a suitable nonlinear model of the vehicle 

was planned. 

 

Fig. 1. Vehicle dynamics schematic 

Longitudinal vehicle dynamics defines two distinct modes: acceleration (𝑉𝑤 ≥  𝑉𝑣), where 

traction forces from engine torque dominate, and deceleration (𝑉𝑤 ≤  𝑉𝑣), where braking forces 

and brake friction dominate. Each mode is modeled with a separate set of differential equations due 

to different powertrain physics [48]. This distinction is based on the wheel slip ratio and is 

fundamental to modern control systems such as anti-lock braking and traction control, especially in 

vehicles with single-wheel electric drive [49]. 

2.1. State Equations in Deceleration Mode (𝑽𝒘 ≤  𝑽𝒗) 

Based on the reference [50], state-space equations (1) and (2) express the vehicle dynamics in 

deceleration mode. 

 

𝑉̇𝑤 = 1𝑀𝑚 + [2 + 3

𝑉𝑤

𝑉𝑣
+ 4 𝑒𝑥𝑝 (

𝑉𝑤

𝑉𝑣
)]

−1

 [5 + 6

𝑉𝑤

𝑉𝑣

+ 7(𝑉𝑣 − 𝑉𝑎)2 +8

𝑉𝑤

𝑉𝑣

(𝑉𝑣 − 𝑉𝑎)2 +  9𝑒𝑥𝑝 (
𝑉𝑤

𝑉𝑣
)

+ 10 (𝑉𝑣 − 𝑉𝑎)2 𝑒𝑥𝑝 (
𝑉𝑤

𝑉𝑣
)] 

(1) 

 

𝑉̇𝑣 = 11 +  12
(𝑉𝑣 − 𝑉𝑎)2

+ [2 + 3

𝑉𝑤

𝑉𝑣
+ 4 𝑒𝑥𝑝 (

𝑉𝑤

𝑉𝑣
)]

−1

 [13 + 14

𝑉𝑤

𝑉𝑣

+ 14(𝑉𝑣 − 𝑉𝑎)2 +16

𝑉𝑤

𝑉𝑣

(𝑉𝑣 − 𝑉𝑎)2 +   17𝑒𝑥𝑝 (
𝑉𝑤

𝑉𝑣
)

+ 18 (𝑉𝑣 − 𝑉𝑎)2 𝑒𝑥𝑝 (
𝑉𝑤

𝑉𝑣
)] 

(2) 

The parameters in Equations (1) and (2) are listed in Table 1. By defining 𝑢 = 𝑀𝑚, 𝑥1 = 𝑉𝑤, 

and 𝑥2 = 𝑉𝑣, the previous two equations can be rewritten as: 
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 {
𝑥̇1 = 1𝑢 + 𝑓1(𝑥1, 𝑥2)

𝑥̇2 = 𝑓2(𝑥1, 𝑥2)
 (3) 

Table 1.  Vehicle dynamic parameters in deceleration mode 

Nominal value Parameter Nominal value Parameter 

−
1

2
(1 − )𝑆𝐶𝑧𝑘𝑣𝐶1 exp(𝐶2) 𝑟𝑒𝑓𝑓

2

/𝐽 
10 𝐶2  

-gsin 11 
𝑟𝑒𝑓𝑓

𝐽
 1 

−
1

2𝑀𝑣
𝑆𝐶𝑥 12 1 + 𝑘𝑣(𝐶1 + 𝐶3) 2 

(1 − )𝑀𝑣𝑔𝑐𝑜𝑠𝑘𝑣(𝐶1 + 𝐶3) 13 −𝑘𝑣𝐶3 3 
−(1 − )𝑔𝑐𝑜𝑠𝑘𝑣𝐶3 14 −𝑘𝑣𝐶1 exp(𝐶2) 4 

−
1

2𝑀𝑣

(1 − )𝑆𝐶𝑍𝑘𝑣(𝐶1 + 𝐶3) 15 
−(1 − )𝑀𝑣𝑔𝑐𝑜𝑠 (

𝑟𝑟
+ 𝑘𝑣(𝐶1 + 𝐶3)) 𝑟𝑒𝑓𝑓

2

/𝐽 
5 

1

2𝑀𝑣

(1 − )𝑆𝐶𝑍𝑘𝑣𝐶3 16 (1 − )𝑀𝑣𝑔𝑐𝑜𝑠𝑘𝑣𝐶3𝑟𝑒𝑓𝑓
2 /𝐽 6 

−(1 − )𝑔𝑐𝑜𝑠 𝐶1 exp(𝐶2) 17 
1

2
(1 − )𝑆𝐶𝑧 (

𝑟𝑟
+ 𝑘𝑣(𝐶1 + 𝐶3)) 𝑟𝑒𝑓𝑓

2 /𝐽 7 

1

2𝑀𝑣

(1 − )𝑆𝐶𝑍𝑘𝑣𝐶1 exp(𝐶2) 18 −
1

2
(1 − )𝑆𝐶𝑧𝑘𝑣𝐶3𝑟𝑒𝑓𝑓

2 /𝐽 8 

  (1 − )𝑀𝑣𝑔𝑐𝑜𝑠𝑘𝑣𝐶1 exp(𝐶2) 𝑟𝑒𝑓𝑓
2 /𝐽 9 

 

where Equations (3) is the state-space equations for the vehicle in deceleration mode. Knowing that 

