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1. Introduction

Wheeled mobile robots (WMRs) have emerged as one of the most widely adopted robotic plat-
forms owing to their superior maneuverability, ease of operation, fast and stable locomotion, high
energy efficiency, and strong potential for system integration. Consequently, WMRs have been exten-
sively utilized in a wide range of applications, including autonomous navigation, surveillance, smart
warehousing, industrial inspection, environmental monitoring, autonomous delivery, and healthcare
services [1]-[5].

The trajectory-tracking control of WMRs has long been recognized as a fundamental and chal-
lenging problem in robotics and control engineering. Designing an effective control strategy for
WMRs requires addressing several inherent difficulties, such as nonlinear coupling effects and non-
holonomic motion constraints [5], [40]—[43]. Besides, WMRs operating in complex and dynamic
environments are inevitably subject to external disturbances, which further exacerbate the control
challenge. To address these issues, a wide range of control methodologies have been proposed in the
literature, including classical proportional-integral—derivative (PID) control [6], [44]—-[46], sliding
mode control (SMC) [7], [8], [47]-[49], fuzzy logic control [9], [50]-[53], and neural network—based
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control [10], [54]-[57]. Although these approaches have demonstrated satisfactory tracking perfor-
mance, they still face several limitations. Although SMC [7], [8], [47]-[49] exhibits remarkable
robustness and insensitivity to matched uncertainties and external disturbances, the discontinuous
control action induces a chattering effect, which leads to high-frequency oscillations in the control
input. This effect deteriorates tracking accuracy, reduces actuator lifespan, and may even destabilize
the system when unmodeled dynamics are present. Some adaptive control strategies, such as fuzzy
logic control [9], [S0]-[53] or neural network-based control [10], [54]-[57], have been developed to
achieve smooth control actions and adaptive compensation for modeling uncertainties and external
disturbances. Another approach to handling disturbances is to employ a disturbance observer or an
extended state observer, which aims to accurately estimate the disturbances and compensate for them
in the control input. However, these methods rarely consider the optimal trajectory tracking problem,
which remains an open issue in the control of nonholonomic wheel mobile robots (NWMRs).

To address the optimal control problem, it usually requires solving the Riccati equation for the
linear system and the Hamilton-Jacobi-Bellman (HJB) equation for the nonlinear system. It should be
noted that the HJB equation is a fundamental nonlinear partial differential equation used in optimal
control theory to determine the value function of a control problem. However, solving the HIB to
obtain the optimal solution usually remains a difficult problem, which is difficult or impossible to
address through only mathematical analysis. This difficulty arises because the HJB is a highly non-
linear partial differential equation (PDE) that explicitly depends on both the system dynamics and the
cost function. Therefore, traditional optimal control methods often provide only a theoretical founda-
tion rather than being widely applied in practical implementations. In a control engineering context,
Reinforcement Learning (RL) and Adaptive/Approximate Dynamic Programming (ADP) bridge the
gap between traditional optimal control and adaptive control algorithms [11]-[13], [58]-[60] . The
main goal is to design a learning algorithm to learn the optimal solution and cost function for a non-
linear system. Different from the traditional optimal control, the optimal control based on RL or
ADP can find the solution of Riccati or HIB equations online in real time by minimizing the cost
function. One of the representative approaches of optimal control methods based on RL or ADP is
the critic-only control method [14], [15], [33], in which a single neural network (NN) is employed to
approximate the cost function. It should be noted that in the critic-only learning scheme, the critic
neural network learns to optimally minimize the cost function, but this does not guarantee the stability
of the closed-loop system. Therefore, an additional stabilizing control term is usually incorporated
to ensure system stability during the learning process. Consequently, this approach can only achieve
near-optimal control performance rather than the exact optimal solution. To address this problem, a
second neural network, called the actor NN, is designed to learn the optimal control policy from the
critic NN while ensuring the stability of the system [16], [17]. This approach, which employs two
neural networks, one critic NN to approximate the cost function and one actor NN to approximate the
optimal control policy under the stability framework of the system, is referred to as the actor—critic
method. However, these optimal control approaches address only the optimal regulation problem for
the nominal system, which is assumed to be unaffected by external disturbances and model uncer-
tainties. In practical scenarios, disturbances frequently affect the system; therefore, it is essential to
develop an optimal control law that simultaneously ensures robustness against such disturbances.

