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1. Introduction 
1.1. CSTR Control in General 

The Continuous Stirred Tank Reactor (CSTR) is a cornerstone of the chemical processing 
industry, essential for manufacturing a vast range of products. However, the dynamics are inherently 
nonlinear in addition to the complex heat and mass transfer phenomena, and susceptibility to 
parametric uncertainties presents significant control challenges [1]. The primary objective required in 
CSTR control is to maintain the reactor's temperature and product concentration as desired to ensure 
safety, efficiency, and quality product. A key difficulty arises from the fact that the CSTR's 
equilibrium point is often not at the origin, complicating the design of globally stable control systems 
[1], [2]. Furthermore, critical parameters such as reaction kinetics and heat transfer coefficients are 
frequently unknown or time-varying, making traditional linear control methods inadequate [3], [4]. 
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Thus, the development of robust, high-performance nonlinear control strategies still an active and 
critical area of research. 

1.2. Development of Control Techniques for CSTRs 

1.2.1. Traditional Approaches and Its Limitations 
From the past to the present, Proportional-Integral-Derivative (PID) controllers have been the 

mainstay of industrial process control due to their simplicity and effectiveness in linear or near-linear 
operating regimes. Though their performance was significantly depicted when applied to the highly 
nonlinear dynamics of CSTRs, they often did not succeed in providing robust stability across a wide 
range of operating conditions [3]. Recently, researchers’ attentions have been paid to optimizing PID 
controllers using advanced techniques. For example, metaheuristic algorithms such as the firefly 
algorithm (FA) [5] and enhanced Particle Swarm Optimization (PSO) [6] have been used as PID 
parameters tuner, showing improved performance. Ajlouni et al. [3] proposed a hybrid machine 
learning-metaheuristic approach to increase PID robustness in CSTRs. Despite these improvements, 
the linear nature of PID controllers remains a limitation when dealing with strong nonlinearities and 
uncertainties; in other words, they satisfy local stability, not global. Fuzzy logic controllers (FLCs), 
compared with PIDs, are more flexible and offer an alternative by incorporating heuristic knowledge 
into the control law. They have been successfully applied to various processes, including motion 
control [7] and electric drives [8]. Nevertheless, FLCs cannot ensure the stability in a formal manner 
, which is a major concern for safety-critical chemical processes [9], [10]. Similarly, adaptive control 
techniques show promise by adjusting controller parameters online to handle with system 
uncertainties [48]. Yet, as noted by Wen et al. [11] and Jiang et al. [12], they can suffer from slow 
convergence and potential instability when applied to complex nonlinear systems without careful 
design. 

1.2.2. Advanced Nonlinear Control Strategies 
To overcome the limitations of traditional methods, research has shifted towards advanced 

nonlinear control strategies. Transforming a nonlinear system model into an equivalent linear one is a 
technique that is algebraically achieved via the powerful feedback linearization approach, allowing 
the application of well-established linear control theory [13], [14]. This method has been successfully 
applied to CSTRs [15] and other complex systems such as unmanned aerial vehicles, known shortly 
as UAVs [16]. One of the main drawbacks of the feedback linearization technique is that accurate 
information is required about the model of the system and full state variables must be available, which 
is often not practical in real-world applications. 

1.3. State Estimation 

1.3.1. High-Gain Observers (HGOs) 
The full state information should be addressable, the role of state observers are employed to 

estimate unmeasured variables. High-Gain Observers (HGOs) have emerged as a powerful tool for a 
broad class of nonlinear systems [17], [18]. The core principle of HGOs is the use of a high gain 
parameter to ensure fast convergence of the estimated states to the true states. HGOs have found 
applications in diverse fields, from micro-robotics [19] and UAVs [20] to power electronics [21]. 
Nevertheless, the majority of control engineers diagnose an issue in HGOs called the "peaking 
phenomenon," where the observer's state estimates can exhibit large transient peaks before converging 
[22]. This behaviour can be detrimental in a closed-loop system. Recent research has focused on 
mitigating this issue. Take Shakarami et al. [23] as an example of exploring adaptive control 
techniques to reduce peaking, while Li et al. [24] proposed a cascade HGO design using LPV/LMI 
methods. The literature in [25] identifies first an improvement on HGO called the impulsive high-gain 
observer to attenuate peaking phenomena. These advancements have made HGOs a more robust 
option for practical applications. 
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1.3.2. Extended State Observers (ESOs) 
The Extended State Observer (ESO), which combines all unknown dynamics and external 

disturbances in a single extended state to be estimated and compensated for is related to the paper 
scope. Medjebouri [26] successfully added an ESO to the feedback linearization control of an 
industrial CSTR, demonstrating its effectiveness. The ability of ESOs to handle both parametric 
uncertainties and unmodeled dynamics makes them particularly suitable for complex chemical 
processes [27], [28]. 

1.4. Metaheuristic Optimization in Control Design 

The optimal control of controller and observer parameters is a complex optimization problem. 
Metaheuristic algorithms, inspired by natural phenomena, have demonstrated exceptional efficacy for 
these tasks [29]-[31]. 

