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ARTICLE INFO ABSTRACT

The Duffing oscillator is particularly useful in numerous applications,

Article history owing to its unique dynamic features. It integrates a periodically excited
Received December 20, 2025 system with a nonlinear elastic restoring force. This paper proposes a
iig;siijaiﬁlm’éo;gz 6 sliding mode control (SMC) for trajectory tracking of the Duffing
P 5 oscillator. To guarantee best dynamic performance of the SMC, two
reaching laws are examined. The first reaching law of the SMC is based

gﬁgﬁl (:gr(cl)sscillator- on the hyperbolic tapgent fupction (SMCan) Whergas the second one is
Sliding Mode Co ntr ol: based on the saturation functhn .(SMCsat). The des%gn parameters of the
Whale Optimization proposed controllers are optimized through tuning with the whale
Algorithm; optimization algorithm (WOA) to achieve enhanced performance.
MATLAB-Based Simulations Extensive MATLAB-based simulations were carried out to confirm the

effectiveness of the proposed approaches. The simulation outcomes reveal
that the tracking error based on the integral of absolute error (IAE) of the
system controlled by the SMCrn is reduced by 8.6% compared to that of
the system controlled by the SMCsa. Furthermore, under uncertainty
scenario, SMCsa: shows more robustness than SMCrah.
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1. Introduction

Sliding Mode Control (SMC) has traditionally been viewed as a powerful and effective
nonlinear control approach, and it is especially practical in dealing with those systems that are
exposed to modeling uncertainties and external disturbances [1]—[3]. It was conceived in the late
fifties in the Soviet Union by seminal publications of Emelyanov and formalized by Utkin. This
initial work presented a control infrastructure with the ability to maintain the desired system
behavior even within large parameter variation [4], [5]. In further decades, SMC has developed as a
flexible paradigm, whose force is enhanced by the property of intrinsic invariance and the relative
simplicity of the implementation of the system as soon as the system reaches the identified sliding
surface [6].

In the literature, SMC has been applied across all of mechanical, electrical, automotive, and
aerospace systems, as an influential tool that can be trusted to provide a good nonlinear control
strategy. For example, SMC has been used to stabilize intrinsically unstable behavior of the
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levitation system and achieve accurate position control during the occurrence of model errors and
system parameter variations, reported in academic papers [7], [8]. The SMC has also been applied to
non-linear mechanical systems such as the propeller pendulum where it has been shown to be both
reliable in tracking performance and resilient to external perturbations [9]. SMC has also been used
to success in the renewable energy industry, especially towards photovoltaic (PV) systems in order
to maintain a steady operation and efficient maximum power point tracking of the system in
speedily changing environmental conditions [10]. In addition to these applications, SMC has also
been widely studied and used in some of the key fields of control engineering. SMC has been
commonly used in robotics, especially in manipulators, to compensate severe nonlinear behavior,
payload dynamics, unmodeled joint friction, helping to achieve exact tracking of the trajectory and
disturbance rejection using multi degree-of-freedom structures [11]. Inverted pendulum systems
representing characteristic examples of underactuated systems and unstable nonlinear plants have
shown that SMC can provide effective control of the system in stabilizing the system to reference
and track a goal value despite various versus a number of parametric uncertainties and external
perturbations [12]. In the ambit of electric motor drives, the SMC has been used to control speed and
ride in DC, and AC machine, and hence offer quick dynamic reaction and load resilience with
respect to disturbance oscillations and changes in electrical characteristics [13]. Similarly,
automotive suspension systems have enjoyed the advantages of SMC, and it was applied to improve
the ride comfort and road performance by strongly compensating nonlinear suspension behavior and
externally caused excitations posed by irregular road surfaces [14]. SMC has also been accepted in
the aerospace and aerial robotics field with the use of unmanned aerial vehicles to compete with the
nonlinear rich aircraft dynamics, external forces such as wind gusts, and the model error so as to
maintain stable attitude and trajectory control [15]. Moreover, SMC has been broadly applied to
mobile robot systems, and it has allowed strong motion control and path following behavior in the
presence of uncertainties in the wheel-ground contact, the actuator dynamics and external
disturbances [16].

