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ABSTRACT

This work presents a comparative analysis of the nonlinear time-
fractional Kuramoto–Sivashinsky (KS) equation under three fractional
derivative operators: Caputo, Caputo–Fabrizio, and Atangana–Baleanu
in the Caputo sense. The objective is to examine how these operator
definitions affect the qualitative behavior of the KS equation, partic-
ularly in terms of stability, damping, and wave propagation. For this
purpose, the Laplace–Adomian decomposition method (L-ADM) is
employed to construct semi-analytical series solutions expressed as
rapidly convergent expansions. A unified framework is developed to
apply L-ADM to all three fractional operators, supported by a rigorous
convergence, existence, and uniqueness analysis, ensuring the stability
and reliability of the obtained solutions. The comparison evaluates
absolute error, convergence rate, and computation time to assess both
accuracy and efficiency. Two numerical examples are presented for
fractional orders α on the solution behavior. The outcomes are further
compared with those of the new iterative transform method (NITM)
and the q-homotopy analysis transform method (q-HATM). The results
demonstrate distinct differences in solution behavior across the three
fractional derivatives, emphasizing the importance of operator selection
in fractional modeling.
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1. Introduction
Fractional calculus has emerged in recent decades as a powerful mathematical framework for

modeling systems with memory, nonlocal effects, and hereditary properties [1]–[5]. Unlike classical
calculus, which captures only instantaneous dynamics, fractional derivatives incorporate the influence
of past states into the formulation [6], [8]–[11]. This makes them particularly suitable for describing
phenomena such as anomalous diffusion, viscoelasticity, biological dynamics, fluid mechanics [12]–
[16]. As a result, fractional partial differential equations (FPDEs) have gained wide attention in applied
mathematics, physics, and engineering, biology, and many other sciences providing more accurate and
flexible models for complex processes [17]–[22].

Within this context, the Kuramoto-Sivashinsky (KS) equation stands out as one of the most sig-
nificant nonlinear models. Originally introduced in the late 1970s to describe flame front instabili-
ties [23], [24], it has since been applied in areas such as thin-film flows, reaction-diffusion systems,
turbulence, and crystal growth [25]–[28]. The equation is structurally simple compared to other non-
linear models, yet it exhibits remarkably rich dynamics, including traveling waves, chaos, and spa-
tiotemporal turbulence [29]–[33]. These properties make it an attractive benchmark for testing both
analytical and numerical methods [34]–[47].
The time-fractional form of the KS equation can be expressed as:

Dα
ϱ u(ζ, ϱ) + u(ζ, ϱ)Dζu(ζ, ϱ) + σDζζu(ζ, ϱ) + ηDζζζu(ζ, ϱ)

+µDζζζζu(ζ, ϱ) = 0, ζ ∈ R, ϱ ∈ [0, T ], α ∈ (0, 1],
(1)

Where σ, η and µ are constants, and Dα represents a fractional derivative operator of order α.
Several fractional derivatives have been proposed in the literature, each with distinct mathemati-

cal features and physical interpretations. The Caputo derivative is the most commonly used, as it aligns
naturally with traditional initial conditions [48], [49]. The Caputo-Fabrizio derivative eliminates the
singular kernel by introducing an exponential kernel, providing smoother solutions and improved nu-
merical stability [50], [51]. The Atangana-Baleanu derivative in the Caputo sense employs a Mittag-
Leffler kernel, offering a more general description of memory effects in a nonlocal and nonsingular
form [52], [53]. A comparative study of these operators within the same nonlinear model is therefore
essential to understand their impact on solution stability, damping, and wave propagation [54]–[56].

The KS equation provides an ideal testbed for fractional derivatives for several reasons. First,
its compact structure makes it analytically tractable while still reflecting nonlinear interactions. Sec-
ond, its ability to generate complex behaviors such as chaos, pattern formation, and spatiotemporal
structures offers a natural setting to investigate how different fractional operators influence solution
dynamics. Third, because the KS equation is widely applied in fields such as flame propagation, fluid
dynamics, and turbulence, extending it into the fractional domain enables deeper insights into the role
of memory and nonlocality in real physical systems [57], [59].

Various semi-analytical methods have been proposed to solve FPDEs, including the natural de-
composition method (NTDM) [60], and the q-homotopy analysis transform method (q-HATM) [61].
Although effective in certain cases, these methods often suffer from slow convergence or reliance on
auxiliary parameters that can be difficult to optimize.

In contrast, the Laplace-Adomian Decomposition Method (L-ADM) combines the strengths of
the Laplace transform in handling initial conditions with the flexibility of Adomian polynomials in
treating nonlinear terms [62]–[65]. This hybrid structure enables the construction of rapidly conver-
gent series solutions without requiring linearization, discretization, or perturbation.

Moreover, the unified framework of L-ADM allows its systematic application to different frac-
tional operators, making it an optimal choice for conducting a comparative study across multiple def-
initions of fractional derivatives [66]. However, despite the growing interest in fractional-order mod-
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eling, there remains a lack of direct comparative studies on the influence of different fractional deriva-
tives on nonlinear systems, particularly the KS equation, which serves as a benchmark for analyzing
instability and pattern formation in complex dynamical processes.
Based on these considerations, the main contributions of this work can be summarized as follows:
• Development of a unified L-ADM framework for solving the fractional KS equation under three

different derivative definitions.
• A comparative analysis of the Caputo, Caputo-Fabrizio, and Atangana-Baleanu (Caputo sense)

derivatives, highlighting their influence on solution stability and dynamical behavior.
• Existence, uniqueness, and convergence analysis based on the Banach fixed point theorem, en-

suring the stability and reliability of the proposed solutions.
• Numerical examples that demonstrate the effectiveness of the method, including a comparative

study of the three derivatives in terms of their impact on solution behaviors, alongside bench-
marking against NITM and q-HATM to highlight the efficiency and accuracy of L-ADM.
The remainder of this paper is organized as follows. Section 2 presents the essential preliminaries

and definitions of the fractional derivatives used in this study. Section 3 describes the unified formu-
lation of the L-ADM. Section 4 provides the existence, uniqueness, and convergence analysis of the
L-ADM.

When applied to the fractional KS equation. Section 5 presents two numerical applications of
the fractional KS equation and provides comparative analyses of the three fractional derivatives using
tables and graphical results. Finally, Section 6 concludes the paper by summarizing the key findings
and suggesting directions for future research.

2. Key Principles
This section presents the fundamental concepts of the L-ADM and its application to FPDEs.

We begin by introducing the Laplace transform (LT) and its inverse. Subsequently, we examine the
definitions and properties of time-fractional derivatives, including the Caputo, Caputo–Fabrizio, and
Atangana–Baleanu derivatives in the Caputo sense.

2.1. The Laplace Transform
Definition 1 [66] Assume that u is a piecewise continuous (PC) function on J × [0;∞) (J is an
interval), and of exponential order λ, then the LT of u(ζ, ϱ) is defined as follows:

U(ζ, s) = L [u(ζ, ϱ)] =

∫ +∞

0
e−stu(ζ, ϱ)dϱ, s > λ,

and the inverse LT of U(ζ, s) is defined as:

u(ζ, ϱ) = L−1 [U(ζ, s)] =
∫ l+i∞

l−i∞
esϱU(ζ, s)ds, l = Re(s) > l0,

l0 is sits in the region of the right half-plane where the integral converges.