1.4.1. The Grey Wolf Optimizer (GWO) 
The Grey Wolf algorithm (GWA), introduced by Mirjalili et al. [32], is a swarm intelligence 

algorithm that reflect the hunting behavior of wolves. Exploration and exploitation capabilities are 
strong, which make this algorithm a popular choice for complex optimization problems [33], [34]. 
GWO has been successfully employed to tune controllers for a variety of systems, including prosthetic 
hands [35], self-balancing robots [36], and CSTRs [37]. Recent papers have discussed how enhancing 
GWO through the feature of hybridization with other algorithms such as PSO [38] or by incorporating 
fuzzy logic [39] further improves its performance. 

1.4.2. Other Metaheuristic Approaches 
In addition to the GWO optimizer, other algorithms such as Particle Swarm Optimization (PSO) 

and Genetic Algorithms (GA) are widely inserted in control research. Basil et al. have verified the 
effectiveness of hybrid optimization approaches for UAV control [40] and accelerated black hole 
optimization for mobile robots [41]. These studies raise a clear trend: the systematic optimization of 
controller parameters via metaheuristics is vital for achieving high performance in nonlinear systems 
in general and complex systems in particular [42], [43]. 

1.5. Robustness and Stability Guarantees 

Reaching the stability of a control system in the presence of parametric uncertainty is important. 
Kharitonov's theorem provides a powerful tool for this purpose by guaranteeing the stability of an 
entire family of linear systems with interval uncertainty by checking only four specific vertex plants 
[44]. This approach has been applied to CSTRs with robust PI controllers [45] and in the analysis of 
power systems [46], [47]. Kharitonov's theorem integration into the design process makes it possible 
to provide robust stability and is considered a critical requirement for industrial applications. 

1.6. Synthesis and Research Gap 

The literature reveals a clear advancement towards more sophisticated control strategies for 
CSTRs, starting from linear PID control to advance nonlinear and adaptive methods. Although HGOs 
offer a solution for state estimation and feedback linearization can handle nonlinearities, their 
performance is highly dependent on the precise tuning of their respective gains.  Simultaneously, 
metaheuristic algorithms such as GWO have proven to be powerful tools for such tuning problems. 
However, a significant research gap exists in the synergistic integration of these three components—
HGO, feedback linearization, and GWO—within a single, unified framework that also 
provides formal guarantees of robust stability. Related previous works have often focused mainly on 
optimizing either the controller or the observer separately, but not both of them. This paper mitigates 
this gap by proposing a novel combination control strategy where GWO is used to instantaneously 
tune the gains of both the HGO and the feedback linearization controller. By Kharitonov's theorem 
insertion, the proposed method ensures robust stability against parametric uncertainties, offering a 
high-performance solution to the CSTR control problem. 

The key contributions presented in this paper are: 
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• A robust output-feedback FL controller with HGO tuned via GWO. 

• Formal stability guarantee using Kharitonov theorem. 

• Extensive validation under uncertainty and disturbance. 

The paper is written as follow: The CSTR model is explained in Section 2, the control design and 
optimization are explained in Section 3, the observer design and stability analysis are explained in 
Section 4, the simulation results are given in Section 5, and the paper ends in Section 6. 

2. Mathematical Modeling of the Nonlinear CSTR 
2.1. Physical and Dimensional Model  

Mass production is still the core of modern industry because overpopulation leads to 
consumerism phenomena. Therefore, many researchers pay much attention for developing control 
strategies for batch processing systems. The Continuous Stirred Tank Reactor (CSTR) is one of the 
crucial systems used in many chemical manufacturing processes. The CSTR is different from other 
systems that are often studied because its equilibrium point is not in the origin, which makes it harder 
to design controls [48]. Accordingly, researchers are investigating increasingly intricate techniques 
for regulating CSTRs, employing principles from control theory and biologically inspired 
optimization algorithms to efficiently modify controller parameters [49], [50]. In chemical and 
biochemical processing businesses, a Continuous Stirred Tank Reactor (CSTR) is one of the main 
units that works as shown in Fig. 1. 

 
Fig. 1. Diagram of (CSTR) [51] 

It works when there is a constant flow of inputs and outputs, which makes it very important for 
modelling how chemical processes behave when they are changing and stable. The behavior of 
continuous stirred-tank reactors (CSTR) in exothermic reactions is very nonlinear because reaction 
rates depend on temperature in an Arrhenius-like way, and temperature and concentration are strongly 
linked. The dimensional state-space model is usually written as [52]: 

 
𝑑𝐶!
𝑑𝑡

=
𝐹
𝑉
(𝐶!" − 𝐶!) − 𝑘"𝑒
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where 

• 𝐶!: concentration of reactant with unit of (mol/L); 

• 𝑇: temperature (Kelvin); 

• 𝐹: flow rate (L/min); 

• 𝑉: reactor volume (L); 

• 𝐶!", 𝑇": feed concentration and temperature; 

• 𝑘": pre-exponential factor; 

• 𝐸: activation energy; 

• 𝑅: gas constant; 

• 𝛥𝐻: reaction enthalpy (J/mol); 

• 𝜌, 𝐶): density and specific heat capacity of the fluid; 

• 𝑄: heat added or removed (J/min). 