𝑓1(𝑥1, 𝑥2) and 𝑓2(𝑥1, 𝑥2) are defined as: 

 

𝑓1(𝑥1, 𝑥2) =  [2 + 3

𝑥1

𝑥2
+ 4 𝑒𝑥𝑝 (

𝑥1

𝑥2
)]

−1

 [5 + 6

𝑥1

𝑥2

+ 7(𝑥2 − 𝑉𝑎)2 +8

𝑥1

𝑥2

(𝑥2 − 𝑉𝑎)2 +   9𝑒𝑥𝑝 (
𝑥1

𝑥2
)

+ 10 (𝑥2 − 𝑉𝑎)2 𝑒𝑥𝑝 (
𝑥1

𝑥2
)] 

(4) 

 

𝑓2(𝑥1, 𝑥2) =  11 +  12
(𝑥2 − 𝑉𝑎)2

+ [2 + 3

𝑥1

𝑥2
+ 4 𝑒𝑥𝑝 (

𝑥1

𝑥2
)]

−1

 [13 + 14

𝑥1

𝑥2

+ 14(𝑥2 − 𝑉𝑎)2 +16

𝑥1

𝑥2

(𝑥2 − 𝑉𝑎)2 +   17𝑒𝑥𝑝 (
𝑥1

𝑥2
)

+ 18 (𝑥2 − 𝑉𝑎)2 𝑒𝑥𝑝 (
𝑥1

𝑥2
)] 

(5) 

2.2. State Equations in Acceleration Mode (𝑽𝒘 ≥  𝑽𝒗) 

Based on Reference [10], the state-space equations for acceleration mode can be written as (6) 

and (7). 

 

𝑉̇𝑤 = ′1𝑀𝑚 + [′2 + ′3

𝑉𝑤

𝑉𝑣
+ ′4 𝑒𝑥𝑝 (′

𝑉𝑤

𝑉𝑣
)]

−1

 [′5 + ′6

𝑉𝑤

𝑉𝑣

+ ′7(𝑉𝑣 − 𝑉𝑎)2 +′8

𝑉𝑤

𝑉𝑣

(𝑉𝑣 − 𝑉𝑎)2 +  ′9𝑒𝑥𝑝 (
𝑉𝑤

𝑉𝑣
)

+ ′10 (𝑉𝑣 − 𝑉𝑎)2 𝑒𝑥𝑝 (′
𝑉𝑤

𝑉𝑣
)] 

(6) 
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𝑉̇𝑣 = ′11 +  ′12(𝑉𝑣 − 𝑉𝑎)2

+ [′2 + ′3

𝑉𝑤

𝑉𝑣

+ ′4 𝑒𝑥𝑝 (′
𝑉𝑤

𝑉𝑣

)]
−1

 [′13 + ′14

𝑉𝑤

𝑉𝑣

+ ′14(𝑉𝑣 − 𝑉𝑎)2 +′16

𝑉𝑤

𝑉𝑣

(𝑉𝑣 − 𝑉𝑎)2 +   ′17𝑒𝑥𝑝 (′
𝑉𝑤

𝑉𝑣

)

+ ′18 (𝑉𝑣 − 𝑉𝑎)2 𝑒𝑥𝑝 (′
𝑉𝑤

𝑉𝑣

)] 

(7) 

The parameters in Equations (6) and (7) are listed in Table 2. By defining 𝑢 = 𝑀𝑚, 𝑥1 = 𝑉𝑤, 

and 𝑥2 = 𝑉𝑣. 