Motivated by these considerations, this paper aims to develop a robust and optimal trajectory-
tracking control strategy for NWMR, considering their inherent nonlinearities, nonholonomic con-
straints, and the influence of input disturbance. To cope with these issues, this work adopts a hier-
archical control framework consisting of kinematic and dynamic control loops. The kinematic loop
handles nonholonomic constraints, while the dynamic loop focuses on robustness and optimality. In
the dynamic layer, a nonlinear disturbance observer is designed to estimate and compensate for distur-
bances in real time. Furthermore, an actor—critic learning-based optimal control strategy is developed
to achieve optimal trajectory tracking performance. The main contribution of this paper is listed as
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follows

* In this work, a hierarchical control architecture is adopted, consisting of kinematic and dynamic
control loops. It is important to highlight that previous research works [18], [19] mainly focused on
controlling the kinematic model of nonholonomic wheeled mobile robots. Such simplifications may
result in degraded tracking accuracy and reduced control performance in real-world applications.

* This paper proposes a nonlinear disturbance observer (DO) to estimate and compensate for input
disturbances, thereby enhancing the robustness of the control law and enabling accurate trajectory
tracking for the NWMR.

* Different from the nonlinear control methods [6]-[10], this paper considers the optimal trajectory
tracking for NWMR. By using the actor-critic control strategy, the optimal control policy can be
learned and applied to the robot system online in real-time.

This paper is organized as follows: In Section 2, the system model of NWMR and the con-
trol problem are established. In Section 3, the detailed control design is presented. In Section 4, a
simulation result is provided. Finally, Section 5 concludes this paper.

2. Problem Formulation

2.1. Mathematical Model of NWMR

Considering a non-holonomic wheel mobile robot (NWMR) system as shown in Fig. 1, and its
model parameters are listed in the Table 1. First of all, the position and orientation state vector is
defined as shown in Table 2.

q=[v,y,0" e R? (1)

Yg

OE xr XE

Fig. 1. The dynamics of NWMR platform

Table 1. The model parameters of the WMR

Symbols Description Value Unit
m Mass of NWMR 4.5 kg

I Inertia of NWMR 2.7 m

b Distance from mass center to each wheel 0.1 m

r Wheel radius 0.05 kg.m?
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Table 2. Nomination

Symbols  Description Unit
z Position in the x-direction m

Y Position in the y-direction m

0 Heading angle rad
v Linear velocity m/s
w Angular velocity m/s
Tr Control torque input of right wheel Nm
T Control torque input of left right wheel Nm

It is well-known that the NWMR system is subjected to the non-holonomic constraint, which is
expressed by
xsin(f) — ycos(6) =0 (2

This non-holonomic constraint implies that the robot’s motion is restricted to the direction along
the rolling direction of the wheels and lateral motion. The kinematics of the NMWR system is given
by

T cosf 0 y
g=|y| = |sind O [w} = S(q)n 3)
0 0 1

According to [20]—[22], based on the Euler-Lagrange formulation, the dynamic model of the
NWMR system is given by

M(q)i+ C(q,9)q+ G(q) + B(q)ra = B(q)T — AT(q)A @)

Where 7, € R? is the vector of disturbances and 7 = [Tr, TZ]T € R? is the control input vector.

The matrices M (q)3*3 is the inertia matrix, C(q, ¢)**? is the Coriolis matrix, G(q) € R3*! is the
gravitational vector, B(q) € R3*? is the input transformation matrix, A(q) € R'*? is the constraint
matrix, and \ is a Lagrange multiplier. According to [21], [22], these terms M (q), C(q, ¢), G(q),
B(q), A(q) and X can be described as

m 0 0 0 00 0]
M(g)=1{0 m 0; C(g;9)= 10 0 0f; G(q)= |0
0 0 I 0 00 0]
1 [cos(6)  cos(0) —sin()] ®)
B(q) = 5 sin(f) sin(0)|; AT(q) = | cos(h)
r - 0