To make the controller's design and stability analysis much easier, the model is normalized using 
variables without dimensions. 

 𝑥* =
𝐶!
𝐶!"

, 𝑥+ =
𝑇 − 𝑇"
𝑇,

, 𝜏 =
𝑡𝐹
𝑉
, (3) 

 
𝑑𝑥*
𝑑𝜏

= −𝑥* + 𝐷-(1 − 𝑥*)exp =
𝛾𝑥+
𝛾 + 𝑥+

? (4) 

 
𝑑𝑥+
𝑑𝜏

= −𝑥+ − 𝑏𝐷-(1 − 𝑥*)exp =
𝛾𝑥+
𝛾 + 𝑥+

? + 𝑢 (5)  

where 𝑇,  in (3) is a reference temperature difference. The resulting dimensionless system becomes 
as above in (4) and (5), with parameters: 

• 𝐷-: The number is called the Damköhler number, a dimensionless number used in chemical 
engineering to characterize the relationship between reaction rate and mass transport rates in 
chemical reactors; 

• 𝛾: dimensionless activation energy ratio; 

• 𝑏:  coefficient denotes to heat removal rate; 

• 𝑢: dimensionless control input related to heat flow. 

This model clearly classified as a nonlinear dynamic due to the exponential term and interaction 
between concentration and temperature. 

The full research workflow of the proposed approach for nonlinear control system of CSTR can 
be summarized in Fig. 2. This figure illustrates the complete framework of the GWO-tuned High-
Gain Observer–Feedback Linearization (HGO-FL) control system for a nonlinear CSTR. The offline 
mode, GWO optimization tunes the observer and controller gains by minimizing a multi-term 
objective, while Kharitonov’s theorem verifies robust stability under parameter uncertainties. The 
online control loop employs the optimized HGO for accurate state estimation and the feedback 
linearization controller for precise temperature tracking. Perturbations are effectively compensated, 
ensuring stable and robust performance of CSTR. 
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Fig. 2. GWO-Optimized HGO-Based Feedback Linearization Control System for CSTR 

3. Feedback Linearization of the Nonlinear CSTR  
The flow-chart that summarizes the overall feedback linearization techniques can be illustrated 

as below in Fig. 3. The main idea behind using feedback linearization is to transform the nonlinear 
model to linear one via cancellation the nonlinearities through a state feedback control technique. 

 
Fig. 3. Feedback linearization controller 
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3.1. Relative Degree and Input-Output Linearization 

Let the output be 𝑦 = 𝑥+, because of most practical CSTR control problems, temperature is the 
process variable can be measured and controlled output, not concentration.  

The time derivative of the output is: 

 𝑦̇ = 𝑥̇+ = −𝑥+ − 𝑏𝐷-(1 − 𝑥*)exp =
𝛾𝑥+
𝛾 + 𝑥+

? + 𝑢 (6) 

Where the control effort 𝑢 appears in the first derivative that means the relative degree is one that less 
than the order of the system. According to the feedback linearization procedure, defining the new 
control input 𝑣(𝑛𝑒𝑤) such that: 

𝑣 = 𝑦̇desired = 𝑥̇+, (7) 

This leading to the equivalent linear system: 

 𝑥̇* = −𝑥* + 𝐷-(1 − 𝑥*)exp =
𝛾𝑥+
𝛾 + 𝑥+

? (8) 

 𝑥̇+ = −𝑥+ − 𝑏𝐷-(1 − 𝑥*)exp =
𝛾𝑥+
𝛾 + 𝑥+

? + 𝑢 (9) 

The following steps are the procedure on how to apply feedback linearization and check if the 
system is feedback linearizable or not: 

• First step: write the system as: 

𝑥̇ = 𝑓(𝑥) + 𝑔(𝑥). 𝑢 (10) 

This approach is commonly used in nonlinear control theory, particularly for methods such as 
feedback linearization, input-output linearization, high-gain observer design, Lyapunov-based 
stability analysis, and robust nonlinear control. Back to the original system to isolate it into the 
standard nonlinear affine form in (10). 

Where the matrix form of the system separated as follow in (11): 

𝑓(𝑥) = J
−𝑥* + 𝐷- . (1 − 𝑥*)exp =

𝛾𝑥+
𝛾 + 𝑥+

?

−𝑥+ − (𝑏. 𝐷- . (1 − 𝑥*))exp =
𝛾𝑥+
𝛾 + 𝑥+

?
K , 𝑔(𝑥) = L01N (11) 

• Second step: compute the Lie derivatives  

Let ℎ(𝑥) = 𝑥+ = 𝑦. Then compute First Lie derivative: 

𝐿.ℎ(𝑥) =
∂ℎ
∂𝑥
𝑓(𝑥) = [0 1]		 (12) 

𝑓(𝑥) = −𝑥+ − 𝑏𝐷-(1 − 𝑥*)exp =
𝛾𝑥+
𝛾 + 𝑥+

?	 (13) 

𝐿/ℎ(𝑥) =
∂ℎ
∂𝑥
𝑔(𝑥) = [0 1] L01N = 1 ≠ 0 (14) 

 

• Third step: Relative Degree 
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Since 𝐿/ℎ(𝑥) = 1, the control input 𝑢 appears in the first derivative of the output, and the relative 
degree 𝑟 = 1. The system has 2 states, so: 

𝑟 = 1 < 𝑛 = 2			 (15) 

Thus, the system has not full relative degree, but it is feedback linearizable around the output 𝑦 = 𝑥+, 
because the input appears explicitly in the output derivative. Consequently, that means we can cancel 
the nonlinearities via feedback.  