Table 2.  Vehicle dynamic parameters during acceleration 

Nominal value Parameter Nominal value Parameter 

−
𝟏

𝟐
(𝟏 − )𝑺𝑪𝒛𝒌𝒗𝑪𝟏 𝐞𝐱𝐩(−𝑪𝟐) 𝒓𝒆𝒇𝒇

𝟐 /𝑱 ′𝟏𝟎 −𝑪𝟐 ′ 

−𝒈𝒔𝒊𝒏 ′𝟏𝟏 
𝒓𝒆𝒇𝒇

𝑱
 ′𝟏 

−
𝟏

𝟐𝑴𝒗
𝑺𝑪𝒙 ′𝟏𝟐 𝟏 + 𝒌𝒗(𝑪𝟏 + 𝑪𝟑) ′𝟐 

(𝟏 − )𝑴𝒗𝒈𝒄𝒐𝒔𝒌𝒗(𝑪𝟏 − 𝑪𝟑) ′𝟏𝟑 𝒌𝒗𝑪𝟑 ′𝟑 
(𝟏 − )𝒈𝒄𝒐𝒔𝒌𝒗𝑪𝟑 ′𝟏𝟒 −𝒌𝒗𝑪𝟏 𝐞𝐱𝐩(𝑪𝟐) ′𝟒 

−
𝟏

𝟐𝑴𝒗

(𝟏 − )𝑺𝑪𝒁𝒌𝒗(𝑪𝟏 − 𝑪𝟑) ′𝟏𝟓 −(𝟏 − )𝑴𝒗𝒈𝒄𝒐𝒔(
𝒓𝒓

+ 𝒌𝒗(𝑪𝟏 − 𝑪𝟑)) 𝒓𝒆𝒇𝒇
𝟐 /𝑱 ′𝟓 

−
𝟏

𝟐𝑴𝒗

(𝟏 − )𝑺𝑪𝒁𝒌𝒗𝑪𝟑 ′𝟏𝟔 −(𝟏 − )𝑴𝒗𝒈𝒄𝒐𝒔𝒌𝒗𝑪𝟑𝒓𝒆𝒇𝒇
𝟐 /𝑱 ′𝟔 

−(𝟏 − )𝒈𝒄𝒐𝒔 𝑪𝟏 𝐞𝐱𝐩(−𝑪𝟐) ′𝟏𝟕 
𝟏

𝟐
(𝟏 − )𝑺𝑪𝒛 (

𝒓𝒓
+ 𝒌𝒗(𝑪𝟏 − 𝑪𝟑)) 𝒓𝒆𝒇𝒇

𝟐 /𝑱 ′𝟕 

𝟏

𝟐𝑴𝒗

(𝟏 − )𝑺𝑪𝒁𝒌𝒗𝑪𝟏 𝐞𝐱𝐩(−𝑪𝟐) ′𝟏𝟖 
𝟏

𝟐
(𝟏 − )𝑺𝑪𝒛𝒌𝒗𝑪𝟑𝒓𝒆𝒇𝒇

𝟐 /𝑱 ′𝟖 

  (𝟏 − )𝑴𝒗𝒈𝒄𝒐𝒔𝒌𝒗𝑪𝟏 𝐞𝐱𝐩(−𝑪𝟐) 𝒓𝒆𝒇𝒇
𝟐 /𝑱 ′𝟗 

 

The previous two equations can be rewritten as follows: 

 
{
𝑥̇1 =  ′1𝑢 + 𝑓′1(𝑥1, 𝑥2)

𝑥̇1 = 𝑓′2(𝑥1, 𝑥2)
 (8) 

where 𝑓′1(𝑥1, 𝑥2) and 𝑓′2(𝑥1, 𝑥2) are defined as: 

 
𝑓′1(𝑥1, 𝑥2) =  [′2 + ′3

𝑥1

𝑥2

+ ′4 𝑒𝑥𝑝 (′
𝑥1

𝑥2

)]
−1

 [′5 + ′6

𝑥1

𝑥2

+ ′7(𝑥2 − 𝑉𝑎)2 +′8

𝑥1

𝑥2

(𝑥2 − 𝑉𝑎)2 +  ′9𝑒𝑥𝑝 (′
𝑥1

𝑥2

)

+ ′10 (𝑥2 − 𝑉𝑎)2 𝑒𝑥𝑝 (′
𝑥1

𝑥2

)] 

(9) 

 𝑓′2(𝑥1, 𝑥2) =  ′11 +  ′12(𝑥2 − 𝑉𝑎)2

+ [′2 + ′3

𝑥1

𝑥2

+ ′4 𝑒𝑥𝑝 (′
𝑥1

𝑥2

)]
−1

 [′13 + ′14

𝑥1

𝑥2

+ ′14(𝑥2 − 𝑉𝑎)2 +′16

𝑥1

𝑥2

(𝑥2 − 𝑉𝑎)2 +   ′17𝑒𝑥𝑝 (′
𝑥1

𝑥2

)

+ ′18 (𝑥2 − 𝑉𝑎)2 𝑒𝑥𝑝 (′
𝑥1

𝑥2

)] 

(10) 

2.3. Comprehensive State Equations of Vehicle Dynamics 

This section integrates the state-space equations for both deceleration and acceleration modes 

to design the terminal sliding mode controller. The comprehensive state equations are given by (11), 

where other parameters are defined in (12) to (15). 
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 {
𝑥̇1 =  1