2.2. The Time-Fractional Caputo Derivative
Definition 2 [66] For a function u, the time-fractional Caputo derivative of orderα (α > 0) is defined
as follows:

CDα
ϱ u(ζ, ϱ) =

dαu(ζ, ϱ)

dϱα
=

{
In−α
ϱ (dnϱu(ζ, ϱ)), n− 1 < α < n,

dnϱu(ζ, ϱ), α = n ∈ N.
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Wheren = [α]+1 ([α] is the integer part ofα), ϱ ≥ 0 , ζ ∈ J , dnϱ =
dn

dϱn
, and Iβ

ϱ is the time-fractional
Riemann-Liouville integral of order β that given by:

Iβ
ϱ u(ζ, ϱ) =

{
1

Γ(β)

∫ ϱ
0 (ϱ− τ)β−1u(ζ, τ)dτ, β > 0, 0 ≤ τ < ϱ,

u(ζ, ϱ), β = 0.

Propertie 1 [66] Assuming that u is a PC function of exponential order λ, the LT of the time-
fractional Caputo derivative is given by the following formula:

L
[
CDα

ϱ u(ζ, ϱ)
]
= sαU(ζ, s)− sα−1u(ζ, 0), 0 < α ≤ 1. (2)

2.3. The Time-Fractional Caputo–Fabrizio Derivative
Definition 3 [66] For a function u, the time-fractional Caputo–Fabrizio derivative of order α is de-
fined as follows:

CFDα
ϱ u(ζ, ϱ) =

S (α)

1− α

∫ ϱ

0

du(ζ, τ)

dτ
e−

α
1−α

(ϱ−τ)dτ, ϱ > 0, 0 < α ≤ 1,

Where S represents a normalization function that satisfies S (α) = (1 − α) +
α

Γ(α)
with S (0) =

S (1) = 1.

Propertie 2 [66] Assuming that u is a PC function of exponential order λ, the LT of the time-
fractional Caputo–Fabrizio derivative is given by the following formula:

L
[
CFDα

ϱ u(ζ, ϱ)
]
= S (α)

s U(ζ, s)− u(ζ, 0)

s+ (1− s)α
, 0 < α ≤ 1. (3)

2.4. The Time-Fractional Atangana–Baleanu Derivative in the Caputo Sense
Definition 4 The following series represents the Mittag–Leffler function:

Eα(z) =

∞∑
j=0

zj

Γ(αj + 1)
,

Where α > 0, z ∈ C, and Γ(.) is the Gamma function.

Definition 5 [66] For a function u, the time-fractional Atangana–Baleanu derivative in the Caputo
sense of order α is defined as follows:

ABCDα
ϱ u(ζ, ϱ) =

S (α)

1− α

∫ ϱ

0

du(ζ, τ)

dτ
Eα(−

α

1− α
(ϱ− τ)α)dτ, ϱ > 0, 0 < α ≤ 1.

Propertie 3 [66] Assuming that u is a PC function of exponential order λ, the LT of the time-
fractional Atangana–Baleanu derivative in the Caputo sense is given by the following formula:

L
[
ABCDα

ϱ u(ζ, ϱ)
]
= S (α)

sα U(ζ, s)− sα−1u(ζ, 0)

α+ (1− α)sα
, 0 < α ≤ 1. (4)
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3. Laplace–Adomian Decomposition Method: Procedural Framework
This section delineates the algorithmic framework of L-ADM, illustrating its application to the

general form of nonlinear time-FPDEs and utilizing several types of fractional derivatives, including
Caputo, Caputo–Fabrizio, and Atangana–Baleanu in the Caputo sense.
We consider the general nonlinear time-FPDE of the form:

Dα
ϱ u(ζ, ϱ) + L [u(ζ, ϱ)] + N [u(ζ, ϱ)] = f(ζ, ϱ), (5)

under the initial condition:
u(ζ, 0) = u0(ζ), (6)

WhereDα
ϱ denotes the time-fractional derivative (in the sense of Caputo, Caputo-Fabrizio, or Atangana–

Baleanu-Caputo), L is a linear operator, N a nonlinear operator, and f a given source function.
To solve the initial value problem (IVP) (5)-(6) using the L-ADM, the following steps are per-

formed:
Step 1. Applying the LT to both sides of equation (5) gives:

L
[
Dα

ϱ u(ζ, ϱ)
]
= L[f(ζ, ϱ)− L [u(ζ, ϱ)]− N [u(ζ, ϱ)]] .

Depending on the type of fractional derivative, the LT of Dα
ϱ u takes a different form, summarized in

the following table, where U(ζ, s) = L [u(ζ, ϱ)] shown in Table 1:

Table 1. Laplace transforms of different fractional derivatives

Fractional Derivative LT expression (L
[
Dα

ϱ u(ζ, ϱ)
]
)

Caputo sαU(ζ, s)− sα−1u(ζ, 0)

Caputo-Fabrizio S (α)(s U(ζ, s)− u(ζ, 0))

s+ α(1− s)

Atangana-Baleanu (Caputo sense) S (α)(sαU(ζ, s)− sα−1u(ζ, 0))

sα + α(1− sα)

Step 2. After isolating U(ζ, s), we obtain the following equation:

U(ζ, s) = u0(ζ)

s
+ F(s) · L[f(ζ, ϱ)− L [u(ζ, ϱ)]− N [u(ζ, ϱ)]] , (7)

Where F(s) is an auxiliary expression depending on the type of derivative. Its form is summarized
as follows shown in Table 2:

Table 2. Auxiliary functions F(s) for different fractional derivative definitions

Fractional Derivative Auxiliary Function F(s)

Caputo 1

sα

Caputo-Fabrizio α+ s(1− α)

s.S (α)

Atangana-Baleanu (Caputo sense) α+ sα(1− α)

sαS (α)

Step 3. Taking the inverse LT of equation (7), we obtain:

u(ζ, ϱ) = u0(ζ) + L−1[F(s) · L[f(ζ, ϱ)]]− L−1[F(s) · L[L [u(ζ, ϱ)] + N [u(ζ, ϱ)]]] . (8)

Step 4. The solution is expressed as an infinite series:

u(ζ, ϱ) =

∞∑
n=0

un(ζ, ϱ), (9)
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while the nonlinear operator is decomposed into Adomian polynomials:

N [u(ζ, ϱ)] =
∞∑
n=0

An(ζ, ϱ), (10)

with,

An(ζ, ϱ) = An(u0(ζ, ϱ), u1(ζ, ϱ), . . . , un(ζ, ϱ)) =
1

n!

dn

dχn
N

(
n∑

k=0

χkuk(ζ, ϱ)

)∣∣∣∣∣
χ=0

.

Step 5. Inserting equations (10) and (9) into equation (8) gives:

∞∑
n=0

un(ζ, ϱ) = G(ζ, ϱ)− L−1

[
F(s) · L

[
L

[ ∞∑
n=0

un(ζ, ϱ)

]
+

∞∑
n=0

An(ζ, ϱ)

]]
, (11)

Where:
G(ζ, ϱ) = u0(ζ) + L−1[F(s) · L[f(ζ, ϱ)]] .

Step 6. The following result can be obtained by comparing the two sides of equation (11):u0(ζ, ϱ) = G(ζ, ϱ),

un+1(ζ, ϱ) = −L−1 [F(s) · L [L [un(ζ, ϱ)] + An(ζ, ϱ)]] , n ≥ 0.
(12)

Step 7. Finally, we find the L-ADM solution to the+ IVP (5)-(6) by calculating the terms u0(ζ, ϱ),
u1(ζ, ϱ), u2(ζ, ϱ), ... of the recurrence sequence (12) and using relation (9).