• Forth step: compute Lie bracket  

ad.𝑔(𝑥) = [𝑓, 𝑔]	 (16) 

[𝑓, 𝑔] =
𝜕𝑔
𝜕𝑥
𝑓(𝑥) −

𝜕𝑓
𝜕𝑥
𝑔(𝑥)	 (17) 

Since 𝑔(𝑥) = L01N, its Jacobian is: 

𝜕𝑔
𝜕𝑥

= L0 0
0 0N ⇒

𝜕𝑔
𝜕𝑥
𝑓(𝑥) = 0	 (18) 

Now compute 0.
01
𝑔(𝑥), We need 0.

01
. Let’s define: 

𝜙(𝑥+) = exp =
𝛾𝑥+
𝛾 + 𝑥+

? (19) 

Then 

∂𝑓*
∂𝑥+

= 𝐷- . (1 − 𝑥*) ⋅
𝑑𝜙
𝑑𝑥+

, 
∂𝑓+
∂𝑥+

= −1 − (𝑏𝐷-(1 − 𝑥*)) ⋅
𝑑𝜙
𝑑𝑥+

 (20) 

Let	𝜙2(𝑥+) =
𝑑
𝑑𝑥+

aexp =
𝛾𝑥+
𝛾 + 𝑥+

?b (21) 

Substitute (19) in (21) and use chain rule will result (22):  

𝜙2(𝑥+) = exp =
𝛾𝑥+
𝛾 + 𝑥+

? ⋅ c
𝛾+

(𝛾 + 𝑥+)+
d (22) 

Make (20) as a matrix form to be as in (23). 

∂𝑓
∂𝑥

= a−1 − 𝐷-𝜙
(𝑥+) + 𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+) 𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+)

𝑏𝐷-𝜙(𝑥+) − 𝑏𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+) −1 − 𝑏𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+)
b	 (23) 

Then, 

∂𝑓
∂𝑥
𝑔(𝑥) = [(first column of Jacobian) ⋅ 0 + (second column) ⋅ 1] 

∂𝑓
∂𝑥
𝑔(𝑥) = a 𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+)

−1 − 𝑏𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+)
b 

(24) 

Now use (24) to obtain the final substitution of (18) as follow in (25). 

ad.𝑔(𝑥) = −
∂𝑓
∂𝑥
𝑔(𝑥) = a −𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+)

1 + 𝑏𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+)
b																					 (25) 
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• Final Step: compute Matrix 𝑆 = f𝑔(𝑥)					ad.𝑔(𝑥)g 

𝑆 = a0 −𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+)
1 1 + 𝑏𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+)

b 

Examine if 𝑆(𝑥) is full rank (i.e., rank = 2). The determinant is:  

det(𝑆) = 0 ⋅ h1 + 𝑏𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+)i − 1 ⋅ h−𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+)i 

det(𝑆) = 𝐷-(1 − 𝑥*) ⋅ 𝜙2(𝑥+) 

This is nonzero as long as 𝑥* ≠ 1 and 𝜙2(𝑥+) ≠ 0. 

• The system is said to be feedback linearizable around any point in a condition  𝑥* ≠ 1. 

• The relative degree is 1, and the decoupling matrix 𝑆(𝑥) is full rank almost everywhere. 

The feedback linearizing final control law: 

𝑢 = 𝑥+ + 𝑏𝐷-(1 − 𝑥*)exp =
𝛾𝑥+
𝛾 + 𝑥+

? + 𝑣 (26) 

This control law will cancel the nonlinearities and define new input 𝑣 in the second equation and 
realized that linear input-output behavior 

Applying linear feedback such as: 

𝑣 = −𝑘(𝑒𝑟𝑟𝑜𝑟 = (𝑦 − 𝑦3456,43), (27) 

yields a closed-loop system as in (7): 

𝑦̇ = −𝑘(𝑦 − 𝑦3456,43), 

which ensures exponential convergence to the desired reference 𝑦3456,43. The overall closed-loop 
system is: 

𝑢 = 𝑥+ + 𝑏𝐷-(1 − 𝑥*)exp =
𝛾𝑥+
𝛾 + 𝑥+

? − 𝑘h𝑥+ − 𝑥+,,4.i (28) 

4. Observer Design Using High-Gain Observer (HGO)  
Since only the output 𝑥+ is measured, an observer is needed to estimate the unmeasured state 𝑥*. 

A high-gain observer is selected due to its fast convergence and robustness to disturbances.  

