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ABSTRACT

This paper presents a adaptive hybrid control strategy for underactuated
mechanical systems (UMS). The proposed controller integrates fractional
calculus, sliding mode control (SMC), and type-3 fuzzy logic control within
a unified framework. A new time-varying switching surface is designed such
that the sliding plane passes through the position defined by the system’s
initial error conditions, thereby eliminating the reaching phase and reducing
chattering. The fractional-order operator in the SMC acts as a tunable gain,
allowing precise controller adjustment to optimize performance and improve
the convergence rate. Moreover, an adaptive Type-3 fuzzy logic system is
employed to approximate unknown uncertainties and external disturbances.
The stability of the controller is established using Lyapunov theory. Finally,
an underactuated crane system is used to validate the proposed approach.
Simulation results demonstrate accurate trajectory tracking, effective distur-
bance rejection, fast convergence (2.98 s), and low tracking error (MSE =
0.00073), confirming the robust performance of the proposed method despite
system underactuation.

© 2025 The Authors.
Published by Association for Scientific Computing Electrical and Engineering.

This is an open access article under the CC-BY-SA license.

1. Introduction

In many advanced mechanical and robotic applications, systems are often designed with fewer
actuators than degrees of freedom, resulting in what are known as underactuated systems [1]–[3].
This design choice is often motivated by the need to reduce the system weight, cost, complexity, and
energy consumption, factors that are critical in aerospace applications [4]–[6], mobile robotics [7]–
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[10], and flexible manufacturing [11]–[13]. However, the absence of direct control authority over
all degrees of freedom introduces significant challenges in the control design. Unlike fully actuated
systems, underactuated ones cannot independently command each state variable, leading to complex
nonlinear dynamics and under-constrained control problems.

In recent years, considerable attention has been devoted to tackle these challenges. Among these,
predictive control [14]–[16], backstepping technique [17], [18], adaptive control [19]–[23], artificial
neural network [24], [25], fuzzy control [26]–[29]. These approaches have demonstrated promis-
ing results in trajectory tracking and disturbance rejection. On the other hand, passivity-based [30],
[31] and optimal control methods [32], [33] have been employed to address requirements such as
energy-efficiency, and stabilization objectives. Sliding Mode Control (SMC), known for its robust-
ness against uncertainties, has been enhanced through hybrid approaches combining adaptive laws,
fractional-order calculus, and fuzzy logic to improve convergence, reduce chattering, and handle un-
known disturbances.

Recent studies have focused on combining fuzzy logic with adaptive SMC for underactuated sys-
tems. For instance, In [34], an adaptive fuzzy SMC was developed to compensate for time-varying
sensor faults in underactuated systems, the paper [35] introduces a novel Adaptive Fuzzy SMC tech-
nique for Multiple-Input Multiple-Output fractional-order nonlinear systems. Adaptive SMC com-
bined with super-twisting or nonsingular terminal SMC was applied to quadrotor UAVs in [36], [37],
showing improved robustness and precision. A new adaptive fuzzy framework for nonlinear under-
actuated systems with unknown input gain functions was developed in [38].

Type-3 fuzzy logic systems, which extend traditional fuzzy frameworks by incorporating multi-
level membership functions to capture deeper uncertainty, have also been explored. For instance, [39]
presented a Type-3 FLC for vehicles with fractional-order tuning and a predictive scheme to improve
lateral displacement accuracy. A fractional-order dynamic model with a non-singleton interval Type-3
fuzzy system for uncertainty estimation was proposed in [40]. Path-following for mobile robots using
Type-3 FLC was studied in [41], while [42] developed a Type-3 fuzzy-based control strategy for
robotic manipulator trajectory tracking. Observer-based Type-3 fuzzy SMC strategies were presented
in [43] to estimate unknown nonlinear functions online through the design of a novel interval Type-3
FLC.

Hybrid SMC approaches and fractional-order sliding surfaces, which employ non-integer deriva-
tives to enhance system responsiveness and control flexibility, have also been investigated. In [44],
fractional derivatives were integrated into a two-level sliding surface ensuring finite-time conver-
gence. Event-triggered backstepping combined with fractional-order SMC was proposed in [45] to
enhance attitude and position tracking while estimating unknown disturbances.