Remark 1 The L-ADM provides semi-analytical solutions, since each term un(ζ, ϱ) is derived ana-
lytically in a series form, while the complete solution is obtained by truncating the infinite series after
a finite number of terms, which introduces a numerical aspect. In this way, the method effectively
combines analytical formulation with numerical approximation.

For a clearer understanding of the proposed procedure, the above steps are summarized in the
following flowchart shown in Fig. 1:

4. Existence, Uniqueness, and Convergence Analysis
This section establishes the mathematical validity of the proposed approach by proving the exis-

tence, uniqueness, and convergence of the solution to the fractional KS equation. Using the Banach
fixed point theorem, it is shown that the L-ADM yields a unique and uniformly convergent solution
within a suitable Banach space.

Theorem 1 [existence and uniqueness] Let X = C(R × [0, T ]) be the Banach space of continuous
functions on R× [0, T ], equipped with the sup norm:

∥u∥ = sup
(ζ,ϱ)∈R×[0,T ]

|u(ζ, ϱ)|.

Define the operator H : X → X , through which the fractional KS equation can be written in
fixed point form:

u(ζ, ϱ) = Hu(ζ, ϱ),
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Fig. 1. Stepwise flowchart of the Laplace–Adomian decomposition method

Where,
Hu = u0 − L−1 [F(s) · L [σDζζu+ ηDζζζu+ µDζζζζu+ uDζu]] .

Here, F(s) denotes the auxiliary function associated with the chosen fractional derivative (see Ta-
ble 2).
Assume that:
1. The linear spatial operators and nonlinear term are Lipschitz continuous. That is, there exist

constants L2, L3, L4, LN > 0 such that, for all u, v ∈ X :

∥Dk
ζ u−Dk

ζ v∥ ≤ Lk∥u− v∥, k = 2, 3, 4,
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∥ uDζu− vDζv ∥ ≤ LN∥u− v∥.

2. Define;

L = sup
(
L2|σ|, L3|η|, L4|µ|, LN

)
, κ = L · L−1

[
F(s)

s

]
.

If 0 ≤ κ < 1, then the operator H is a contraction on X .
Under these assumptions, the operator H admits a unique fixed point u∗ ∈ X ; this fixed point is

the unique continuous solution of the fractional KS equation on R× [0, T ].

Proof. Let u and v be two functions in X . From the definition of the operator H, we have:

|Hu−Hv| =

∣∣∣∣∣∣
L−1
[
F(s) · L

[
σDζζu+ ηDζζζu+ µDζζζζu+ uDζu

]]
− L−1

[
F(s) · L

[
σDζζv+ ηDζζζv+ µDζζζζv+ vDζv

]]
∣∣∣∣∣∣

=

∣∣∣∣∣∣
σL−1

[
F(s) · L

[
Dζζu−Dζζv

]]
+ ηL−1

[
F(s) · L

[
Dζζζu−Dζζζv

]]
+ µL−1

[
F(s) · L

[
Dζζζζu−Dζζζζv

]]
+ L−1

[
F(s) · L

[
uDζu− vDζv

]]
∣∣∣∣∣∣

≤

 |σ| L−1
[
F(s) · L

[
|Dζζu−Dζζv|

]]
+ |η| L−1

[
F(s) · L

[
|Dζζζu−Dζζζv|

]]
+ |µ| L−1

[
F(s) · L

[
|Dζζζζu−Dζζζζv|

]]
+ L−1

[
F(s) · L

[
|uDζu− vDζv|

]]


Taking sup norms and using the Lipschitz bounds yields:

∥Hu−Hv∥ ≤

L2 |σ| L−1
[
F(s) · L

[
∥u− v∥

]]
+ L3 |η| L−1

[
F(s) · L

[
∥u− v∥

]]
+ L4 |µ| L−1

[
F(s) · L

[
∥u− v∥

]]
+ LNL−1

[
F(s) · L

[
∥u− v∥

]]


≤ L · L−1
[
F(s) · L

[
∥u− v∥

]]
≤ L · L−1

[
F(s)

s

]
∥u− v∥

≤ κ ∥u− v∥

Since 0 ≤ κ < 1 by assumption, the operator H satisfies the contraction property on X . There-
fore, by the Banach fixed point theorem, H possesses a unique fixed point u∗ ∈ X . This fixed point
corresponds to the unique continuous solution of the fractional KS equation on R × [0, T ]. Further-
more, the value of the contraction constant κ depends explicitly on the type of fractional derivative
employed through the auxiliary function F(s). The following Table summarizes the corresponding
expressions of κ shown in Table 3:

Table 3. Values of the contraction constant κ for different fractional derivatives

Fractional derivative Expression of κ
Caputo L tα

Γ(α+ 1)

Caputo–Fabrizio
L.
(
1 + α+ αt

)
S (α)

Atangana-Baleanu (Caputo sense)
L.
(
(1 + α)Γ(1 + α) + αtα

)
Γ(1 + α)S (α)
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Theorem 2 [convergence] Let the assumptions of the existence and uniqueness theorem hold. As-
sume that the operator H : X → X is a contraction mapping with a contraction constant κ. Then, the
sequence of partial sums:

Sn(ζ, ϱ) =
n∑

k=0

uk(ζ, ϱ),

Constructed by the L-ADM, forms a Cauchy sequence in the Banach space X . Consequently,
the L-ADM series converges uniformly to the unique fixed point u∗ ∈ X , which represents the exact
continuous solution of the fractional KS equation on R× [0, T ].

Proof. We first demonstrate that the sequence {Sn} forms a Cauchy sequence in the Banach space X .
The nonlinear operator uDζu can be decomposed into a series of Adomian polynomials as:

u(ζ, ϱ)Dζu(ζ, ϱ) =

∞∑
n=0

An(ζ, ϱ).

Now, we compute:

|Sn − Sq| =

∣∣∣∣∣∣
n∑

k=q+1

uk

∣∣∣∣∣∣
=

∣∣∣∣∣∣L−1

F(s) · L
[
σ

n∑
k=q+1

Dζζuk−1 + η
n∑

k=q+1

Dζζζuk−1 + µ
n∑

k=q+1

Dζζζζuk−1 +
n∑

k=q+1

Ak−1

]∣∣∣∣∣∣
=

∣∣∣∣∣∣L−1

F(s) · L
[
σDζζ

n−1∑
k=q

uk

+ ηDζζζ

n−1∑
k=q

uk

+ µDζζζζ

n−1∑
k=q

uk

+
n−1∑
k=q

Ak

]∣∣∣∣∣∣
=

∣∣∣∣∣∣
L−1
[
F(s) · L

[
σDζζ (Sn−1 − Sq−1) + ηDζζζ (Sn−1 − Sq−1) + µDζζζζ (Sn−1 − Sq−1)

+ (N (Sn−1)− N (Sq−1))
]]

∣∣∣∣∣∣

≤


|σ| L−1

[
F(s) · L

[
|DζζSn−1 −DζζSq−1|

]]
+ |η| L−1

[
F(s) · L

[
|DζζζSn−1 −DζζζSq−1|

]]
+ |µ| L−1

[
F(s) · L

[
|DζζζζSn−1 −DζζζζSq−1|

]]
+ L−1

[
F(s) · L

[∣∣Sn−1DζSn−1

− Sq−1DζSq−1

∣∣]]


Applying the sup norms and Lipschitz conditions, we get:

∥Sn − Sq∥ ≤

L2 |σ| L−1
[
F(s) · L

[
∥Sn−1 − Sq−1∥

]]
+ L3 |η| L−1

[
F(s) · L

[
∥Sn−1 − Sq−1∥

]]
+ L4 |µ| L−1

[
F(s) · L

[
∥Sn−1 − Sq−1∥

]]
+ LNL−1

[
F(s) · L

[
|Sn−1 − Sq−1|

]]


≤ L · L−1
[
F(s) · L

[
∥Sn−1 − Sq−1∥

]]
≤ L · L−1

[
F(s)

s

]
∥Sn−1 − Sq−1∥

≤ κ ∥Sn−1 − Sq−1∥ .
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Substituting n = q + 1 into the contraction inequality yields the following successive-difference
estimate:

∥Sq+1 − Sq∥ ≤ κ ∥Sq − Sq−1∥

≤ κ2 ∥Sq−1 − Sq−2∥

≤ κ3 ∥Sq−2 − Sq−3∥

...
≤ κq ∥S1 − S0∥ .