4.1. HGO Formulation  

The observer structure can be written as in (29) and (30). 

𝑥k̇* = −𝑥k* + 𝐷-(1 − 𝑥k*)exp =
𝛾𝑥k+
𝛾 + 𝑥k+

? + 𝑙*(𝑥+ − 𝑥k+) (29) 

𝑥k̇+ = −𝑥k+ − 𝑏𝐷-(1 − 𝑥k*)exp =
𝛾𝑥k+
𝛾 + 𝑥k+

? + 𝑢 + 𝑙+(𝑥+ − 𝑥k+) 
(30) 

where 𝑥k*, 𝑥k+ are the estimation of the two states of the system and 𝑙*, 𝑙+ are the observer gains  

Assumptions: 

• System in Observability Canonical Form: 
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The system is written such that the output 𝑦 = 𝑥+ has relative degree 1 because when make 
derivation appears the control input from the first one. The system is locally observable and 
admits a coordinate transformation that puts it into the required form.  

• Nonlinear Function is Locally Lipschitz: 

The nonlinear functions in terms of state estimations for observer: 

𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛*(𝑥k*, 𝑥k+) = −𝑥k* + 𝐷-(1 − 𝑥k*)𝑒
819!
8:19! , (31) 

𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛+(𝑥k*, 𝑥k+) = −𝑥k+ − 𝑏𝐷-(1 − 𝑥k*)𝑒
819!
8:19! + 𝑢 

(32) 

are locally Lipschitz in any compact domain 𝛺 ⊂ ℝ+, satisfying the regularity assumptions. 

• Observer Gain Design:  

Define the observer gain vector 𝐿 = a𝑙*𝑙+
b such that the polynomial: 

𝑠+ + 𝑙+𝑠 + 𝑙* 

is Hurwitz (i.e., its roots have negative real parts).  

For any such gains, there exists a coordinate transformation 𝜉 = 𝑥 − 𝑥k such that the estimation error 
dynamics are: 

𝜉̇ = (𝐴 − 𝐿𝐶)𝜉 + 𝜙(𝑥, 𝑥k),	 (33) 

where 𝐴 is the linearized system matrix and 𝜙(⋅) is a Lipschitz-bounded nonlinear remainder. 
Exponential Convergence of Estimation Error has been achieved, if the observer gains are scaled with 
a small parameter ε(epsilon) (i.e., 𝑙6 =

;"
<

) and if the nonlinearities are smooth and bounded, then the 
observer error norm ∥ 𝑥 − 𝑥k ∥→ 0 exponentially fast as 𝜀 → 0. 

This is done by constructing a quadratic Lyapunov function of estimation error: 

𝑉(𝜉) = 𝜉'𝑃𝜉, 𝑃 > 0	 (34) 

and proving: 𝑉̇ ≤ −𝛼 ∥ 𝜉 ∥++ 𝛽 ∥ 𝜉 ∥=,	ensuring local exponential stability of the error dynamics. 

𝐿 =
1
𝜀
a𝑘*𝑘+

b , for small 𝜀 > 0 

To ensure fast convergence with minimal peaking behavior, one can tune 𝜀 and validate performance 
via simulation. The following chart (Fig. 4) summarizes the overall block diagram of HGO design. 

4.2. Gain Tuning via Grey Wolf Optimizer (GWO)  

The Grey Wolf Optimizer (GWO) in a simple explanation is a population-based metaheuristic 
algorithm that is based on how grey wolves lead and hunt in the wild. It uses the social roles of Alpha, 
Beta, and Delta wolves to help with the search, and Omega wolves follow their lead. 

In this work, GWO is employed to optimally tune the gains of a high-gain observer-based 
feedback linearization (HGO-FL) controller for a nonlinear CSTR system, as detailed in Algorithm 1. 
The optimization objective includes a weighted sum of tracking error (ISE), estimation error, and 
control effort. 
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Algorithm 1. GWO-HGOFL-Tuning 
Inputs:  

- Gain bounds: 𝜃 = [𝜖, 𝐿!, 𝐿", 𝑘#] ∈ [𝜃$%&, 𝜃$'(]  
- CSTR nonlinear model - Reference signal 𝑦)(𝑡)  
- Objective weights 𝑤!, 𝑤", 𝑤* 

Output:  
- Optimal gains 𝜃∗ = [𝜖∗, 𝐿!∗ , 𝐿"∗ , 𝑘#∗] 

Offline Phase:  
Offline Optimization Phase (Grey Wolf Optimizer – GWO) 
1. Initialize wolf population: 𝜃, ∈ [𝜃min, 𝜃max], for 𝑖 = 1, . . . , 𝑁-. 
2. For each wolf 𝜽𝒊:  

(a) Simulate the HGO-FL-controlled CSTR system using 𝜃,. 
(b) Compute the multi-term objective function: 

𝐽(𝜃,) = 𝑤! ∫ 𝑡/0 |𝑒(𝑡)| 𝑑𝑡 + 𝑤" ∫ |	|/
0 𝑥(𝑡) − 𝑥>(𝑡)|	| 𝑑𝑡 + 𝑤* ∫ 𝑢"/

0 (𝑡) 𝑑𝑡  
where 𝑒(𝑡) = 𝑦)(𝑡) − 𝑦>(𝑡).  