Despite these advances, several critical challenges remain unaddressed in the literature. First,
most fuzzy–SMC schemes for UMS rely on Type-1 or Type-2 fuzzy logic, only very few studies
explore Type-3 fuzzy systems in UMS, and most of those are restricted to robotic, not underactuated.
Second, although fractional-order SMC has been investigated, existing methods typically require a
reaching phase, leaving the system temporarily exposed to disturbances before convergence, which
degrades robustness in practical UMS applications. Third, many hybrid approaches demand prior
knowledge of uncertainty.

This paper fills that gap by proposing an adaptive fuzzy type-3 fractional-order sliding mode
controller without reaching phase to address the complex dynamics of underactuated mechanical
systems. The controller is structured around three key components:

• A novel time-varying switching surface is introduced such that, at the initial moment, the plane
intersects the point determined by the system’s initial error conditions. This design removes the
reaching phase, thereby enhancing system robustness and effectively suppressing chattering.

• The fractional-order, acting as a tunable gain in the sliding mode controller, enables rapid re-
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sponse, enhancing convergence speed, and improving overall tracking performance.
• A type-3 fuzzy logic system captures deep levels of uncertainty and disturbance effects through

its multi-layered membership structure, which approximates unknown disturbances and manages
high levels of uncertainty.

Simulation results conducted on an underactuated crane system, demonstrates superior perfor-
mance compared with type-1 fuzzy logic sliding mode control SMC–FT1 and type-2 fuzzy SMC–FT2
methods, achieving consistently lower tracking errors. Specifically, it yields an ISE of 0.0364,
whereas SMC–FT1 and SMC–FT2 attain 0.0424 and 0.0423, respectively, highlighting enhanced
robustness against uncertainties while maintaining precise trajectory tracking. In addition, the con-
troller achieves faster convergence, with times of 0.55s, compared with 1.82s for SMS–FLC-1, and
1.84s for SMS–FLC-2.

The structure of this paper is as follows: Section 2 introduces the dynamic modelling of UMS.
Section 3 presents the design of the proposed adaptive fuzzy fractional-order sliding mode control
strategy. In Section 4, a comprehensive stability analysis based on Lyapunov theory. Section 5
provides simulation results that validate the effectiveness and performance of the proposed approach.
Finally, Section 6 provides conclusions and some directions for future research.

2. UMS Modelling

This study considers an n-degree underactuated mechanical system as a case study. The system’s
dynamic model is derived by formulating the Lagrangian, expressed as: l = Ek+Ev, where Ek is the
kinetic energy and Ev represents the potential energy of the system. The Euler–Lagrange equation is
then applied to obtain the equations of motion as:

d

dt
(
∂l

∂q
)− ∂l

∂q
= B(q)u (1)

Where u is the control force, q ∈ Q the configuration vector and B(q) = (bi(q), ...,
bm(q)) ∈ Rn∗m the matrix of external forces. The dynamics of underactuated systems are com-
monly derived using the Lagrangian or Euler–Lagrange approaches. Accordingly, by applying the
Euler–Lagrange formulation, the Lagrangian is formulated as:

L(q, q̇) = K − V =
1

2
q̇TA(q)q̇ − V (q) (2)

In vector form, the dynamic equation of UMS can be written as [46] :

Aq̈ + C(q, q̇)q̇ +G(q) = B(q)u+ d(t) (3)

Where A(q, q̇ ∈ Rn∗n) is the inertia matrix and C(q, q̇) ∈ Rn∗n Coriolis and centrifugal terms,
G(q) ∈ Rn∗1 is the gravitational force, and d(t) ∈ Rm denotes the uncertainty term that encompass
unknown external disturbances.

The configuration vector is divided into q = [qu, qa]
T , where qu ∈ Rn−m denotes the unactuated

coordinates, and qa ∈ Rm represents the actuated coordinates. Based on this partitioning, the system
dynamics are formulated as:[

Au

Aa

][
q̈u

q̈a

]
+

[
Cu(q, q̇)

Ca(q, q̇)

][
q̇u

q̇a

]
+

[
Gu(q)

Ga(q)

]
=

[
0

u

]
(4)

Let the state vector be x = [x2k−1, x2k] = q = [q2k−1, q̇2k−1] the system in (4) can be repre-
sented in state-space notation as [47]:(

ẋ2k−1

ẋ2k

)
=

(
x2k
hk(x)

)
+

(
0

jk(x)

)
U +

(
0

d(x)k

)
(5)
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This model embodies the key dynamic characteristics of underactuated systems, preserving their
intrinsic nonlinearity, coupling, and disturbance sensitivity. As such, it serves as an effective bench-
mark for developing and testing advanced control methods, with outcomes that can be generalized to
a wide array of practical UMS. To maintain stability, the switching gain k in conventional SMC must
be chosen such that k exceeds d(x)k in accordance with Assumption 1.