For arbitrary n > q, we write:

Sn − Sq =
n−1∑
k=q

(Sk+1 − Sk) .

Taking the sup norms and using the geometric bound yields:

∥Sn − Sq∥ ≤
n−1∑
k=q

∥Sk+1 − Sk∥ ≤
n−1∑
k=q

κ k ∥S1 − S0∥.

Letting n → ∞ and summing the geometric series gives:

∥Sn − Sq∥ ≤
∞∑
k=q

κ k ∥S1 − S0∥ =
κ q

1− κ
∥S1 − S0∥.

Because 0 ≤ κ < 1, the right-hand side of the inequality tends to zero as q → ∞. Consequently,
the sequence {Sn} is Cauchy in the complete Banach space X and therefore converges uniformly to
a limit u∗ ∈ X . Moreover, by the continuity of the operator H and the recursive construction of the
sequence, it follows that H(u∗) = u∗. Hence, u∗ represents the unique fixed point of H, and thus
corresponds to the unique continuous solution of the fractional KS equation on R × [0, T ]. As an
immediate corollary, the truncation (error) bound for the N -th partial sum follows:

∥u∗ − SN∥ ≤ κN

1− κ
∥S1 − S0∥.

Remark 2 The established uniqueness and convergence results imply the stability of the L-ADM
when applied to the fractional KS equation.

5. Numerical Implementation
This section investigates the numerical implementation of the L-ADM for solving the fractional

KS problem with different values of σ, η, and µ. Through these implementations, we examine the ef-
ficiency, accuracy, and convergence of L-ADM, as well as the influence of different fractional deriva-
tives — including Caputo, Caputo–Fabrizio, and Atangana–Baleanu (in the Caputo sense) — on the
behavior of the solution.

5.1. Application 1
We apply the L-ADM to fractional KS equation with the fixed parameters σ = 1, η = 0 and

µ = 1. With these values, the governing model is written in the form:

Dα
ϱ u(ζ, ϱ) + u(ζ, ϱ)Dζu(ζ, ϱ) +Dζζu(ζ, ϱ) +Dζζζζu(ζ, ϱ) = 0, (13)
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subject to the initial condition:

u(ζ, 0) = a1 +
15

19

√
11

19

(
−9 tanh[a2(ζ − a3)] + 11 tanh3[a2(ζ − a3)]

)
, (14)

Where a1, a2 and, a3 are constants. The exact analytical solution is known and takes the form: [60]:

u(ζ, ϱ) = a1 +
15

19

√
11

19

(
−9 tanh[a2(ζ − a1ϱ− a3)] + 11 tanh3[a2(ζ − a1ϱ− a3)]

)
.

Taking the LT to both sides of the equation (13) gives:

L
[
Dα

ϱ u(ζ, ϱ)
]
+ L [u(ζ, ϱ)Dζu(ζ, ϱ)] + L [Dζζu(ζ, ϱ)] + L [Dζζζζu(ζ, ϱ)] = 0.

Here, L
[
Dα

ϱ u(ζ, ϱ)
]

varies according to the definition of the fractional derivative, as shown in
Table 1. After isolating U(ζ, s) and performing the inverse LT, we obtain:

u(ζ, ϱ) = a1 +
15

19

√
11

19

(
−9 tanh[a2(ζ − a3)] + 11 tanh3[a2(ζ − a3)]

)
− L−1

[
F(s) · L

[
u(ζ, ϱ)Dζu(ζ, ϱ)

+Dζζu(ζ, ϱ) +Dζζζζu(ζ, ϱ)

]]
,

(15)
Where F(s) is an auxilary function that depends on the type of fractional derivative used and is given
in Table (2).
Now, considering the solution u(ζ, ϱ) as an infinite series representation, expressed as:

u(ζ, ϱ) =

∞∑
n=0

un(ζ, ϱ), (16)

And the nonlinear term in the equation, u(ζ, ϱ)Dζu(ζ, ϱ)), are expressed as an infinite series of
Adomian polynomials, defined as:

u(ζ, ϱ)Dζu(ζ, ϱ) =

∞∑
n=0

An(ζ, ϱ), (17)

Where:

An(ζ, ϱ) =
1

n!

dn

dχn

[(
n∑

k=0

χkuk(ζ, ϱ)

)
Dζ

(
n∑

k=0

χkuk(ζ, ϱ)

)]
χ=0

.

Inserting equations (16) and (17) into equation (15), we get:u0(ζ, ϱ) = a1 +
15

19

√
11

19

(
−9 tanh[a2(ζ − a3)] + 11 tanh3[a2(ζ − a3)]

)
un+1(ζ, ϱ) = −L−1 [F(s) · L [An [un(ζ, ϱ)] +Dζζun(ζ, ϱ) +Dζζζζun(ζ, ϱ)]]

By employing the Caputo derivative, the decomposition series begins with the following terms:

u0(ζ, ϱ) = a1 +
15

19

√
11

19

(
−9 tanh[a2(ζ − a3)] + 11 tanh3[a2(ζ − a3)]

)
.

u1(ζ, ϱ) =
2475 ϱα

(
−7 + 4 cosh

(√
11
19(25 + ζ)

))
sech4

(
1
2

√
11
19(25 + ζ)

)
722Γ(1 + α)

.

u2(ζ, ϱ) =
12375

√
11
19ϱ

2α
(
−9 + 2 cosh

(√
11
19(25 + ζ)

))
sech4

(
1
2

√
11
19(25 + ζ)

)
tanh

(
1
2

√
11
19(25 + ζ)

)
361Γ(1 + 2α)

.
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Hence, the L-ADMC solution to the IVP (13)–(14) takes the form:

u(ζ, ϱ) =
5 sech4

(
1
2

√
11
19(25 + ζ)

)
54872

(
37620ϱα

Γ(1 + α)

(
−7 + 4 cosh

(√
11

19
(25 + ζ)

))
−

19800
√
209ϱ2α sech

(
1
2

√
11
19(25 + ζ)

)
Γ(1 + 2α)(

−10 sinh

(
1

2

√
11

19
(25 + ζ)

)
+ sinh

(
3

2

√
11

19
(25 + ζ)

)))
− 2280

√
209 sinh

(√
11

19
(ζ + 25)

)
+ 20577

+ 114
√
209 sinh

(
2

√
11

19
(ζ + 25)

)
+ 27436 cosh

(√
11

19
(ζ + 25)

)
+ 6859 cosh

(
2

√
11

19
(ζ + 25)

)
+ . . .