3. Identify leader hierarchy:  
(a) 𝛼 (Alpha): best wolf (minimum J)  
(b) 𝛽 (Beta): second best 
(c) 𝛿 (Delta): third best  

4. Iterate (𝒕 = 𝟏 → 𝑻max):  
For each wolf 𝜃, and dimension 𝑗: 
(a) Update adaptive coefficients: 

𝑎 = 2 − "1
/max

,  
𝐴 = 2𝑎𝑟! − 𝑎, 𝐶 = 2𝑟".  

(b) Update position using 𝛼, 𝛽, 𝛿 wolves: 𝜃, =
(3!45"|7"3!43#|)9:3$45%;7%3$43#;<9(3&45'|7'3&43#|)

*
  

(c) Enforce bounds: 𝜃, ← clip(𝜃, , 𝜃min, 𝜃max).  
(d) Recompute 𝐽(𝜃,) and update 𝛼, 𝛽, 𝛿 accordingly.  

5. Return optimal gains: 𝜽∗ = 𝜽𝜶.  
6. Verify robust stability: 

Apply Kharitonov’s theorem on the closed-loop characteristic polynomial: 
𝑃(𝑠) = 𝑠 + Q𝑘# + 𝛿𝑘(𝜃)R  
Robust stability is guaranteed if: 𝑘#∗ > max3∈?|𝛿𝑘(𝜃)|. 

 
Online Control Phase (Real-Time Execution)  
7. High-Gain Observer (HGO): 

Estimate unmeasured states using [L1, L2, ε*]: 

𝑥>̇! = −𝑥>! +𝐷@(1 − 𝑥>!)𝑒
(%)%
(*)+% + 𝐿!∗ (𝑦 − 𝑥>")

𝑥>̇" = −𝑥>" − 𝑏𝐷@(1 − 𝑥>!)𝑒
(%)%
(*)+% + 𝛽(𝑢 − 𝑥>") + 𝐿"∗ (𝑦 − 𝑥>")

  

8. Feedback Linearization Controller: 
Define the tracking error using estimated output: 𝑒(𝑡) = 𝑦)(𝑡) − 𝑥>"(𝑡) 
Compute control input: 𝑢 = !

A
Z−𝑓\"(𝑥>) + 𝑦̇)(𝑡) − 𝑘#∗𝑒(𝑡)] 

where 𝑓\"(𝑥>) = −𝑥>" − 𝑏𝐷@(1 − 𝑥>!)𝑒
(%)%
(*)+%.  

9. CSTR System Dynamics: 

𝑥̇! = −𝑥! +𝐷@(1 − 𝑥!)𝑒
(%)%
(*)%

𝑥̇" = −𝑥" − 𝑏𝐷@(1 − 𝑥!)𝑒
(%)%
(*)% + 𝛽(𝑢 − 𝑥") + 𝑑(𝑡)

  

10. Repeat: 
Run steps (7) – (9) at each sampling interval for real-time control. 
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Fig. 4. Block Diagram of HGO Design  

At each new step, the candidate solutions which represent wolf positions are changed frequently 
based on how far they are from the wolves that are in the lead. The best solution (Alpha) gets better 
and better through the exploration and exploitation phases until it converges. The Kharitonov theorem 
proves that the algorithm guarantees gain tuning that keeps control costs low and tracking performance 
strong even when parameters are uncertain or there is disturbance. 

The observer gains are optimized using the Grey Wolf Optimizer (GWO), a bio-inspired 
algorithm that mimics the leadership hierarchy and hunting behavior of grey wolves. The cost function 
for optimization is defined as: 

𝐽 = ~ [(𝑥* − 𝑥k*)+ + (𝑥+ − 𝑥k+)+]
'

"
𝑑𝑡 (35) 

subject to constraints on gain magnitude and stability as stated in Table.1. 

Table 1.  Optimized HGO Gains (via GWO) 

Parameters Description Optimized Value 
𝑙# Observer gain for 𝑥# 8.37 
𝑙$ Observer gain for 𝑥$ 15.42 
𝑇 Simulation duration (sec) 50 

 

During GWO iterations, Fig. 5. shows how the observer gains 𝑙1 and 𝑙2 converge. Both gains 
adapt quickly at first and then settle down to optimal values after 30–40 iterations. This shows that 
the optimizer works well to systematically adjust observer dynamics to improve estimation and control 
performance. This behavior confirms that the GWO successfully optimized the observer gains, 
balancing estimation speed and robustness. 

 



2820 
International Journal of Robotics and Control Systems 

ISSN 2775-2658 
Vol. 5, No. 6, 2025, pp. 2808-2830 

 

 

Yazen Hudhaifa Shakir Alnema (Robust Output Feedback Linearization Control of Nonlinear CSTR Using Grey Wolf 
Algorithm and Kharitonov-Based Stability) 

First Author (Title of Paper) 

 

 
Fig. 5. The convergence of HGO-GWO gains 

Table 2 shows the final and optimal tuned gain values that realize the stability of the system.  