A = —m(ysin(0) + @ cos(0))6

2.2. Problem Statement

The non-holonomic constraint (2) can be rewritten by

Alg)g=0 (6)
Meanwhile, we have the fact S(q)7 A(g) = 0. Taking the time derivative of (2), we obtain
G =[A"(q), 0:a]n + S(a) ™
Multiplying both sides of (4) with S(q)7, the system model of NWMR is rewritten as follows
¢ =5S(q)n
(®)

n= [M]ilgT + [M]flfd
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Where

11 (€))
ro—r
- _ _qT
Ta=—5"(9)B(q)7a
It is worth emphasizing that the matrices M and B are positive definite matrices.
Definition 1 Let’s introduce a smooth trajectory reference for the NMWR
qa = [%a,ya,0a)" (10)

Which must satisfy the non-holonomic constraint (2). In this case, we call g4 feasible; otherwise,
it is non-feasible [23].

In this paper, it is assumed that the trajectory reference is generated by a trajectory generator,
and its dynamics are described by

&g =vy cos(0y)
Ya =vr sin(6y) 11

ed =Wy

Where 1, = [v, wr]T € R? is the vector of desired reference velocities.

Control problem: The main objective of this paper is to design an optimal controller to achieve both
accurate trajectory tracking with respect to the reference trajectory (11) and robustness against the
influence of disturbances. Consequently, the position and orientation errors remain within predefined
bounds, expressed as

Jim [|[2() = 2a(6) y(1) = ya()]"]] < €xy
(12)
Jim [[6(2) — 6a(t)[| < eo

3. Control Design

For the WMR system modeled by (8), a hierarchical control structure is proposed, including
kinematic and dynamic control loops, as shown in Fig. 2. The kinematic controller is designed to
generate the desired velocity reference for the dynamic control loop. By designing the dynamic
controller to optimally track the desired velocity reference, the accurate trajectory tracking objective
can be achieved. Furthermore, a disturbance observer is designed to compensate for the disturbances.
The NWMR can achieve both the optimal trajectory tracking and the robustness against unknown
disturbances.

3.1. Kinematic Control Loop
Inspired by [22], the tracking error of the WMR e, = [e,, ey, eg]” € R3 is formulated by
er = (xp —x) cos O + (y, — y)sinf

ey = —(x, —x)sinb + (y, —y) cos b (13)
eg =0, —0
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| Kinematic control loop

qd [ cos® sinf 0]|e
—sinf cosf 0

Fig. 2. The hierarchical control structure of the NWMR

For the kinematic dynamics (3) and the reference trajectory (11), the kinematic tracking error
dynamics of the NWMR is formulated by
€r = eyW + v COSeg — U
€y = —ezW + vy sin ey (14)

€p = Wr — W
Hence, the desired linear and angular velocities 7y = [vg, wd]T € R? are designed as follows

vg = c1€4 + vy cos(eg) 15)

Wq = Wq + CaUrey + €30, sin(eg)
Where c1, co and c3 are positive constants.
Theorem 1 For the kinematic tracking error dynamics (14), in the term of the virtual velocities (15),
the tracking error e, converges asymptotically to zero as t — oo.

Proof. Choosing the Lyapunov candidate function as follows

1 1 1
Vi = 563 + 563 + 5(1 — cos(ep)) (16)

Taking the time derivative of (16) along the tracking error trajectory (14) using (17), it yileds

: ) ) 1 )
Vi =egéy + eyéy + - sin(eg)ég

=e,(eyw + v, coseg — v) + ey (—e,w + v, sineg)
1 . 17)
+ . sin(ep) (w, — w)
2

=—cre2 - Z—zvr sin®(ep)

It is noted that the desired linear velocity v, is positive, thus V3 < 0. Based on the Lyapunov
stability, the kinematic tracking error dynamics (14) applied to the virtual velocities (17) is asymptot-
ically stable.

3.2. Dynamic Control Loop

The main control objective of this section is to design an optimal controller to achieve the op-
timal tracking with respect to the desired velocities (15). However, due to the influence of the input
disturbance, a nonlinear disturbance observer (DO) is proposed to estimate and compensate for these
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disturbances. Furthermore, in the optimal control framework, it is noted that the actor-critic approach
does not guarantee trajectory tracking with respect to a time-varying reference trajectory. To tackle
the challenge, a feedforward control term is added to the control input to ensure accurate trajectory
tracking.