For the case of the Caputo Fabrizio derivative, the first few terms of the decomposition series are
given by:

u0(ζ, ϱ) = a1 +
15

19

√
11

19

(
−9 tanh[a2(ζ − a3)] + 11 tanh3[a2(ζ − a3)]

)
.

u1(ζ, ϱ) = −−2475(α(ϱ− 1) + 1)

722
sech4

(
1

2

√
11

19
(ζ + 25)

)(
4 cosh

(√
11

19
(ζ + 25)

)
− 7

)
.

u2(ζ, ϱ) = −
(12375)

(
α2
(
ϱ2 − 4ϱ+ 2

)
+ 4α(ϱ− 1) + 2

)
722

√
11

19
sech5

(
1

2

√
11

19
(ζ + 25)

)(
sinh

(
3

2

√
11

19
(ζ + 25)

)
− 10 sinh

(
1

2

√
11

19
(ζ + 25)

))
.

Consequently, the L-ADMCF solution to the IVP (13)–(14) can be expressed as shown in Table 4
and Table 5:

u(ζ, ϱ) =
5

109744
sech5

(
1

2

√
11

19
(ζ + 25)

)(
− 19800

√
209α2ϱ2 sinh

(
3

2

√
11

19
(ζ + 25)

)
+ 198000

√
209α2ϱ2 sinh

(
1

2

√
11

19
(ζ + 25)

)

− 792000
√
209α2ϱ sinh

(
1

2

√
11

19
(ζ + 25)

)
+ 79200

√
209α2ϱ sinh

(
3

2

√
11

19
(ζ + 25)

)
− 79200

√
209αϱ sinh

(
3

2

√
11

19
(ζ + 25)

)

+ 792000
√
209αϱ sinh

(
1

2

√
11

19
(ζ + 25)

)
+ 190(1980α(ϱ− 1) + 2341) cosh

(
1

2

√
11

19
(ζ + 25)

)
− 95(1584α(ϱ− 1) + 1223)

× cosh

(
3

2

√
11

19
(ζ + 25)

)
− 39600

√
209α2 sinh

(
3

2

√
11

19
(ζ + 25)

)
+ 396000

√
209α2 sinh

(
1

2

√
11

19
(ζ + 25)

)
− 792000

√
209α

× sinh

(
1

2

√
11

19
(ζ + 25)

)
+ 79200

√
209α sinh

(
3

2

√
11

19
(ζ + 25)

)
− 41766

√
209 sinh

(
3

2

√
11

19
(ζ + 25)

)
+ 393720

√
209

× sinh

(
1

2

√
11

19
(ζ + 25)

)
+ 114

√
209 sinh

(
5

2

√
11

19
(ζ + 25)

)
+ 6859 cosh

(
5

2

√
11

19
(ζ + 25)

))
+ . . .

The decomposition associated with the Atangana–Baleanu derivative in the Caputo sense yields
the following terms:

u0(ζ, ϱ) = a1 +
15

19

√
11

19

(
−9 tanh[a2(ζ − a3)] + 11 tanh3[a2(ζ − a3)]

)
.

u1(ζ, ϱ) =
2475 (αϱα − (α− 1)Γ(α+ 1))

722Γ(α+ 1)
sech4

(
1

2

√
11

19
(ζ + 25)

)(
4 cosh

(√
11

19
(ζ + 25)

)
− 7

)
.

u2(ζ, ϱ) = −
12375

(
Γ(α+ 1)

(
(α− 1)2Γ(2α+ 1) + α2ϱ2α

)
− 2(α− 1)αΓ(2α+ 1)ϱα

)
361Γ(α+ 1)Γ(2α+ 1)

sech5
(
1

2

√
11

19
(ζ + 25)

)
×
√

11

19

(
sinh

(
3

2

√
11

19
(ζ + 25)

)
− 10 sinh

(
1

2

√
11

19
(ζ + 25)

))
.

Therfore, the corresponding L-ADMABC solution to the IVP (13)-(14) is given by:

u(ζ, ϱ) =
5

109744Γ(α+ 1)Γ(2α+ 1)
sech5

(
1

2

√
11

19
(ζ + 25)

)(
Γ(2α+ 1)

(
3960αϱα

(
20
√
209(α− 1)

(
sinh

(
3

2

√
11

19
(ζ + 25)

)

− 10 sinh

(
1

2

√
11

19
(ζ + 25)

))
+ 95 cosh

(
1

2

√
11

19
(ζ + 25)

)
− 38 cosh

(
3

2

√
11

19
(ζ + 25)

))
+ Γ(α+ 1)

(
− 39600

√
209α2

× sinh

(
3

2

√
11

19
(ζ + 25)

)
+ 396000

√
209α2 sinh

(
1

2

√
11

19
(ζ + 25)

)
− 792000

√
209α sinh

(
1

2

√
11

19
(ζ + 25)

)
+ 79200

√
209α

× sinh

(
3

2

√
11

19
(ζ + 25)

)
− 190(1980α− 2341) cosh

(
1

2

√
11

19
(ζ + 25)

)
+ 95(1584α− 1223) cosh

(
3

2

√
11

19
(ζ + 25)

)
− 41766

√
209

× sinh

(
3

2

√
11

19
(ζ + 25)

)
+ 393720

√
209 sinh

(
1

2

√
11

19
(ζ + 25)

)
+ 114

√
209 sinh

(
5

2

√
11

19
(ζ + 25)

)
+ 6859 cosh

(
5

2

√
11

19
(ζ + 25)

)))

− 39600
√
209α2Γ(α+ 1)ϱ2α

(
sinh

(
3

2

√
11

19
(ζ + 25)

)
− 10 sinh

(
1

2

√
11

19
(ζ + 25)

)))
+ . . .
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Fig. 2, Fig. 3, Fig. 4 and Table 4, Table 5 present the numerical and graphical results of Applica-
tion 1 for different values of the fractional order α. Fig. 2 shows a close agreement between the exact
and approximate solutions obtained from the three variants of the L-ADM.

(a) (b)

(c) (d)

Fig. 2. 2D plots of the exact and third-order approximate solutions obtained by L-ADMC , L-ADMCF , and
L-ADMABC for Application 1 at various fractional orders α, with 15 ≤ ζ ≤ 40 and ϱ = 0.4, where a1 = 3

2 ,
a2 =

√
11

2
√
19

, and a3 = 25

As α decreases from 1 toward fractional values, the wave amplitude becomes smaller and the
solution profile smoother, revealing the memory-induced damping typical of fractional-order systems.
This attenuation indicates that smaller α values enhance diffusion and slow down temporal evolution.
Among the three fractional derivatives, the Caputo produces the most regular and stable waveforms,
followed by Caputo-Fabrizio, while Atangana-Baleanu (Caputo sense) exhibits the most pronounced
flattening of the peaks.

This ordering corresponds to the strength and nature of their memory kernels: the singular power-
law kernel of Caputo better preserves local dynamics, whereas the exponential (CF) and Mittag-Leffler
(ABC) kernels introduce stronger smoothing and long-range diffusion. The 3D surfaces in Fig. 3
further confirm these observations. For all values of α, the approximate surfaces generated by the
three L-ADM formulations almost coincide with the exact analytical surface, demonstrating the high
precision of the method.