In spite of its numerous advantages, classical SMC formulations are encountering a stubborn
problem of high-frequency fluctuations called chattering that is mainly caused by the high-frequency
nature of the discontinuity of the control law [17]. This does not only worsen the performance of the
system but can also arouse unmodeled dynamics or stress on a real work implementation. Therefore,
much has been done on optimization of reaching step to achieve faster convergence, greater
strength, and reduced chattering [18], [19]. It is important to note that reaching based approaches
have recently gained significant attention because of the ability to explicitly control the dynamic of
the sliding variable before the attainment of the sliding manifold, and so provide designers with
more flexibility in balancing the behavior during the transient convergence as well as steady-state
behavior, which subsequently provides better stability and smoother operation. It is based on the
classical laws of SMC that more advanced laws of continuous reaching have been suggested in
recent studies that enable quick, regulated convergence and that efficiently suppress chattering when
in the immediate surroundings of the sliding surface. Such developments support the fact that sliding
mode control is still relevant to state-of-the-art control engineering and that it is highly adaptable
when it comes to modern control design [20].

Building upon insights from prior studies and motivated by the exploration of alternative
application of SMC, this paper proposes a SMC for trajectory-tracking for a Duffing oscillator. The
Duffing oscillator holds significant importance because it embedded essential characteristics of
nonlinear dynamics that linear models fail to capture. In contrast to the simple harmonic oscillator, it
incorporates a nonlinear stiffness term, making it a foundational benchmark for investigating real-
world nonlinear phenomena. For the purpose of examination of the performance of different
structure of the SMC, two reaching law in this paper are considered. Specifically, the hyperbolic
tangent-based reaching law (SMCun) and the saturation-based reaching law (SMCi) are
implemented. Whale optimization algorithm (WOA) is a metaheuristic optimization method well-
known for its good balance between exploration and exploitation. Moreover, it does not require
gradient information and needs few control parameters. Therefore, the parameters of the proposed
control schemes are optimized via WOA for performance improvement.
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2. Duffing Oscillator

Duffing oscillator is a typical nonlinear second-order differential equation, which can reflect
many nonlinear intrinsic phenomena. Thanks to its well-defined mathematical structure and complex
nonlinear behavior, the Duffing oscillator is commonly used as a benchmark for analyzing nonlinear
vibrations, investigating chaos, and evaluating nonlinear control and identification strategies [21].
The following mathematical equation is the system model of the Duffing oscillator [22].

¥ + cx + bx3 = Acos(t) (1)

In this expression, c represents the damping coefficient, that is, the magnitude of dissipative
influences. The degree of nonlinearity in the restoring force is measured by the parameter b. The
amplitude of the periodic driving force is determined by the constant A. These constant terms are
very crucial in influencing the system dynamics; their changes vary the qualitative behavior of the
model. The equation simplifies to the equations of a damped, driven simple harmonic oscillator
when the y value is zero and that of the system is driven when A is set to zero. The equation of
Duffing (1) is also can be written as follows:

X1 = X (2)

Xy = —cxy — bx3 + Acos(t) + u 3)
Hence, x; represents the position x, x, represents the velocity x and u represents the control
input. In the purpose of designing the SMC controller in the next section, (3) can be further
rearranged as follows:
X, =F(x,t)+u 4
where

F(x,t) = —ax, —yx3 + Acos(t) (5)

3. Sliding Mode Control Design

The incorporation of a feedback controller enhances system performance. Therefore, it has been
applied for a wide range of systems [23]-[31]. Sliding mode control (SMC) is a recognized durable
and methodical designing controller. It has two phases. The first phase is to define the surfaces that
slide such that they meet the performance requirements. The next phase involves maintaining the
system on the sliding surface [32], [33]. The procedure to design the control law of the SMC can be
stated as follows.