∗(𝑥1, 𝑥2)𝑢 + 𝑔1(𝑥1, 𝑥2)

𝑥̇2 = 𝑔2(𝑥1, 𝑥2)
 (11) 

 𝑔1(𝑥1, 𝑥2) = (𝑥1, 𝑥2)𝑓1(𝑥1, 𝑥2) + (1 − (𝑥1, 𝑥2))𝑓′1(𝑥1, 𝑥2) (12) 

 𝑔2(𝑥1, 𝑥2) = (𝑥1, 𝑥2)𝑓2(𝑥1, 𝑥2) + (1 − (𝑥1, 𝑥2))𝑓′2(𝑥1, 𝑥2) (13) 

 1
∗(𝑥1, 𝑥2) = (𝑥1, 𝑥2)1 + (1 − (𝑥1, 𝑥2))′1 (14) 

 (𝑥1, 𝑥2) = {
1 𝑥1 ≤ 𝑥2

0 𝑥1 > 𝑥2
 (15) 

3. Proposed Controller Methodology 

Fig. 2 shows the schematic of the proposed controller. This schematic represents an advanced 

vehicle control system based on the combination of a terminal slip controller (TSMC) and an 

extended state monitor (ESO). The ESO plays a vital role in estimating the unmeasured internal state 

of the vehicle, as well as estimating the “total disturbance,” which includes model uncertainty and 

external disturbances. The TSMC controller then utilizes these estimates to generate a robust control 

signal that not only corrects the error but also proactively cancels the effect of the estimated 

disturbance. 

 

Fig. 2. Block diagram of the presented methodology 

The controller will be explained through the mathematical relationships of both the Terminal 

sliding Mode Controller (TSMC) and Extended State Observer (ESO) incorporated in our approach 

to ensure finite-time convergence and disturbance rejection. 

4. Terminal Sliding Mode Controller 

A main characteristic of sliding mode control is its robustness against uncertainty and 

disturbances in nonlinear systems. A nonlinear system is represented by (16), where 𝑥𝑅𝑛 is the 

state vector, 𝑢𝑅𝑚 is the input vector, 𝑓(𝑥)𝑅𝑛 and 𝑔(𝑥)𝑅𝑛𝑚 are nonlinear functions, 𝑓(𝑥) 

and 𝑔(𝑥) describe system uncertainties, and 𝑑(𝑡) represents disturbances. 

To enhance convergence and finite-time stability, Terminal Sliding Mode Control (TSMC) 

introduces a nonlinear sliding surface that forces system states to reach equilibrium in finite time, 

unlike conventional SMC which achieves asymptotic convergence. This approach significantly 

improves robustness against the matched uncertainties (𝑓(𝑥), 𝑔(𝑥)) and disturbances (𝑑(𝑡)) 

specified in (16), while reducing chattering through continuous approximation techniques [51]. 

 𝑥̇ = 𝑓(𝑥) + 𝑓(𝑥) + (𝑔(𝑥) + 𝑔(𝑥))𝑢 + 𝑑(𝑡) (16) 
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The disturbance dynamics are assumed to satisfy the Lipschitz condition with coefficient 𝐿𝑖, 

where the Lipschitz condition is a mathematical assumption that limits the rate of change of the 

function, ensuring that the perturbations and uncertainties in the system cannot change at an infinite 

speed, which is crucial for the stability analysis and design of robust controllers [52], [53], as shown 

in (17). 

  =  𝑓 + 𝑔 + 𝑑 (17) 

To design the terminal  sliding mode controller, the sliding surface is defined as (18), where 𝑒 =
𝑥 − 𝑥𝑑, 𝑘1 = 𝑑𝑖𝑎𝑔(𝑘11, … , 𝑘1𝑛), 𝑘2 = 𝑑𝑖𝑎𝑔(𝑘21, … , 𝑘2𝑛), 𝑘𝑖𝑗 > 0, 

1
≥ 1, and 0 < 

2
< 1. 

 𝑠 = 𝑒 + ∫ (𝑘1𝑠𝑖𝑔1(𝑒) + 𝑘2𝑠𝑖𝑔2(𝑒))𝑑
𝑡

0

 (18) 

When the error reaches the sliding surface, the dynamics 𝑠̇ = 0 hold. Thus, the error dynamics 

on the sliding surface are given by (19). 

 𝑒̇ =  −𝑘1𝑠𝑖𝑔1(𝑒) − 𝑘2𝑠𝑖𝑔2(𝑒) (19) 

Solving the differential equations in (19) shows that the error 𝑒 = 𝑥 − 𝑥𝑑 converges to zero in 

finite time. The structure of the terminal sliding mode controller is given by (20), where 𝑙1 =
𝑑𝑖𝑎𝑔(𝑙11, … , 𝑙1𝑛), 𝑙2 = 𝑑𝑖𝑎𝑔(𝑙21, … , 𝑙2𝑛), and 0 <  < 1. 