When α is reduced, the surface amplitude decreases and the surface changes more smoothly over
time, showing the stronger damping effect of the fractional order. The Caputo variant again provides
the most coherent and physically realistic surface, with smooth transitions and minimal deviation from
the exact one. The Caputo-Fabrizio and Atangana-Baleanu (Caputo sense) forms yield slightly more
diffusive and flattened surfaces because their non-singular kernels reduce the short-term memory ef-
fect.

Overall, variation of α controls the degree of wave damping and smoothness: higher α values
retain sharper oscillations, while lowerα values lead to stable, diffusive wave patterns. Fig. 4 illustrates
the absolute error distribution across the spatial domain.
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(a) Exact(α = 1) (b) C(α = 0.6) (c) CF(α = 0.6) (d) ABC(α = 0.6)

(e) Exact(α = 1) (f) C(α = 0.75) (g) CF(α = 0.75) (h) ABC(α = 0.75)

(i) Exact(α = 1) (j) C(α = 0.9) (k) CF(α = 0.9) (l) ABC(α = 0.9)

(m) Exact(α = 1) (n) C(α = 1) (o) CF(α = 1) (p) ABC(α = 1)

Fig. 3. 3D plots of the exact and third-order approximate solutions obtained by L-ADMC , L-ADMCF , and
L-ADMABC Solutions for Application 1 at Different values of α, with 10 ≤ ζ ≤ 40 and 0 ≤ ρ ≤ 0.5, where

a1 =
3

2
, a2 =

√
11

2
√
19

, and a3 = 25

(a) (b)

(c)

Fig. 4. 2D graphs of the absolute errors of the third-order approximations for L-ADMC , L-ADMCF , and
L-ADMABC in Application 1, at different values of α, for 0 ≤ ζ ≤ 8, and with ϱ = 0.1, where a1 = 5,

a2 =
√
11

2
√
19

, and a3 = −25
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The errors remain extremely small in all cases, confirming the numerical stability and rapid con-
vergence of L-ADM. A slight increase in error with decreasing α is observed, reflecting the grow-
ing non-locality of the fractional operator. Quantitatively, the Caputo derivative produces the small-
est overall errors, while the Caputo-Fabrizio and Atangana-Baleanu (Caputo sense) derivatives show
slightly higher but smoother error profiles—consistent with their more diffusive nature. These re-
sults demonstrate that all three versions of L-ADM are robust, but the Caputo definition provides the
highest accuracy.

Table 4 reports a quantitative comparison of the approximations for the three L-ADM variants and
the new transform decomposition method (NTDM) [60]. Across all fractional orders, L-ADM yields
considerably smaller absolute errors than NTDM, confirming its superior convergence and compu-
tational efficiency. Again, the Caputo formulation achieves the highest precision, while the Caputo-
Fabrizio and Atangana-Baleanu (Caputo sense) versions maintain good accuracy with smoother nu-
merical behavior. These results confirm that the singular kernel of Caputo enhances local accuracy,
whereas the exponential and Mittag-Leffler kernels trade accuracy for smoothness.

Table 5 extends the comparison to include the q-HATM approach. For all α values, the errors
of L-ADM remain on the order of 10−7 or smaller, which demonstrates rapid series convergence and
high numerical efficiency. Although the absolute error slightly increases as α decreases, the method
preserves excellent precision in every case. The results show that the L-ADM in the Caputo sense
offers the best accuracy, while Caputo-Fabrizio and Atangana-Baleanu (Caputo sense) still provide
smooth and stable approximations. In addition, L-ADM outperforms NTDM and q-HATM in both
accuracy and computational simplicity, showing its advantage for nonlinear fractional problems.

5.2. Application 2
Now, we focus on the fractional KS equation, subject to σ = 1, η = 4 and µ = 1, given by:

Dα
ϱ u(ζ, ϱ) + u(ζ, ϱ)Dζu(ζ, ϱ) +Dζζu(ζ, ϱ) + 4Dζζζu(ζ, ϱ) +Dζζζζu(ζ, ϱ) = 0, (18)

under the initial condition:

u(ζ, 0) = a1 + 9− 15
(
tanh[a2(ζ − a3)] + tanh2[a2(ζ − a3)]− tanh3[a2(ζ − a3)]

)
. (19)

The exact solution of the given IVP is expressed as follows [60]:

u(ζ, ϱ) = a1 + 9− 15
(
tanh[a2(ζ − a1ϱ− a3)] + tanh2[a2(ζ − a1ϱ− a3)]− tanh3[a2(ζ − a1ϱ− a3)]

)
.

By applying the LT to both sides of the equation (18), we obtain:

L
[
Dα

ϱ u(ζ, ϱ)
]
+ L [u(ζ, ϱ)Dζu(ζ, ϱ)] + L [Dζζu(ζ, ϱ)] + 4L [Dζζζu(ζ, ϱ)] + L [Dζζζζu(ζ, ϱ)] = 0

Employing the LT identities associated with the different definitions of the fractional derivatives
(see Table (1)), and after rearranging the expression to isolate U(ζ, s) and performing the inverse LT,
we arrive at:

u(ζ, ϱ) = a1 + 9− 15
(
tanh[a2(ζ − a3)] + tanh2[a2(ζ − a3)]− tanh3[a2(ζ − a3)]

)
− L−1

[
F(s) · L

[
u(ζ, ϱ)Dζu(ζ, ϱ) +Dζζu(ζ, ϱ) + 4Dζζζu(ζ, ϱ) +Dζζζζu(ζ, ϱ)

]]
,

(20)

Here, F(s) depends on the chosen definition of the fractional derivative (see Table 2).
Now, considering the solution u(ζ, ϱ) as an infinite series representation, expressed as:

u(ζ, ϱ) =

∞∑
n=0

un(ζ, ϱ), (21)
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and the nonlinear term in the equation, u(ζ, ϱ)Dζu(ζ, ϱ)), are expressed as an infinite series of
Adomian polynomials, defined as:

u(ζ, ϱ)Dζu(ζ, ϱ) =

∞∑
n=0

An(ζ, ϱ), (22)

Where:

An(ζ, ϱ) =
1

n!

dn

dχn

[(
n∑

k=0

χkuk(ζ, ϱ)

)
Dζ

(
n∑

k=0

χkuk(ζ, ϱ)

)]
χ=0

.

Inserting equations (21) and (22) in equation (20) , we get:{
u0(ζ, ϱ) = a1 + 9− 15

(
tanh[a2(x− a3)] + tanh2[a2(x− a3)]− tanh3[a2(x− a3)]

)
un+1(x, ϱ) = −L−1 [F(s) · L [An [un(ζ, ϱ)] +Dζζun(ζ, ϱ) + 4Dζζζun(ζ, ϱ) +Dζζζζun(ζ, ϱ)]]

(23)
For the Caputo derivative, the first terms of the recurrence sequence are:

u0(ζ, ϱ) = a1 + 9− 15
(
tanh[a2(ζ − a3)] + tanh2[a2(ζ − a3)]− tanh3[a2(ζ − a3)]

)
.

u1(ζ, ϱ) =
360e13ϱα

(
cosh

(
ζ
2

)
− sinh

(
ζ
2

))
Γ(α+ 1)

(
(e13 − 1) sinh

(
ζ
2

)
+ (1 + e13) cosh

(
ζ
2

))4 ((1 + 2e13
)

sinh
(
ζ

2

)
+
(
2e13 − 1

)
cosh

(
ζ

2

))
.

u2(ζ, ϱ) =
1080e13ϱ2α

(
cosh

(
ζ
2

)
− sinh

(
ζ
2

))
Γ(2α+ 1)

(
(e13 − 1) sinh

(
ζ
2

)
+ (1 + e13) cosh

(
ζ
2

))5 ((4e26 − 1
)

sinh(ζ) +
(
1 + 4e26

)
cosh(ζ)− 7e13

)
.