Define the tracking error as:
e=x4—Xq (6)

where x4 is angular position output and x4 is the desired angular position. Taking the first derivative
of e yields:

e =Xg— X = Xg— X (7
Taking the second derivative of e yields:
é =g — %y (8)
Substitute x, from (5) into (8) obtains:

é=X%;—F(x,t)—u 9)
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The sliding surface is selected as follows:

S =¢é+ agy.e (10)
where ag,,. > 0 is the tuning parameters.

The application of the first derivation of the sliding surface leads to:

S=X5—F(x,t) —u+ agpe (11)

The second part of the SMC control law is the reaching law (RL). RL drives the system to slide

along a predefined surface. For the system to stay on this surface, the derivative of the sliding

surface must match the selected RL. Therefore, selecting an appropriate RL is crucial to minimize

the chattering effect commonly associated with SMC. In this study, two RLs are proposed to address

this issue. The first RL is based on the hyperbolic tangent (tanh) function and is given by [34], [35]:

S = —k¢qp tanh(s) (12)

Where ki, is a tuning parameter, which is a strictly should be positive number, where tanh s is
given by

eS —e=S

tanhs = ——— 13

anhs = ———=5 (13)

Based on this RL, the control ug,y, is obtained by setting (12) is equal to (11) and accordingly the
(14) is obtained as follows:

Xq — F(x,t) — Utqn + Aran€ = —keqn tanh(s) (14)

Rearrange (14) to find ugyp:
Utgn = Xq — F(x, t) + apgné + kign tanh(s) (15)
The second RL is based on the saturation (sat) function and it is given by [36], [37]:

§ = —kgqrsat(s/®) (16)
where kg, is adjusted parameter > 0, sat(s/) is given by:

S
+1 if =>0
0]
S S S
Sat<5>= 6 if—1<6<1 (17)
S
-1 if—<0
'o

The control law for this RL ug,; is given by putting (16) and is equal to (11) as given:

Xq — f(X) — buggs + Asqc€ = _ksatsat(s/w) (18)
Rearrange (18) to find ugy,:

s
Ugqr = Xg — F(x,t) + agqr€ + kggrsat <6> (19)

4. 'Whale Optimization Algorithm

Swarm optimization techniques are characterized by iterative and probabilistic search
mechanisms that enable efficient handling of complex optimization problems [38]—[42]. These
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algorithms provide generic, domain-independent problem solving strategies, as contrasted to
traditional optimization strategies which are based upon a problem-specific domain-specific
expertise [43]. Moreover, these methods are designed as based on the phenomena of social
interactions, nature, and different paradigmatic approaches to problem solving. As a result, a
substantial body of research has introduced diverse swarm-based algorithms aimed at optimizing the
design parameters of different control systems [44]-[46]. In this regard, whale optimization
algorithm (WOA) was presented by Mirjalili and Lewis [47], which is based on the foraging
behavior of humpback whales. In the literature, it has been demonstrated that this algorithm can
effectively address a broad class of optimization problems and exhibits superior performance
compared to existing methods. For example, WOA has been applied to train the weights and biases
of artificial neural networks [48], solve the resource allocation problems in wireless networks [49],
solve the maximum flow problem [50], and optimize ship path optimization under complex marine
environment [51].

The algorithm is organized to have three different sub-models namely prey search, spiraling
bubble-net feeding, and prey encirclement. The pseudo-code related to the WOA is shown Fig. 1.
When humpback whales spot the position of the prey, which can be compared to the identification
of the position of the most desirable agent, they can position around the prey using two simultaneous
approaches. The first one is called the shrinking circle, which drives the population of whales (i.e.
the remaining the agents) to revise their current positions near the optimal search agent. The
mathematical equation used in this situation is the following [52]:

H,, = |D,,P* — Py(itr)| (20)
P(itr + 1) = P* — (E, H,,) Q1)
1. Input

= Objective function, Population size (N),
Number of iteration (Ty,.y)
2. Initialization
= Initialize population N
= Evaluate objective function
= Assign P’
3. Loop:
= while (itr < Ty ay)
» For each search agent
v' Update a,, Fy, Dy, 1, and p
v Ifp>05
> If|F,| <1
++ Generate a new solution based on
Eq.(20) and Eq. (21)
» If|F,|=1
«+ Select a random search agent P4
++ Generate new solution based on
Eq.(27) and Eq. (28)
v Ifp<05
» Generate new solution based on
Eq.(25) and Eq. (26)
»  Perform greedy selection and update P*
+ dtr=itr+1
= end while
4. Print the Optimal Solution

Fig. 1. WOA's pseudo-code

The coefficients F,, and D,, are computed as follows:
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E, = 2a,,71 — a,, (22)

D, = 21, (23)

where, i, itr indicate the iteration and agent respectively. The parameters of current and nested
solution are represented by the parameters P;(itr) and P;(itr + 1), respectively. The optimal
solution is denoted as P* and a,, is a line decreasing coefficient of 2 to 0. Both coefficients 7,1,
are random numbers that lie in the range [0.1]. The second method of movement is spiral in nature.
The humpback whale movement in this mode is characterized in the following manner [53].

H, = |P* — P(itr)| (24)

P(itr + 1) = P* + (H, e’ cos(2rl,)) (25)

In which the coefficient b,, controls the width of the whale in a logarithmic spiral motion and [, is a
random number between the range of -1 and 1. In order to maintain the right equilibrium between
the spiral mode and the shrinking encircling mode, a 50% chance of either the mode being chosen is
assumed. This process is formulated as follows [54]:

P* — (F,H,) p>05

P* + (H, e’ cos(2nl,)) p < 0.5 (26)

Pi (itT’ + 1) = {
In which case, we can also consider the random real number, where the values lie in the range [0,1],
denoted by p.

In the process of exploration, humpback whales hunt at random. Instead of using an optimal
placement of the whale, the case is controlled by the position of a randomly chosen agent in the
group in this step. This is the case when |F,,| > 1. The mathematical model of this process is given
by:

H, = |DWPrand - Pi(t)l (27)

Pi(t+1)=Prand_(FWXHw) (28)

where, P44 18 @ random place among the members of the population.

5. Simulation and Result

To evaluate the proposed, optimize SMC for Duffing oscillator, a computer-based-simulation
was carried out using MATLAB software. The numerical value of the Duffing oscillator is listed
Table 1. The cost function used by the WOA namely the integral of absolute error (IAE) was
identified to achieve optimal performance of SMC, and SMCat.

Table 1. Parameters of Duffing oscillator

Parameters Value

c 0.1
b 1
A 12
This IAE is expressed as [55]:
tsim
IAE =J le| dt (29)
0

where tg;,,, denotes to the total simulation time, and e is the output deviation, which represents the
difference between the desired reference trajectory x, and actual output x;. The reference trajectory
is set to cos(t). Table 2 shows the values for the design parameters of SMCn and SMCat.
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Table 2. Optimal value of configuration parameters

Controller Parameters Values

Aean 14.8

SMCan Kean 160.3
Agat 314

SMCiat Ksat 152.7
9 0.2

5.1. Normal Operation

This simulation is to evaluate the performance of the two controllers in normal operation. Fig. 2
and Fig. 3 show the response and tracking error of the position for the two controlled systems,
correspondingly. Table 3 shows the equivalent numerical values for the IAE. Fig. 2 and Fig. 3 show
that the SMCtah outperforms the SMCsat. This finding can be validated numerically using Table 3,
which clearly shows that the value of and IAE (1.69) for SMCtah is less than the value (1.85) for
SMCsat. On other words, the IAE of the system controlled by the SMCun is reduced by 8.6%

compared to that of the system controlled by the SMCia:.