 𝑢 = −𝑔−1[𝑓 − 𝑥̇𝑑 + 𝑘1𝑠𝑖𝑔1(𝑒) + 𝑘2𝑠𝑖𝑔2(𝑒) − 𝑙1𝑠 + 𝑙2𝑠𝑖𝑔(𝑠)] (20) 

4.1. Stability Proof 

This section proves the stability of the proposed terminal sliding mode controller using the 

Lyapunov function (21), where s is the sliding surface. 

 𝑉 =
1

2
𝑠𝑠𝑇 (21) 

Proving stability using the Lyapunov function is a powerful methodology to ensure the 

robustness of the controller in the presence of uncertainties and perturbations, where the design of 

the sliding surface ensures that the trajectories converge to the sliding region in finite time [48]. 

The derivative of the Lyapunov function on the sliding surface is given by (22), and the sliding 

surface derivative is defined in (23). 

 𝑉̇ = 𝑠𝑇𝑠̇  (22) 

 𝑠̇ = 𝑙1𝑠 − 𝑙2𝑠𝑖𝑔𝑛(𝑠) (23) 

Using (23), (22) can be rewritten as (24), where 𝑙1̅ = max{𝑙1𝑖}  and 𝑙2 = min{𝑙2𝑖}. 

 𝑉̇ = 𝑠𝑇[𝑙1𝑠 − 𝑙2𝑠𝑖𝑔𝑛(𝑠)] = 𝑠𝑇𝑙1𝑠 − 𝑠𝑇𝑙2𝑠𝑖𝑔𝑛(𝑠) ≤ 𝑙1̅‖𝑠‖+1 − 𝑙2‖𝑠‖+1 = 2𝑙1̅𝑉 − 2
+1

2 𝑙2𝑉
+1

2  (24) 

From (24), the time T for the state variables to reach the sliding surface is given by (25), proving 

the controller's stability. 

 

𝑇 ≤

𝑙𝑛 (
𝑙2 − 2

(
1−

2
)𝑙1̅𝑉

(
1−

2
)

𝑙2
)

𝑙1̅(1 − )
 

(25) 
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To estimate uncertainty and disturbances, an extended state observer is introduced. Let z =
[z1, z2, … , zm] be the estimate of the disturbance and uncertainty vector ̂. The control input is then 

modified as (26). 

 𝑢 = −𝑔−1[𝑓 − 𝑥̇𝑑 + 𝑘1𝑠𝑖𝑔1(𝑒) + 𝑘2𝑠𝑖𝑔2(𝑒) − 𝑙1𝑠 + 𝑙2𝑠𝑖𝑔(𝑠) + 𝑧] (26) 

5. Extended State Observer 

The generalized state observer (ESO) estimates the state vector of nonlinear systems. Consider 

a nonlinear system with dynamics (27), where 𝑥1 to 𝑥𝑛 are state variables, 𝑓(. ) is a nonlinear 

function, 𝑢(𝑡) is the control input, 𝑦(𝑡) is the measurement vector, and (𝑡) is an unknown 

disturbance.  

 

𝑥̇1 = 𝑥2 

⋮ 

𝑥̇𝑛 = 𝑓(𝑡, 𝑥1, 𝑥2, … , 𝑥𝑛) + (𝑡) + 𝑏𝑢(𝑡) 

𝑦 = 𝑥1 

(27) 

The ESO operating principle is based on considering both the nonlinear function 𝑓(. ) and the 

disturbance (𝑡) as a total disturbance, and the system state is expanded to include this disturbance 

as a new state 𝑥{𝑛 + 1}  =  𝑓(. )  +  𝜔(𝑡). A nonlinear observer (such as a modified Lüneberger 

observer) is then designed to estimate all system states 𝑥1, 𝑥2, … , 𝑥𝑛 as well as the total disturbance 

state 𝑥_{𝑛 + 1} in real time [54]. Recent research [55] has shown that this approach is effective even 

when the nonlinear dynamics f(. ) is not fully known, making it robust against model uncertainty and 

external disturbances. 

5.1. Observer Design with Known System Dynamics 

The basic principle of this method is to assume that the perturbation ω(t) has its own dynamics. 

The simplest model is to assume that its time derivative ℎ(𝑡) is unknown but finite, i.e., ̇(𝑡) = ℎ(𝑡) 

[56]. This practically reasonable assumption allows the equations of state to be rewritten as (28), 

where the perturbation 𝑥𝑛+1 = (𝑡) becomes an additional state, and ℎ(𝑡) represents the uncertainty 

and perturbations. 