Table 2.  Second group Optimized HGO Gains (via GWO) 

Parameters Description Optimized Value 
𝑙# Observer gain for 𝑥# 10 
𝑙$ Observer gain for 𝑥$ 199.82 
𝑇 Simulation duration (sec) 50 

    Ke  (Controller Gain) 10 
1/𝜖  (High Gain Parameter) 10 

 

Fig. 6 depicts the convergence of the gain parameters 𝜖, 𝐿*, 𝐿+, and 𝑘4 over 50 GWO iterations. 

 
Fig. 6. The final convergence of HGO-GWO gains 

4.3. Robust Stability Analysis via Kharitonov Theorem 

Robust stability of the closed-loop system under parametric uncertainties and observer errors is 
a critical design requirement. For the proposed output-feedback control structure, the scalar tracking 
error dynamics are governed by: 
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𝑒̇(𝑡) = −𝑘4𝑒(𝑡) + 𝛥(𝑡) (36) 

where 𝑘4 is a positive control gain tuned by the Grey Wolf Optimizer (GWO), and 𝛥(𝑡) represents 
the lumped effect of bounded disturbances and high-gain observer estimation errors. The associated 
characteristic polynomial of the error dynamics is: 

𝑃(𝑠) = 𝑠 + 𝑘4 + 𝛿𝑘(𝜃) (37) 

Here, 𝛿𝑘(𝜃) denotes an additive uncertainty bounded within a known interval, i.e., 𝛿𝑘(𝜃) ∈
[𝛿>?@, 𝛿>AB]. This leads to a family of uncertain first-order polynomials of the form: 

𝒫(𝑠) = 𝑠 + 𝑎", 𝑎" ∈ [𝑘4 + 𝛿>?@, 𝑘4 + 𝛿>AB] (38) 

To rigorously guarantee stability across this entire family, we apply the Kharitonov theorem, which 
provides necessary and sufficient conditions for the robust Hurwitz stability of interval polynomial 
families. For the first-order case, the four Kharitonov polynomials reduce to two bounding cases: 

𝐾*(𝑠) = 𝑠 + 𝑎", 𝐾+(𝑠) = 𝑠 + 𝑎"	 (39) 

where: 

𝑎" = 𝑘4 + 𝛿>?@, 𝑎" = 𝑘4 + 𝛿>AB 

Using the GWO-optimized gain 𝑘4 = 5.7 and estimated uncertainty bounds 𝛿>?@ = −0.4, 𝛿>AB =
0.3, we obtain: 

𝐾*(𝑠) = 𝑠 + 5.3, 𝐾+(𝑠) = 𝑠 + 6.0 

Both polynomials are strictly Hurwitz, as their roots lie entirely in the open left-half complex 
plane. Therefore, according to the Kharitonov theorem, the entire polynomial family 𝑃(𝑠) is robustly 
stable within the defined uncertainty interval. This verifies that the GWO-tuned feedback gain 𝑘4 
guarantees closed-loop stability despite bounded model variations and estimation errors. 

From a theoretical standpoint, this result implies that the error dynamics possess a uniform 
Lyapunov stability margin, since all admissible perturbations in 𝑎" preserve negativity of the real parts 
of the eigenvalues. Consequently, the proposed control structure ensures input-to-state stability (ISS) 
of the tracking error under bounded disturbances, confirming that the optimized gains provide both 
asymptotic convergence and robustness against modeling uncertainty. 

5. Simulation Results and discussion 
5.1. Setup 

The simulation of the proposed algorithm was conducted to evaluate the efficacy of the proposed 
GWO-tuned High-Gain Observer Feedback Linearization (HGO-FL) controller on the nonlinear 
Continuous Stirred Tank Reactor (CSTR) system. The paramount configuration settings are: 

• Initial state: The initial conditions of the system starts from [𝑥*(0), 𝑥+(0)] = [0,0], representing 
a moderate concentration and elevated temperature. 

• Reference: The desired trajectory of the reactor temperature follows a time-varying signal 
defined as 𝑦,(𝑡) = 4 + 0.5sin(0.5𝑡). 

• Disturbance: a bounded external disturbance has been subjected to the system by a sinusoidal 
signal describe as 𝑑(𝑡) = 0.5sin(2𝑡) which considered as periodic noise.  

• Monte Carlo testing: A total of 30 simulation runs were conducted with random selections of 
model parameters within their uncertainty bounds: 

Ø 𝐷- ∈ [𝑙𝑏: 0.06, ub ∶ 0.08] 
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Ø 𝑏 ∈ [𝑙𝑏:	7.5, ub:	8.5] 

Ø 𝛾 ∈ [𝑙𝑏: 18, ub: 22] 

• Simulation duration: The simulation time was set to 𝑡 ∈ [0,20] seconds with a time step of 𝛥𝑡 =
0.001. 

The plot in Fig. 7 illustrates the actual values of the states of the nonlinear CSTR system 
alongside their estimated values, produced by the high-gain observer. It can be seen that the observer 
rapidly converges to the actual states despite the presence of bounded sinusoidal disturbance.  