Definition 2.1. A system is qualified as underactuated if the rank of its control input space, m, is
strictly less than its degrees of freedom n, i.e., m < n.

Assumption 1. The uncertain terms of the system are considered as: |dk(x)| ≤ ρk , where ρk are
known positive constants.

3. Design of the Adaptive Fuzzy Type-3 Fractional SMC

The control challenge of underactuated plants stems from the fact that m < n. Indeed, the
number of control inputs m is fewer than the number of system states n, which implies that not
all states can be directly controlled. This issue requires a control strategy that can regulate internal
dynamics while driving the outputs toward the desired behaviour.

Based on this fact, the control objective of this study is to design a robust control strategy capable
of stabilizing the underactuated system while ensuring accurate tracking performance in the presence
of model uncertainties and external disturbances.

As mentioned above, the control objective is to determine a robust Adaptive fuzzy type-3 frac-
tional sliding mode control law U(x) for the nonlinear system given by (5) such that the vector y can
follow a given desired reference signal vector yd, in the presence of external disturbances.

3.1. Fractional FTSMC

The linear dynamics are imposed by the selected sliding surface [48] :

s = (
d

dt
+ c)n−1e = c1e+ c2ė+ ...+ cn−1e

n−2 + en−1 (6)

s = en−1 +
n−2∑
i=0

ci+1e
i (7)

Where e = yd − y is the tracking error, and ci are positive constants. Aiming to eliminate the
reaching phase and achieve finite-time convergence, robust performance, and precise control of the
underactuated system, we present a fractional-order integral sliding mode (FO-ISMC) surface that is
designed using the framework of fractional calculus as:

S = en−1 +
n−2∑
i=0

ci+1e
i + aD−βe+Ψ(en−1(0) +

n−2∑
i=0

ci+1e
i(0) + aD−βe(0)) (8)

We propose the following form of Ψ :

Ψ = −exp(t/T )κ (9)

Where T ,a and κ are positive constants, chosen via simulation studies to strike a balance between fast
convergence and smooth control behavior. We set: s0 = en−1(0) +

∑n−2
i=0 ci+1e

i(0) + aD−βe(0)
where s0 is the initial sliding surface value, the term Ψs0 ensuring that the sliding manifold passes
through the position defined by the system’s initial error. The time-varying surface eliminates the
reaching phase, and the presence of term Ψ enables the system to react quickly to rapid changes,
thereby improving the convergence rate enhancing robustness and reducing chattering, while the
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fractional-order improv performance and convergence, and Dαiei the fractional derivatives of ei with
respect to β-order. The Riemann–Liouville fractional integral and derivative of order β for a function
f, with respect to t are [49]:

Iβf(t) =
1

Γ(β)

∫ t

0
(t− τ)β−1f(τ) dτ (10)

Dβ
t f(t) =

dn

dtn

[
1

Γ(n− β)

∫ t

0
(t− τ)n−β−1f(τ) dτ

]
(11)

Here, D and I represent the fractional derivative and fractional integral operators, respectively,
and n is an integer number, Γ(.) is Euler’s Gamma function given by:

Γ(z) =

∫ ∞

0
tz−1e−t dt (12)

This form combines the instantaneous rate of change en−1 with the history-dependent behaviour
Dαiei, giving the controller both fast response and long-term correction capability. By differentiating
the sliding surfaces in (8) with respect to time, we obtain:

Ṡ = en +

n−1∑
i=0

ci+1e
i + aD1−βe = xn − xnr +

n−1∑
i=0

ci+1e
i + aD1−βe+ Ψ̇s0 (13)

By substituting the dynamics:

ṡ = h(x) + j(x)u+ d− ẍr +

n−1∑
i=0

ci+1e
i + aD1−βe+ Ψ̇s0 (14)

Then the control law is:

u =
−1

j(x)
(h(x) + d(t)− ẍr +

n−1∑
i=0

ci+1e
i + aD1−βe+ usw + Ψ̇s0) (15)

We take the switching control as usw = k1s + k2tanh(s) with the hyperbolic tangent function
defined as tanh(s) = es−e−s

es+e−s .