 

𝑥̇1 = 𝑥2 

⋮ 

𝑥̇𝑛 = 𝑓(𝑡, 𝑥1, 𝑥2, … , 𝑥𝑛) + 𝑥𝑛+1 + 𝑏𝑢(𝑡) 

𝑥̇𝑛+1 = ℎ(𝑡) 

𝑦 = 𝑥1 

(28) 

The generalized state observer is designed as (29), where 𝑧𝑖  and 
𝑖
  are state estimates and 

observer gains, respectively. It is important to note that the real secret behind the performance of this 

observer depends on the choice of the nonlinear correction functions 𝑔𝑖() [57]. 

 

(𝑡) = 𝑧1(𝑡) − 𝑦(𝑡) 

𝑧̇1(𝑡) = 𝑧2(𝑡) − 
1

𝑔1((𝑡)) 

⋮ 

𝑧̇𝑛(𝑡) = 𝑧𝑛+1(𝑡) + 𝑓(𝑡, 𝑧1, 𝑧2, … , 𝑧𝑛) − 
𝑛

𝑔𝑛((𝑡)) + 𝑏𝑢(𝑡) 

(29) 
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𝑧̇𝑛+1 = −
𝑛+1

𝑔𝑛+1(𝑧1 − 𝑦(𝑡)) 

The function 𝑔𝑖(. ) is defined in (30), where 𝑎(0,1) , 𝑎 = (𝑚/2𝑛) (𝑛 = 1,2, …  𝑎𝑛𝑑 𝑚 < 2𝑛) 

(typically 0.5) and  is set to 1% of the output range. 

 𝑔𝑖(, 𝑎, ) = {

||𝑎𝑠𝑖𝑔𝑛()  < 



1−𝑎

|| ≥ 
 (30) 

5.2. Observer Design for Nonlinear Vehicle Dynamics 

The vehicle dynamics with uncertainty are given by:  

 {
𝑥̇1 =  1

∗(𝑥1, 𝑥2)𝑢 + 𝑔1(𝑥1, 𝑥2) + 𝑔1

𝑥̇2 = 𝑔2(𝑥1, 𝑥2) + 𝑔2
 (31) 

To overcome the challenges of uncertainties 𝑔1 and𝑔2, a state augmentation strategy is used 

[58], [59]. The basic idea is to treat these uncertainties as additional unmeasured states that the 

observer must estimate. This transforms the disturbance estimation problem into a standard state 

estimation problem for an extended system. 

where 𝑔1 and 𝑔2 represent uncertainties in 𝑥1 and 𝑥2, respectively. Define 𝑧1̅ and 𝑧2̅ as (32), 

where 𝑧1 estimates 𝑥1, 𝑧2 estimates 𝑥2, 𝑧3 estimates 𝑔1, and 𝑧4 estimates 𝑔2. 

 𝑧1̅ = [
𝑧1

𝑧2
] , 𝑧2̅ = [

𝑧3

𝑧4
]  (32) 

The observer is then designed as (33), where y(t) is defined in (34). 

 

(𝑡) = 𝑧1(𝑡) − 𝑦(𝑡) 

𝑧̅1̇(𝑡) = 𝑧2̅(𝑡) + 𝐹(𝑋) − 
1

𝑔1((𝑡)) + 𝐵𝑢(𝑡) 

𝑧̅̇2 = −
2

𝑔2(𝑧1̅ − 𝑦(𝑡)) 

(33) 

 𝑦(𝑡) = [
𝑥1

𝑥2
] (34) 

6. Controller Design for Nonlinear Vehicle Dynamics 

This approach is an advanced model of Robust Control that aims to achieve accurate and robust 

tracking of the desired reference 𝑥𝑑 even in the presence of model uncertainty and external 

disturbances. The basic goal of control is to make the actual system states x1, x2 (such as the angular 

velocity 𝑉𝑤 and the linear velocity 𝑉𝑣) track their desired values 𝑉𝑤
𝑑, 𝑉𝑣

𝑑 quickly and accurately. The 

tracking error is known as: 

 𝑥𝑑 = [
𝑉𝑤

𝑑

𝑉𝑣
𝑑] , 𝑋 = [

𝑥1

𝑥2
] →   𝑒 = 𝑥𝑑 − 𝑋 = [

𝑉𝑤
𝑑 − 𝑥1

𝑉𝑣
𝑑 − 𝑥2

] (35) 

where f and g are defined in (36).  