3.2.1. Disturbance Observer Design

In this section, a nonlinear disturbance observer (DO) is utilized to estimate disturbances d(t) =
M~17,, and its formulation is given by

d=¢+r(n)
. . o 18
¢= 20 (¢ v + ) Br) "

Where ¢ € R is the internal states, d is the estimated value of d, and r(n) is a nonlinear function.

Assumption 1 The disturbance is assumed to be slowly time-varying, such that its time derivative d
is small.

Remark 1 It is worth emphasizing that the Assumption. 1 is well-known in disturbance observer
design [28]-[32], as it facilitates the stability analysis and estimated disturbance convergence.

Theorem 2 Under the Assumption. 1, the disturbance estimation error d = d — d is ultimately
uniformly bounded (UUB) stable.

Proof. Select the Lyapunov candidate function as follows:

w:%ﬂd (19)

Taking the time derivative of V5 using (18), it yields

Vo =d'd
_—f(c+ﬂm)+fﬂ
ar(n) —1 ar(n) . Lops 1aps
< . T . _ _
<—d ( oy (G + M7 Br) 5 S5 B ) s dTd o+ gdTd o0
or(m) (5 ixm—1n 1aps Or(n) (i = 1.,
__qgr({ _ 1 - qr 1 - T
- d( 8n<d+Mﬂ BO+2dd+457(wﬂ‘B+@ +5d"d
or(n) 1 1
<_ g7 LT
< ( o 2)d+2dci
Let 2 = 9r(n)/dn and € = 0.5d” d. Hence, we obtain
V§§;—2<Amd5)—05>V§+e 1)

Where Apin(Z) is the minimum eigenvalue of =. By choosing Z as a positive definite matrix satisfying
Amin(Z) > 0.5, based on the Lyapunov stability theory, the disturbance estimation is UBB stable.

Remark 2 It is worth emphasizing that the boundary of ¢ is small under the Assumption. 1, which
implies that the disturbance estimation error converges exponentially to a small neighborhood around
the origin.
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3.2.2. Optimal Control Design

Let e, = [ey, ew]T = n — ng as the velocity tracking error vector, and its dynamics can be
expressed by - B
én=[M]"'Br+d—nq4 (22)

As mentioned earlier, the control input is decomposed into three components: the disturbance
compensation term 7., the feedforward term 7, and the optimal term 7,, as follows

T=Tc+ T+ To (23)
with
7. =—([M]'B)"'d
( _]1 _ ,)1 _ (24)
7p = ([M)"'B) " i
Subsituting (23) to (22), it yields .
éy = [M)"'Br,+d (25)

It should be noted that the disturbance estimation error d will converge to a small neighborhood
of zero as ¢ — oco. Therefore, by eliminating the term d, the system dynamics of the NWMR is
rewritten as a nominal system, which is described by

én=[f+ 970 (26)

Where f = [0,0,0]7 and ¢ = [M]~'B. By defining the control input (23) with the disturbance
compensation term 7. and the feedforward control term 7 in (24), the control objective of the dy-
namic control loop is to develop an optimal controller for the nominal system (26) to achieve the
optimal tracking with respect to the desired velocities (15). Firstly, let’s define an infinite-horizon
cost function, which is given by

J(en, 7o) = / (engT, + TOTRTO)dt 27
0

Where Q € R3*3 and R € R3*3 are positive-definite symmetric matrices. The goal is to design
an optimal controller to ensure the tracking error e, converges to the origin by minimizing the cost
function (28). Hence, the value function can be defined as

Viey, 7o) = /too (eZQe77 + TTRT)dS (28)

To derive the necessary conditions for optimality, the Hamiltonian function is introduced as follows

ovT

H(€n7 T, Ten

T
)= engn + 7 Rry + [2}3/] (f +970) (29)
U

Then, the optimal value function V*(e,)) satisfies the HIB equation
min [H(en,To,VVe:)} =0 (30)
To

Where VV;, = 0V /de;. According to the Bellman optimality principle, the optimal control policy
can be given by

1
T = —§R_1gTVV* (31)

o
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Fig. 3. Actor-critic control structure