Angular Position(rad)

Tracking Error (rad)

15 T
= Reference Input
i —SMCIEH
............................................................................. _SMCsai
1 | L 1
5 10 15 20 25
Time(s)
Fig. 2. System response of SMCrh and SMCsat under normal operation
12 ! . : .
sMmC,,

1 _______________________Er _____________________________________________________________________________ SMCsat_
0.8 f-nmmmmmmmemnneneaan e . N S S S NS St e -
N """""""""""""""""""" 1
04ff--mmmmmmmmmeees S echni N SR \, Y T (NP EERETITIR .
12 S T . G S S [N S, -

02 | | i i
0 5 10 15 20 25

Time(s)

Fig. 3. Tracking error of SMCrah and SMCsat under normal operation

Table 3. Comparison of dynamic performance under normal operation

Performance SMCun  SMCiat
IAE 1.69 1.84
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5.2. Uncertainty

To examine the ability of the two structures of the SMC to handle the uncertainty, it was
assumed that the value of the coefficient A of the Duffing oscillator is increased by 20% of its value.
Fig. 4 depicts the response of the two controlled systems. Table 4 gives the numerical values of the
IAE for this case. Table 4 illustrates that the value of the IAE for the SMCuy is affected more than
the value of the SMCs. as compared to the normal scenario. The IAE of the SMCiay and SMCsy; (in
the case of increasing the coefficient A of the Duffing oscillator by 20%) is increased by 7.65% and
0.54%, respectively, the as compared to the value of the IAE of the normal scenario.

15

T 1 T T

! | == Reference Input
—SMCy,y,

Angular Position(rad)

5 10 15 20 25
Time(s)

Fig. 4. System response of SMCrn and SMCsat (20% increases in A)

Table 4. Comparison of dynamic performance under uncertainty (20% increases in A)

Performance SMCun  SMCiat
IAE 1.83 1.85

Moreover, it was assumed that the value of the coefficient b of the Duffing oscillator is
decreased by 20% of its value. Fig. 5 depicts the response of the two controlled systems. Table 5
gives the numerical values of the IAE for this case. Table 5 illustrates that the value of the IAE for
the SMCu is affected more than the value of the SMCs, as compared to the normal scenario. The
IAE of the SMCun and SMCgy (in the case of decreasing the coefficient b of the Duffing oscillator by

20%) is increased by 2.3% and 1.07%, respectively, the as compared to the value of the TAE of the
normal scenario.

15

| | em— Reference Input
| | =——=SMCy,

| ——swe,,

Angular Position(rad)

0 5 10 15 20 25
Time(s)

Fig. 5. System response of SMCrn and SMCisat (20% decreases in b)
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Table 5. Comparison of dynamic performance under uncertainty (20% decreases in b)

Performance SMCun  SMCiat
IAE 1.73 1.86

According to these two scenarios under parameter variation, it can be observed that the SMCsy
offers a favourable balance, preserving robustness that closely approximates ideal SMC behaviour
while effectively reducing chattering. In contrast, while the SMCn provides a notably smoother
performance, it may entail a modest reduction in robustness—particularly in scenarios involving
uncertainties.

6. Conclusion

In this paper a sliding mode controller (SMC) for a Duffing oscillator was proposed. The
hyperbolic tangent function (SMCp) and the saturation function (SMCsa) were used to force the
state to slide along the switching manifold. The computer simulation results firstly prove the
effectiveness of the proposed controller for trajectory tracking for sinusoidal input. Secondly, the
SMCin show better performance than the SMCsy in terms of reducing the tracking error. Based on
the integral of absolute error (IAE), the results data shows that the value of and IAE for SMCiy is
1.69 which is less than the value for SMCs. (1.85). However, the SMCy, exhibits better robustness
against parameter uncertainty than SMCpun. Future work may consider the use of different
optimization techniques for the SMC parameter tuning, as well as the integration of the adaptive
schemes within the SMC structure to achieve an improved performance.
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