 𝑓 = 𝐹(𝑋), 𝑔 = 𝐵 (36) 

The control law mentioned in Equation (37) is a homogeneous terminal sliding mode control 

law, which is more advanced than conventional sliding control. The parameters 𝑘1, 𝑘2, 𝑙1, 𝑙2, 
1
, 

and 
2
 are positive constants. The parameters 𝑘1 and 𝑘2 are primarily responsible for the error 
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reduction rate (𝑒). They determine how quickly the system state reaches the slip surface (𝑠 = 0), 

achieving finite-time error dynamics. Typically, the exponents 
1

> 1 and 
2

< 1 are fixed to ensure 

convergence velocity for large errors and finite-time stability for small errors, respectively. They 

make this control “terminal.” The parameters  𝑙1 and 𝑙2 are defined as robustness parameters, 

enforcing slip motion, damping vibration, and resisting disturbances. 

They control the “sliding” behavior on the surface after reaching it. The sliding surface 𝑠, 

desired state 𝑥𝑑, and error 𝑒 are defined in (37), where 𝑉𝑤
𝑑 and 𝑉𝑣

𝑑 are the desired wheel and linear 

speeds. 

 𝑢 = −𝑔−1[𝑓 − 𝑥̇𝑑 + 𝑘1𝑠𝑖𝑔1(𝑒) + 𝑘2𝑠𝑖𝑔2(𝑒) − 𝑙1𝑠 + 𝑙2𝑠𝑖𝑔(𝑠) + 𝑧2̅] (37) 

7. Simulation Results 

This section evaluates the performance of the proposed algorithm for controlling the vehicle's 

nonlinear dynamics. 

7.1. Simulation Specifications 

Table 3 lists the nominal parameters of the vehicle used in simulations. 

Table 3.  Vehicle dynamic ratings 

Nominal value Parameter Nominal value Parameter 
0.2  1.2801 𝐶1 

0.43  23.99 𝐶2 
0.55 𝑘𝑣 0.52 𝐶3 

1.202 kg/m2  560 kg 𝑀𝑣 
0.5 𝐶𝑥 1000 m 𝐽 

0.259 𝐶𝑧 0.28 m 𝑟𝑒𝑓𝑓  

0.8 m2 𝑆 0.0125 
𝑟𝑟

 

 

The reference trajectory for the vehicle is designed to ensure smooth derivatives, filtered 

through: 

 𝑉𝑤
∗ =

1

𝑇𝑟𝑠 + 1
𝑉𝑤

𝑑  , 𝑉𝑣
∗ =

1

𝑇𝑟𝑠 + 1
𝑉𝑣

𝑑 (38) 

where 𝑇𝑟 is the filter time constant, 𝑉𝑤
𝑑 and 𝑉𝑣

𝑑 are the desired speeds before filtering, and 𝑉𝑤
∗ and 𝑉𝑣

∗

 are the filtered speeds. 

7.2. Scenario 1 

In this scenario, the initial conditions of the vehicle are 𝑉𝑤 = 60 𝑚/𝑠   and 𝑉𝑣 = 60 𝑚/𝑠. The 

desired linear speed of the vehicle is based on Equation (39), with wind speed 𝑉𝑎 = 20𝑚/𝑠 and road 

angle 𝜃 = 0 deg. 

 𝑉𝑣
𝑑 = {

65 𝑡 ≤ 20
55 𝑡 > 20

 (39) 

The simulation results are shown in Fig. 3 (a and b). It is evident that the proposed controller 

performs better than the PID controller. Additionally, the results of the observer's estimation are 

shown in Fig. 4 (a and b).   

Fig. 3 shows the comparative performance of the proposed controller and the PID controller. 

Curve (a) shows the linear speed tracking. The proposed controller reduced the settling time to 1.2 

seconds, a 60% reduction, and eliminated overshooting compared to the PID controller (3.0 seconds 
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with an estimated 15% overshoot). Curve (b) shows the wheel speed control in Scenario 1. The 

proposed system reduced the vibration amplitude by approximately 70% and improved tracking 

accuracy (𝑅𝑀𝑆𝐸 =  0.05 𝑟𝑎𝑑/𝑠) compared to the PID controller (𝑅𝑀𝑆𝐸 =  0.18 𝑟𝑎𝑑/𝑠). 

  
(a) (b) 

Fig. 3. (a) Results of linear velocity simulation (b) results of wheel speed simulation in the scenario 1 

Fig. 4 shows the performance of the extended state controller: Curve (a) represents the linear 

speed estimation of the vehicle. The controller achieved an RMSE of 0.08 m/s with a convergence 

time of 0.5 seconds. Fig. 4 (b) also shows the wheel speed estimate in Scenario 1, showing a robust 

estimate in the face of uncertainty with a mean square error of 0.12 rad/s. 

  
(a) (b) 

Fig. 4. (a) Estimation of the linear speed of the vehicle (b) Estimating the vehicle wheel speed in the 

scenario 1 

7.3. Scenario 2 

In this scenario, the effect of disturbance on the performance of the proposed control is 

evaluated. The initial conditions of the vehicle are 𝑉𝑤  =  60 𝑚/𝑠 and 𝑉𝑣  =  60 𝑚/𝑠. The desired 

linear speed of the vehicle is based on Equation (40). 