Hence, the L-ADMC solution corresponding to the IVP (18)-(19) can be written as:

u(ζ, ϱ) =
3

Γ(α+ 1)Γ(2α+ 1)
(
(e13 − 1) sinh

(
ζ
2

)
+ (1 + e13) cosh

(
ζ
2

))5(120e13Γ(2α+ 1)ϱα
(

cosh
(
ζ

2

)
− sinh

(
ζ

2

))(
2e26 sinh(ζ)

+ sinh(ζ) +
(
2e26 − 1

)
cosh(ζ) + e13

)
− Γ(α+ 1)

(
Γ(2α+ 1)

((
e13 − 1

)
sinh

(
ζ

2

)
+
(
1 + e13

)
cosh

(
ζ

2

))2(
e13
(
3e13 − 37

)
× cosh

(
ζ

2

)
+
(
1 + e39

)
cosh

(
3ζ

2

)
+ sinh

(
ζ

2

)(
2
(
e39 − 1

)
cosh(ζ) + e39 + 3e26 + 37e13 − 1

))
− 360e13t2α

(
cosh

(
ζ

2

)
− sinh

(
ζ

2

))((
4e26 − 1

)
sinh(ζ) +

(
1 + 4e26

)
cosh(ζ)− 7e13

)))
+ . . .

Proceeding with the Caputo–Fabrizio derivative, the initial terms of the recurrence sequence are
expressed as:
u0(ζ, ϱ) = a1 + 9− 15

(
tanh[a2(ζ − a3)] + tanh2[a2(ζ − a3)]− tanh3[a2(ζ − a3)]

)
.

u1(ζ, ϱ) =
360e13(α(ϱ− 1) + 1)(

(e13 − 1) sinh
(
ζ
2

)
+ (1 + e13) cosh

(
ζ
2

))4 (cosh
(
ζ

2

)
− sinh

(
ζ

2

))((
1 + 2e13

)
sinh

(
ζ

2

)
+
(
2e13 − 1

)
cosh

(
ζ

2

))
.

u2(ζ, ϱ) =
540e13

(
α2
(
ϱ2 − 4ϱ+ 2

)
+ 4α(ϱ− 1) + 2

)(
(e13 − 1) sinh

(
ζ
2

)
+ (1 + e13) cosh

(
ζ
2

))5 (cosh
(
ζ

2

)
− sinh

(
ζ

2

))((
4e26 − 1

)
sinh(ζ) +

(
1 + 4e26

)
cosh(ζ)− 7e13

)
.

Therfore, the L-ADMCF solution to the IVP (18)-(19) is expressed as follows:

u(ζ, ϱ) = − 3(
(e13 − 1) sinh

(
ζ
2

)
+ (1 + e13) cosh

(
ζ
2

))5(− 720e39α2ϱ2 sinh
(
ζ

2

)
− 1260e26α2ϱ2 sinh

(
ζ

2

)
+ 180e13α2ϱ2 sinh

(
3ζ

2

)

− 10e26
(
−126α2

(
ϱ2 − 4t+ 2

)
+ 3e13

(
24α2

(
ϱ2 − 4ϱ+ 2

)
+ 104α(ϱ− 1) + 57

)
− 492α(ϱ− 1)− 233

)
cosh

(
ζ

2

)
+ 5e13

×
(
−36α2

(
ϱ2 − 4ϱ+ 2

)
− 120α(ϱ− 1) + e39 − 55

)
cosh

(
3ζ

2

)
+ 2880e39α2ϱ sinh

(
ζ

2

)
+ 5040e26α2ϱ sinh

(
ζ

2

)
− 720e13α2ϱ sinh

(
3ζ

2

)
− 3120e39αϱ sinh

(
ζ

2

)
− 4920e26αϱ sinh

(
ζ

2

)
+ 600e13αϱ sinh

(
3ζ

2

)
− 1440e39α2 sinh

(
ζ

2

)
− 2520e26α2 sinh

(
ζ

2

)
+ 360e13α2 sinh

(
3ζ

2

)
+ 3120e39α sinh

(
ζ

2

)
+ 4920e26α sinh

(
ζ

2

)
− 600e13α sinh

(
3ζ

2

)
− 1710e39 sinh

(
ζ

2

)
− 2330e26 sinh

(
ζ

2

)
+ 5e52 sinh

(
3ζ

2

)
+ 275e13 sinh

(
3ζ

2

)
+ e65 sinh

(
5ζ

2

)
− sinh

(
5ζ

2

)
+ e65 cosh

(
5ζ

2

)
+ cosh

(
5ζ

2

))
+ . . .
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For the Atangana–Baleanu derivative in the Caputo sense, the decomposition sequence yields shown
in Table 6 and Table 7:

u0(ζ, ϱ) = a1 + 9− 15
(
tanh[a2(ζ − a3)] + tanh2[a2(ζ − a3)]− tanh3[a2(ζ − a3)]

)
u1(ζ, ϱ) =

360e13 (αϱα − (α− 1)Γ(α+ 1))

Γ(α+ 1)
(
(e13 − 1) sinh

(
ζ
2

)
+ (1 + e13) cosh

(
ζ
2

))4 (cosh
(
ζ

2

)
− sinh

(
ζ

2

))((
1 + 2e13

)
sinh

(
ζ

2

)

+
(
2e13 − 1

)
cosh

(
ζ

2

))
u2(ζ, ϱ) =

1080e13
(
Γ(α+ 1)

(
(α− 1)2Γ(2α+ 1) + α2ϱ2α

)
− 2(α− 1)αΓ(2α+ 1)ϱα

)
Γ(α+ 1)Γ(2α+ 1)

(
(e13 − 1) sinh

(
ζ
2

)
+ (1 + e13) cosh

(
ζ
2

))5 (
cosh

(
ζ

2

)
− sinh

(
ζ

2

))

×
((

4e26 − 1
)

sinh(ζ) +
(
1 + 4e26

)
cosh(ζ)− 7e13

)
Accordingly, the L-ADMABC solution to the IVP (18)-(19) takes the form shown in Fig. 5:

u(ζ, ϱ) = − 3

Γ(α+ 1)Γ(2α+ 1)
(
(e13 − 1) sinh

(
ζ
2

)
+ (1 + e13) cosh

(
ζ
2

))5(Γ(α+ 1)

(
Γ(2α+ 1)

(
− 1440e39α2 sinh

(
ζ

2

)
− 2520e26α2

sinh
(
ζ

2

)
+ 360e13α2 × sinh

(
3ζ

2

)
− 10e26

(
−252α2 + 3e13

(
48α2 − 104α+ 57

)
+ 492α− 233

)
cosh

(
ζ

2

)
+ 5e13

(
− 72α2 + 120α

+ e39 − 55

)
cosh

(
3ζ

2

)
+ 3120e39α sinh

(
ζ

2

)
+ 4920e26α sinh

(
ζ

2

)
− 600e13α sinh

(
3ζ

2

)
− 1710e39 sinh

(
ζ

2

)
− 2330e26 sinh

(
ζ

2

)
+ 5e52 sinh

(
3ζ

2

)
+ 275e13 sinh

(
3ζ

2

)
+ e65 sinh

(
5ζ

2

)
− sinh

(
5ζ

2

)
+ e65 cosh

(
5ζ

2

)
+ cosh

(
5ζ

2

))
− 360e13α2ϱ2α

(
cosh

(
ζ

2

)
− sinh

(
ζ

2

))((
4e26 − 1

)
sinh(ζ) +

(
1 + 4e26

)
cosh(ζ)− 7e13

))
+ 120e13αΓ(2α+ 1)tα

(
cosh

(
ζ

2

)
− sinh

(
ζ

2

))(
e13(41− 42α)

+
(
−6α+ e26(24α− 26) + 5

)
sinh(ζ) +

(
6α+ e26(24α− 26)− 5

)
cosh(ζ)

))
+ . . .