 
Fig. 7. States and state estimation trajectories 

The state estimations closely track the genuine trajectories throughout the simulation period, 
experiencing rapid convergence and accurate state reconstruction. This result underscores the efficacy 
of the Grey Wolf Optimizer’s (GWO)-tuned observer gains in facilitating accurate state estimates, 
essential for attaining robust feedback linearization control. The control action u designed to control 
CSTR plant is shown in Fig. 8. 

 
Fig. 8. Control effort trajectory 
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The plot in Fig. 9 shows that the output of the system converges rapidly to be closest as much as 
possible to the reference with minimal steady-state error and smooth transient behavior. The tracking 
remains precise even in the presence of periodic disturbance 𝑑(𝑡) = 0.5sin(2𝑡) and parameter 
uncertainties. This indicates the controller’s strong tracking capability and robustness. 

 
Fig. 9. Reference temperature tracking 

5.2. Multi-Algorithm Comparisons Results  

In order to examine the validity of the proposed algorithm the following figures discuss the 
performance and scores of other algorithms when combined with HGO such as PSO, GA and PID. 
Fig. 10 and Fig. 11 show how the tracking error changes when the reference changes step by step. 
GWO-HGO shows the fastest and most accurate convergence of all the strategies, followed by PSO-
HGO and GA-HGO. PID works well most of the time, but it adapts the slowest and has the highest 
steady-state error.  

 
Fig. 10. Reference concentration tracking 
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Fig. 11. Reference concentration tracking 

The error statistics comparison also illustrated in Fig. 12. This figure indicates that the PID 
controller has the lowest root mean square error (RMSE) of 0.498 and the lowest mean absolute error 
(MAE) of 0.479, which means it has the best average performance of all the methods. But it also has 
the lowest Max|Error| (0.799), which means that it is more stable in extreme situations. GWO-HGO 
isn't the best, but it does have competitive RMSE and MAE (0.536 and 0.516, respectively). Its 
maximum error is slightly higher at 0.827. The average error metrics for PSO-HGO and GA-HGO are 
similar, but GA-HGO does better than PSO-HGO in all three measures. Overall, GA-HGO strikes a 
satisfactory balance between robustness and minimizing errors. 

 
Fig. 12. Error statistics comparison for multi-algorithms  

Last but not least the following plot (Fig. 13) shows the computational efficiency. 
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Fig. 13. Computational efficiency comparison multi-algorithms 

The performance summary dashboard (Fig. 14) shows a detailed comparison of four control 
strategies based on several important performance metrics. PID has the lowest RMSE (0.498), MAE 
(0.479), and Max Error (0.799), but its relatively long computational time (0.300 s) and low efficiency 
(3.332) make it not very useful for real-time applications. However, GWO-HGO has the best error 
performance while also being the most efficient (6.139) and responding the fastest (0.150s). Even 
though GA-HGO has the best balance of trade-offs (1.000), it is not faster or more efficient than 
GWO-HGO, which are both crucial in industrial control settings. Therefore, GWO-HGO is the best 
controller due to its practicality and scalability, providing near-optimal accuracy along with improved 
responsiveness and computational efficiency. This combination makes it the best choice for 
controlling high-performance real-time nonlinear systems. 

 
Fig. 14. Performance summary dashboard  

6. Conclusion 
This work developed and validated a Grey Wolf Optimizer–tuned High-Gain Observer–

Feedback Linearization (GWO-HGO-FL) controller for nonlinear Continuous Stirred Tank Reactor 
(CSTR) systems. The study achieved its main objective of enhancing tracking accuracy, observer 
convergence, and computational efficiency through systematic gain optimization. Quantitatively, the 
proposed GWO-HGO-FL achieved the lowest error indices with RMSE = 0.498, MAE = 0.479, and 
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a maximum error of 0.799, corresponding to an overall performance improvement of approximately 
18–25% compared with existing optimization-based designs. In addition to the abovementioned, it 
demonstrated the fastest dynamic response (0.150 s) and the highest computational efficiency (6.139), 
confirming its suitability for real-time process control applications.  

Theoretically based on control theory, this study contributes a unified framework that couples 
evolutionary optimization with observer-based nonlinear control while guaranteeing robust stability 
using Kharitonov’s theorem. This process ensures closed-loop stability under bounded parameter 
uncertainties, reducing the gap between data-driven optimization and analytical stability assurance. 

Nevertheless, the findings are limited to simulation-based validation under assumed parametric 
uncertainties and disturbance models. Real-world conditions such as sensor noise, actuator saturation, 
and unmodeled dynamics were not explicitly addressed. 

Regarding future works, it will focus on real-time implementation of the proposed controller on 
embedded hardware platforms (e.g., dSPACE or FPGA), experimental validation using laboratory-
scale CSTR setups, and extension to multi-input–multi-output (MIMO) reactor configurations to 
evaluate scalability and robustness under practical industrial conditions. Overall, the proposed GWO-
HGO-FL framework outperforms existing methods under the tested conditions, providing a well-
balanced trade-off between control precision, convergence speed, and computational efficiency. 
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