 𝑉𝑣
𝑑 = {

65 𝑡 ≤ 20
55 𝑡 > 20

 (40) 

With wind speed 𝑉𝑎 = 20𝑚/𝑠 and road angle 𝜃 = 20 𝑑𝑒𝑔. In this scenario, a disturbance of 

70 𝑁. 𝑚 is applied to the vehicle dynamics at time 35. The simulation results are shown in Fig. 5 and 

Fig. 6. It is clear that the proposed controller outperforms the PID controller. The results of the 

observer's estimation are shown in Fig. 7. 
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(a) (b) 

Fig. 5. (a) Results from linear velocity simulation (b) from wheel speed simulation in the scenario 2 

Fig. 5 shows the controller's performance under Scenario 2. Curve (a) shows the linear velocity 

simulation results, where the proposed controller demonstrates a significant improvement in tracking, 

with the root mean square error (𝑅𝑀𝑆𝐸) reduced to 0.08 𝑚/𝑠 compared to 0.25 𝑚/𝑠 for the 

conventional controller. Settling time was reduced to 1.3 seconds, a ≈ 60% improvement with no 

overshoot. 

Curve (b) shows the wheel speed simulation results. Chattering was effectively suppressed, with 

the amplitude reduced to < 0.05 rad/s, a > 75% improvement. Tracking accuracy was also 

maintained at 𝑅𝑀𝑆𝐸 =  0.04 𝑟𝑎𝑑/𝑠 even under nonlinear friction conditions. 

  
(a) (b) 

Fig. 6. (a) Estimating the linear speed of the vehicle (b) Estimating the vehicle wheel speed in the 

scenario 2 

Fig. 6 illustrates the observer's performance under Scenario 2. Curves (a) and (b) can be 

explained as follows: 

• Curve (a) gives the linear vehicle velocity estimate: 

1. The extended observer (ESO) achieved high estimation accuracy with an RMSE of 0.07 m/s. 

2. The convergence time was < 0.6 seconds, demonstrating its efficiency in instantaneous 

estimation. 

• Curve (b) shows the wheel velocity estimate. The observer demonstrated robustness to noise, 

maintaining an estimation error of less than 2.5% under standard disturbances. 
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(a) (b) 

Fig. 7. (a)  Estimate the uncertainty value 𝑧3 (b) Estimate the uncertainty value 𝑧4 in the scenario 2 

As shown in Fig. 7, curve (a) shows that the uncertainty estimate 𝑧3 converged to the actual value 

within a profit margin of ±3%. The convergence rate was 50% higher than that of conventional 

methods.  

For curve (b), which gives the uncertainty estimate of 𝑧4, the observer demonstrated its ability to 

track dynamic changes in 𝑧4 with a mean squared factor of 0.015. The time lag in the estimate was 

small ≈ 0.05 seconds, which makes it suitable for applications with critical time requirements.  

7.4. Comparison with Other Studies 

The fundamental difference between the methodology proposed in this paper and the one 

proposed in [60] lies in their treatment of disturbances: the extended state observer (ESO) in the new 

methodology estimates a unified “extended state” that encompasses both system dynamics and 

disturbances, While the disturbance monitor in the aforementioned reference was specifically 

designed to isolate and accurately measure external disturbances and model uncertainties, this makes 

the extended state monitor a more comprehensive estimation framework. A key strength of the new 

methodology in this paper is its limited time convergence, supported by tangible quantitative results. 

For example, this methodology achieves a 78\% improvement in tracking accuracy, providing a clear 

and measurable measure of its performance. 

8. Conclusion 

This research addresses one of the most important challenges in vehicle dynamics: dealing with 

uncertainties and environmental conditions within the control problem. To address these challenges, 

we combine the theory of terminal sliding mode control (TSMC) with the extended state observer 

(ESO). It is worth emphasizing that this control algorithm is not just a traditional slip control, but 

rather an advanced hybrid strategy that combines: 

• Efficient compensation for disturbances using an advanced observer. 

• Achieving superior performance (convergence in finite time) using homogeneous nonlinear 

functions. 

• Ensuring robustness through slip control. 

As a result of this combination, the system achieves robust, high-precision performance, 

approaching zero error in finite time even under uncertain conditions. This combination results in a 

controller with high speed, accuracy, and robustness, making it suitable for high-performance 

dynamic applications that require high reliability and response speed, such as the control of 

autonomous vehicles and drones. In the future, the system could be operated with even higher 

accuracy by applying it under non-ideal conditions, taking into account the time delay problem. 
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