Since the disturbance is unknown, our next goal is to estimate dk(x) using a type-3 fuzzy esti-
mator: d̂k(x) ≈ dk(x), k = 1...n. Type-3 fuzzy systems extend the capabilities of Type-1 and Type-2
approaches by introducing an additional layer of membership functions. This allows for more accu-
rate representation of complex uncertainties, which is crucial in UMS due to their strongly nonlinear
behavior caused by underactuation and coupled states.

3.2. Type-3 Fuzzy Systems

Recent advances in computational intelligence have driven the evolution of fuzzy logic systems
beyond conventional Type-1 [50]–[52] and interval-based Type-2 architectures [53]–[55]. Type-3
fuzzy systems [56]–[58] emerge as a generalized framework characterized by layered uncertainty rep-
resentation through higher-order membership functions and dynamic footprint-of-uncertainty bounds.
Unlike their predecessors, these systems employ secondary membership grades to model complex un-
certainty propagation mechanisms, particularly in systems with non-stationary noise distributions or
deep epistemic uncertainties. Key challenges include computational complexity management and
stability analysis under time-varying uncertainty, which represents an active research area in modern
fuzzy control theory.
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In this section, the T3FLS will be used in equation (5) where the input variables are xi. The
fuzzy sets of all inputs are denoted by Λk

i ,Ωj , the ith input variable of T3FLS is denoted by χi. The
general scheme is given by Fig. 1 and the memberships are expressed as [39]:

ζΛk
i ,Ωj

(χi(t)) = exp

−
(χi(t)−mΛk

i ,Ωj
)

σ2
Λk
i ,Ωj

 . (16)

ζΛk
i ,Ωj

(xi(t)) = exp

−
(χi(t)−mΛk

i ,Ωj
)

σ2
Λk
i ,Ωj

 . (17)

ζ
Λk
i ,Ωj

(χi(t)) = exp

−
(χi(t)−mΛk

i ,Ωj
)

σ2
Λk
i ,Ωj

 . (18)

ζ
Λk
i ,Ωj

(χi(t)) = exp

−
(χi(t)−mΛk

i ,Ωj
)

σ2
Λk
i ,Ωj

 . (19)

Where mΛk
i

and σΛhi
i

, σΛhi
i

are centre and upper/lower standard divisions.

Fig. 1. Diagram of T3-FLS

For rules firing, we have:

ϑ
l
Ωj

=
n∏

i=1

ζΛki
i ,Ωj

(20)

ϑ
l
Ωj

=

n∏
i=1

ζΛki
i ,Ωj

(21)

ϑl
Ωj

=
n∏

i=1

ζ
Λki
i ,Ωj

(22)

ϑl
Ωj

=

n∏
i=1

ζ
Λki
i ,Ωj

(23)

The form of lth rule is given as:
If x1 is Λk1

1,Aj
and x2 is Λk2

2,Aj
...and xn is Λkn

n,Aj
Then yl ∈ [αl,j , αl,j ].

Where αl,j , αl,j denotes the upper/lower bounds of lth type-3 interval FS, and yl denotes the output
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of the fuzzy system at the lth rule.
The output of the T3FS can be written as:

y =

∑k
j=1∑k

j=1Ωj

(∑r
l=1Ωj(ϑ

l
Ωj

+ ϑl
Ωj
)αl,j/2∑r

l=1(ϑ
l
Ωj

+ ϑl
Ωj
)

+

Ωj

∑r
l=1(ϑ

l
Ωj

+ ϑl
Ωj
)αl,j/2∑r

l=1(ϑ
l
Ωj

+ ϑl
Ωj
)

) (24)

The output can be rewritten as:
y = αTΦ (25)

Where shown in Fig. 2,

αT = [α1,Ω1
, ..., α1,Ωk

, ..., αr,Ωr
, ..., αr,Ωr

α1,Ω1
, ..., α1,Ωk

, ..., αr,Ωr
, ..., αr,Ωr

α1,Ω1
, ..., α1,Ωk

, ..., αr,Ωr
, ..., αr,Ωr

α1,Ω1
, ..., α1,Ωk

, ..., αr,Ωr
, ..., αr,Ωr

]

(26)

ΦT =
0.5∑k
j=1Ωj

(
Ω1(ϑ

1
Ω1

+ ϑ1
Ω1
)∑r

l=1(ϑ
1
Ωj

+ ϑ1
Ωj
)
, ...,Ωk

Ωk(ϑ
1
Ωk

+ ϑ1
Ωk

)∑r
l=1(ϑ

1
Ω1

+ ϑ1
Ω1
)