(a) (b)

(c) (d)

Fig. 5. 2D graphs of the exact third order approximate solutions and L-ADMC , L-ADMCF , and L-ADMABC

solutions for Application 2 at different values of α, with −6 ≤ ζ ≤ 6, and for ϱ = 0.4, where a1 = 1, a2 = 1
2 ,

and a3 = 1
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Fig. 5, Fig. 6, Fig. 7 and Table 6 and Table 7 display the numerical and graphical outcomes of
Application 2 for different fractional orders α. Fig. 5 presents the 2D plots of the exact and approx-
imate solutions obtained by the three L-ADM formulations. The curves reveal that the approximate
solutions match closely with the exact one for all values of α.

(a) Exact(α = 1) (b) C(α = 0.6) (c) CF(α = 0.6) (d) ABC(α = 0.6)

(e) Exact(α = 1) (f) C(α = 0.75) (g) CF(α = 0.75) (h) ABC(α = 0.75)

(i) Exact(α = 1) (j) C(α = 0.9) (k) CF(α = 0.9) (l) ABC(α = 0.9)

(m) Exact(α = 1) (n) C(α = 1) (o) CF(α = 1) (p) ABC(α = 1)

Fig. 6. 3D plots of the exact and third-order approximate solutions obtained by L-ADMC , L-ADMCF , and
L-ADMABC in Application 2 at Different values of α, with −8 ≤ ζ ≤ 8, and 0 ≤ ϱ ≤ 0.5, where a1 = 1,

a2 = 1
2 , and a3 = 1

As α decreases, the wave amplitude becomes smaller and the oscillations are more damped, il-
lustrating the strong memory and diffusion effects introduced by the fractional derivatives. The Ca-
puto formulation exhibits the most accurate and smooth profile, while Caputo-Fabrizio shows slightly
slower variations, and Atangana–Baleanu (Caputo sense) gives the flattest and most diffusive wave
behavior.

This trend highlights that the singular kernel of Caputo retains sharper local dynamics, whereas
the non-singular kernels of Caputo-Fabrizio and Atangana-Baleanu (Caputo sense) spread the influ-
ence of past states more evenly, resulting in smoother wave shapes. Overall, the decrease in α controls
the rate of damping and diffusion in the wave propagation process.

Fig. 6 shows the 3D surfaces of the exact and approximate solutions of L-ADM. The surfaces
obtained by all three L-ADM variants are in very close agreement with the exact analytical solu-
tion, confirming the robustness and reliability of the proposed approach. When α is reduced, the
surface peaks become flatter and smoother, demonstrating the enhanced diffusion and energy dissipa-
tion caused by the fractional-order effect. The Caputo derivative again provides the most stable and
physically consistent surface, while the Caputo-Fabrizio and Atangana-Baleanu (Caputo sense) forms
display broader and more diffusive wave fronts due to their weaker short-term memory effects.
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(a)

(b)

(c)

Fig. 7. 2D graphs of the absolute errors of the third-order approximations for L-ADMC , L-ADMCF , and
L-ADMABC in Application 2, at different values of α, for 0 ≤ ζ ≤ 5, and with ϱ = 0.1, where a1 = 3,

a2 = 1
2 , and a3 = −13

This observation confirms that the variation of α significantly influences the balance between
nonlinearity and dispersion in the fractional KS system, with higher α values producing sharper waves
and lower α values yielding smoother transitions. Fig. 7 depicts the 2D distributions of the absolute
errors for the three fractional derivatives. The results demonstrate that the numerical errors remain
small across the spatial domain, verifying the accuracy and convergence of the method.

The Caputo version consistently produces the smallest errors, followed by Caputo-Fabrizio and
then Atangana-Baleanu (Caputo sense), which again corresponds to the precision hierarchy observed
in Application 1. As α decreases, a slight increase in error is observed because the fractional mem-
ory becomes stronger, but the overall deviation remains negligible. This confirms that the L-ADM
provides highly stable and accurate approximations for the fractional KS problem under all derivative
definitions.

Table 6 gives a detailed numerical comparison of the approximations obtained by L-ADM for the
three fractional derivatives and by the q-HATM method [61]. It can be seen that the errors produced by
L-ADM are smaller than those obtained by q-HATM for all α values. The Caputo version once again
achieves the highest precision, followed by Caputo-Fabrizio and Atangana-Baleanu (Caputo sense),
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which maintain smooth but slightly less accurate solutions. This clearly demonstrates the advantage
of the L-ADM in producing reliable and precise results with fewer computational steps.

Table 7 further supports these findings by reporting the absolute error values for various frac-
tional orders. All three L-ADM formulations yield errors on the order of 10−7 or less, confirming
rapid convergence and high numerical efficiency. Although minor differences appear as α decreases,
the L-ADM remains superior in both accuracy and simplicity compared with q-HATM. The Caputo
derivative provides the most accurate results, while the non-singular kernel derivatives offer smoother
behavior with minimal deviation. These findings highlight the flexibility and robustness of the pro-
posed L-ADM approach for solving nonlinear fractional equations involving different derivative def-
initions.

6. Summary and Conclusions
In this study, the L-ADM was effectively applied to the nonlinear time-fractional KS equation

using three different definitions of the fractional derivative: Caputo, Caputo–Fabrizio, and Atangana–
Baleanu (Caputo sense). The comparative analysis of these operators revealed important insights into
how the memory kernels influence the dynamics of fractional systems. The results demonstrated that
the Caputo formulation yields the highest accuracy and smoothest convergence behavior, preserving
the main wave features of the KS system. The Caputo–Fabrizio derivative, characterized by its expo-
nential kernel, provides slightly smoother and more diffusive profiles, while the Atangana–Baleanu
(Caputo sense) derivative exhibits the strongest damping effect due to its Mittag–Leffler kernel. This
ranking highlights that the choice of kernel significantly affects the balance between local precision
and global diffusion in fractional models.

Across all test cases, the L-ADM showed excellent numerical stability, fast convergence, and
strong agreement between analytical and approximate solutions. The method proved more accurate
and computationally efficient than other recent techniques such as NTDM and q-HATM, confirming
its robustness for nonlinear fractional problems.

However, some limitations should be noted. The computational cost increases with higher-order
approximations, especially for strongly nonlinear or multi-dimensional problems. In addition, the
convergence rate may slow down when the fractional orderα becomes very small due to the dominance
of long-memory effects. These aspects suggest that adaptive schemes or hybrid numerical–analytical
approaches could further enhance performance in future implementations.

Overall, this work not only validates the capability of L-ADM to handle nonlinear FPDEs but
also clarifies the physical and numerical distinctions among different fractional derivatives. Future
research may extend this study to multi-dimensional systems, fractional-order control models, dy-
namical simulations, and robotics applications, as well as to problems involving complex boundary
conditions or real-world data.
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