To obtain the optimal control policy, it requires solving the HIB for the value function (28),
which remains a difficult problem due to the nonlinearity of the HIB equation and the quadratic in the
cost function gradient [24] shown in Fig. 3. To overcome this challenge, an actor-critic strategy can
be utilized to find the optimal control policy as follows

Viey) = W(;Tq)(en)

) 1 p[0®(e)]” . (32)

To(en) = _§R g |:(9€nn W,
Where W, = [Wcl, Wea, ..., ch]T e R and W, = [Wal, W, ..., Wan]T € R™! are the critic
and actor weight matrices, respectively; ®(e,) = [¢1(ey), d2(en), ..., dnley)]T € R is the action
function vector. The updated laws for both weight matrices are given as

: ww?T
We = byt
: 1 0 0917 (33)
W, = kg ————gR g7 | =—| (W, — W)t — kaa(W, — W,
raTe 06! [(%J ( )0njb — Ka2( )
With
oD
w=——(f+gT
3€n( ) (34)

Snjp = e Qe + 74 R, + Wlw
Where ke, ka1, ka2, o are positive constants and I' € R™*"™ is an adaptive gain, which is updated by

an adaptive law as follows

. U)U)T

F—_—kr— "%
1+ ocwITw (35)
ro)=«I, >0

According to [37]-[39], under the Persistent Excitation (PE) condition, both critic and actor
weight matrices converge, and the optimal control policy can be found.

Remark 3 According to [16], [36], by adding the PE noise input to the control input, the actor-critic
algorithm converges. In general RL-based control problem, the exploration noise must be required
to satisfy the PE condition to learn the optimal control policy. Several PE noise input have been
adopted, such as random noise [25], sum of sinusoidal functions with different frequencies [26] or
exponentially decreasing probing noise [27]..
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4. Simulation Result

redIn this section, a brief simulation result is presented to verify the effectiveness of the proposed
controller in both trajectory tracking and disturbance robustness objectives. Furthermore, a perfor-
mance comparison between the proposed method and the conventional PD controller is carried out to
highlight the superior tracking performance of the proposed controller.

The system parameter of the NWMR is described in the Table. 1. The initial condition of the
NWMR is set up as ¢(0) = [1,1,7/6]7 and n(0) = [0,0]%. It is assumed that the input disturbances

Td = [Ta1, Ta2]" acting on the NWMR system can be described by
Ta1 = 0.3sin(t 4+ 0.5)sin(0.2t) 36)
T2 = 0.2cos(t + 0.4)sin(0.2t)

The reference trajectory is generated by a trajectory generator (11) with v,, = 0.5 and w,, = 0.4. The
control parameters of both kinematic and dynamic controllers are described in the Table. 3. The critic
and actor weight matrices are initialized as W, = [10, 1,20]” and W, = [0, 0, 0]7, respectively.

Table 3. The control parameters of both kinematic and dynamic controllers

Parameter  Value Parameter  Value Parameter  Value
C1 2 C2 4 C3 5

= 10] 2 Q 5] 2 R I 2

ke 10 ka1 50 ka2 20

o 0.005 K 2000

Similar to [34], [35], the action function is chosen as ®(e,) = [€2, eyew,e2]T. During the first
2 seconds, an exploring disturbance 7, = [Tpe1, Tpeg}T satisfying the PE condition is added to the
control input, which is described as follows

Tper = 0.1e 0% (cos(t)sin(t)2 + cos(O.lt)sin(2t)2)

(37
Tpea = 0.1e70% (cos(0.5¢)sin(—1.2t)* + sin(t)?)

The result in Fig. 8 shows the disturbance estimation. After 5 seconds, the estimated values of
disturbances converge to the real values. The convergence of both critic and actor weight matrices
is shown in Fig. 9. After 2 seconds, both critic and actor weight matrices converge to the value of
W.=W, = [2.28, —0.03,20.84]”". The position and orientation responses are shown in Fig. 4, and
the responses of the linear and angular velocities are illustrated in Fig. 5. In addition, The position
and orientation tracking errors are shown in Fig. 6, and thethe linear and angular velocity tracking
errors are illustrated in Fig. 7. During the first 2 seconds, the tracking performance of the proposed
controller is relatively poor due to the learning process. However, after this initial period, it can
be clearly seen that the proposed controller achieves significantly improved tracking performance.
After 5 seconds, the state responses track to the desired reference, and the NWMR achieves accurate
trajectory tracking. As shown in Fig. 6 and Fig.7, the proposed controller achieves higher tracking
performance with the tracking error converging to zero when ¢ — oo, while the PD controller does
not ensure the convergence of tracking error due to the influence of disturbances.