,
Ω1(ϑ

r
Ω1

+ ϑr
Ω1
)∑r

l=1(ϑ
r
Ωj

+ ϑr
Ωj
)
, ...,Ωk

Ωk(ϑ
r
Ωk

+ ϑr
Ωk

)∑r
l=1(ϑ

r
Ω1

+ ϑr
Ω1
)

,
Ω1(ϑ

1
Ω1

+ ϑ1
Ω1
)∑r

l=1(ϑ
1
Ωj

+ ϑ1
Ωj
)
, ...,Ωk

Ωk(ϑ
1
Ωk

+ ϑ1
Ωk

)∑r
l=1(ϑ

1
Ω1

+ ϑ1
Ω1
)

,
Ω1(ϑ

r
Ω1

+ ϑr
Ω1
)∑r

l=1(ϑ
r
Ωj

+ ϑr
Ωj
)
, ...,Ωk

Ωk(ϑ
r
Ωk

+ ϑr
Ωk

)∑r
l=1(ϑ

r
Ω1

+ ϑr
Ω1
)

)
(27)

Fig. 2. Block diagram of the proposed approach

4. Stability Analysis

Theorem 1. Using the sliding surface (8), the control law (15) guarantees the asymptotic convergence
of the system (5) to the reference trajectory and the tracking error e to zero.
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Proof. Let the Lyapunov candidate function:

V =
1

2
s2 +

1

2Γ
α̃T α̃ (28)

Here, α̃ = α∗ − α is the fuzzy parameter estimation error, and Γ is a positive definite adaptation
gain. Its time derivative is:

V̇ = SṠ + α̃TΓ−1α̇ (29)

V̇ = S[h(x) + j(x)u+ d− ẍr +

n−1∑
i=0

ci+1e
i + aD1−βe+ Ψ̇s0] + α̃TΓ−1α̇ (30)

Adding and subtracting the optimal fuzzy approximation d̂∗ yields:

V̇ = S[h(x) + j(x)u+ d− ẍr +
n−1∑
i=0

ci+1e
i + aD1−βeΨ̇s0 + d̂∗ − d̂∗] + α̃TΓ−1 ˙̃α (31)

By definition, the fuzzy estimation error can be expressed as:

[d̂∗ − d̂] = (α∗ − α)TΦ = α̃TΦ (32)

The optimal error is defined as:
ϵ = d− d̂∗ (33)

Substituting (32) and (33) in (31) leads to:

V̇ = S[ϵ+ α̃TΦ−K1S −K2sgn(S)] + α̃TΓ−1 ˙̃α

= Sϵ+ Sα̃TΦ−K1S
2 −K2|S|+ α̃TΓ−1 ˙̃α

(34)

Since α̃ = α∗ − α, we can obtain ˙̃α = −α̇ leading to:

V̇ = Sϵ+ Sα̃TΦ−K1S
2 −K2|S| − α̃TΓ−1α̇ (35)

Rewriting, we obtain:

V̇ = −K1S
2 −K2|S|+ Sϵ+ α̃T (SΦ− Γ−1α̇) (36)

Hence, the corresponding tuning laws are chosen as:

α̇ = −ΓSΦ (37)

Substituting (37) into (36) yields:

V̇ = −K1S
2 −K2|S|+ Sϵ (38)

we have Sϵ ≤ |S||ϵ| Hence:
V̇ ≤ |S|(|ϵ| −K2)−K1S

2 (39)

Equation (39) establishes that the global sliding surface is stable, guaranteeing the overall sta-
bility of the closed-loop system when the control gain satisfies K2 ≤ |ϵ|. Under this condition, the
tracking error converges to a small neighborhood around zero, thereby demonstrating the robustness
and effectiveness of the proposed controller.
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5. Simulation Results

To evaluate the effectiveness and robustness of the proposed controller, the MATLAB platform
was used to assess the proposed controller’s performance on the crane model shown in Fig. 3, con-
sidered as an underactuated system with two degrees of freedom.