To analyze the tracking performance of the quadrotor under the different controllers, four per-
formance indices in are employed as follows:

* Integral of Squared Error (ISE), this index penalizes large errors more heavily and emphasizes
overall error energy.

T
Hisn = / e(t)2dt, i =,y,0,u,v (38)
0
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——Reference - - -=Proposed method - - =PD controller
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Fig. 4. The position and orientation responses

Proposed method

1 1.5
S S
st S 05
-2
0
0 5 10 15 20 0 5 10 15 20
(a) Times (s) (b) Times (s)
1
N AON/
| -
= 0
B
> U
IS
S -1
-2
0 5 10 15 20 0 5 10 15 20

(a) Times (s) (b) Times (s)

Fig. 5. The responses of the linear and angular velocities
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Fig. 6. The position and orientation tracking errors
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Fig. 7. The responses of the linear and angular velocity tracking errors

* Integral of Time-weighted Squared Error (ITSE):

T
A / es@Pdt, = ay,0,u0 (39)
0
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It increases the weight of errors occurring at later times, encouraging faster settling.

1 . - -

Disturbance esitmation
Disturbance esitmation

- - - -0.08 - - :
0 5 10 15 20 0 5 10 15 20
(a) Times (s) (b) Times (s)

Fig. 8. The disturbance estimation

Wa W W

0 5 10 15 20 0 5 10 15 20
(a) Times (s) (b) Times (s)

Fig. 9. The convergence of both critic and actor weight matrices

* Integral of Squared Error (IAE), this criterion reduces long-term steady-state errors and overshoot,
improving transient behavior.

T
Wiap= [ letoldt i=sy0.0 (0
0

* Integral of Time-weighted Absolute Error (ITAE), it measures the total accumulated error magni-
tude, providing a balanced assessment of tracking accuracy.

T
Whap = [ dleoldri= vy ay
0

The tracking error performance indices of both the proposed controller and the conventional PD
controller are shown in Fig. 12. It can be clearly observed that the proposed controller achieves su-
perior tracking performance in ITSE and ITAE indicating a faster error convergence and enhanced
transient response compared to the conventional PD controller. Once the system reaches steady state,
the tracking error converges to zero and remains negligibly small, demonstrating the controller’s ef-
fectiveness in ensuring stable and accurate tracking. For the IAE and ITAE indices, the tracking
performance of both controllers appears nearly comparable since, during the first 2 seconds, the pro-
posed controller requires a learning phase in which the trajectory exhibits relatively poor motion qual-
ity. This initial degradation is attributed to the adaptation and parameter learning process; however,
once the learning stabilizes, the proposed controller achieves smoother motion and more accurate
trajectory tracking. To further the trajectory tracking performance, a 2D trajectory of the NWMR is
shown in Fig. 11. The control torque inputs are shown in Fig. 10. It should be noted that the chatter-
ing observed in the control signal during the first 2 seconds arises from the injected input disturbance
that satisfies the PE condition. It is emphasized that the exploration noise is essential for the learning
process.
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5. Conclusion

A robust optimal trajectory tracking controller for a nonholonomic wheeled mobile robot has
been presented. By employing a hierarchical control structure with a nonlinear disturbance observer
and an actor—critic optimal controller, the proposed approach ensures accurate tracking and strong
robustness against external disturbances. red Under the PE condition, the actor-critic algorithm con-
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verges and the optimal solution of the HIB equation can be learned. Simulation results validated the
superior performance of the proposed method, which will be further investigated in real-time exper-
iments. redIn particular, comparative studies with a conventional PD controller demonstrated that
the proposed controller achieves significantly improved trajectory tracking performance under exter-
nal disturbances, with the tracking errors converging rapidly and maintaining near-zero steady-state
values. To discussion more, the proposed method requires full dynamic information of the system.
Therefore, the future work is to develop an robust optimal controller, which learns the optimal control
policy without the knowlegde of system dynamcis.
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