The system dynamic equations can be expressed in state-space form, using the state vector[
x1 x2 x3 x4

]T =
[
x ẋ θ θ̇

]T
where the nonlinear functions h1, j1, h2 and j2 are defined

as [59]:

h1 =
(−m2

pl
2gcos(θ)sin(θ +mpl

2(mplθ̇
2sin(θ)−Dẋ)

mpl2(mc +mp(1− cos(θ)2))

j1 =
mpl

2

mpl2(mc +mp(1− cos(θ)2))

h2 =
(mp +mc)mpglsin(θ)−mplcos(θ)(mplθ̇

2sin(θ)−Dẋ)

mpl2(mc +mp(1− cos(θ)2))

j2 =
mplcos(θ)

mpl2(mc +mp(1− cos(θ)2))

(40)

The crane system’s parameters and variables are summarized in the Table 1.

Fig. 3. Crane system

Table 1. Variables and parameters of the crane

Symbols Description
x Position of the cart
ẋ Velocity of the cart
θ Angle of the payload
θ̇ Angular velocity of the payload
mp Mass of the payload
mc Trolley’s mass
l Rope length
g Gravity acceleration
D Damping factor

The control objective is to drive the crane to a specified target position while ensuring that the
pendulum angle remains at zero. The initial conditions are specified as follows:x =

[
0.8 0 0.1 0

]T ,
with the desired trajectory cos(0.5 ∗ t).

The simulation parameters of the crane are mp = 6,mc = 9, l = 2, g = −9.81, D = 0.5,
and parameters of the controller are k1 = 0.1, k2 = 10, c1 = 0.5, c2 = 5, a = 0.5, β = 0.1, and
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[−mΛ1
i
,−mΛ2

i
,−mΛ3

i
] = [−π/5, 0, π/5], σΛk

i
= 1 σΛk

i
= 0.5. We consider four rules and three

membership functions, and we chose D1 = D2 = 0.05∗ sin(.05∗ t)+ .3∗ exp(−((t−1120)2)/(2∗
502)).

The dynamic behavior of the system under the proposed control law is illustrated in Fig. 4. It
can be observed that the controller is able to precisely drive the trolley along the reference trajectory
toward the target location while simultaneously reducing the oscillatory motion of the suspended
payload. The rapid damping of these oscillations within a relatively short time interval demonstrates
not only the accuracy of the positioning task but also the controller’s effectiveness in stabilizing the
underactuated dynamics. Furthermore, Fig. 5 highlights the controller’s capacity to rapidly attenuate
payload swing, which is a critical challenge in overhead crane systems.

0 5 10 15 20 25 30 35 40 45 50

-1

0

1

x
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Fig. 4. Performances of x and ẋ
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Fig. 5. Performances of θ and θ̇

Ali Nasser-Eddine Bendenidina (Adaptive Fuzzy Type-3 Fractional-Order Sliding Mode Controller Without Reaching

Phase for Underactuated Mechanical Systems)



352 International Journal of Robotics and Control Systems
Vol. 6, No. 1, 2026, pp. 342-359

ISSN 2775-2658

The results show that oscillations are efficiently suppressed during the motion process, prevent-
ing destabilizing effects and ensuring smooth overall system behavior. This effective swing reduction
confirms the robustness of the proposed control method in handling underactuated dynamics and en-
hancing operational safety, particularly in tasks where minimizing residual vibrations is of primary
importance. A detailed examination of the tracking errors presented in Fig. 6 provides clear evidence
of the efficiency of the proposed control strategy.

0 5 10 15 20 25 30 35 40 45 50

-1

0

1
e1

0 5 10 15 20 25 30 35 40 45 50

-1

-0.5

0

0.5

1 e2

Fig. 6. Tracking errors e1 and e2

It can be observed that both error signals converge rapidly toward zero, which highlights the
controller’s ability to achieve fast transient dynamics. The short convergence time indicates that
the control input is capable of compensating for the nonlinearities of the system without inducing
significant overshoot or oscillatory behavior. More importantly, the accuracy is preserved even under
system uncertainties and external disturbances, which underlines the robustness and reliability of the
proposed scheme for practical applications. Fig. 7 illustrates the behaviour of the control signal u and
the sliding surface S.
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Fig. 7. Control action u and sliding surface S
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These results show that the control input remains bounded while effectively driving the system
states toward the sliding surface. The surface S converges rapidly to zero, confirming that the sliding
mode condition is satisfied and the system operates within the designed control dynamics.

For comparison, the performance of the proposed control strategy is evaluated against the method
presented in [60] which employs a sliding mode controller (SMC) enhanced with a fuzzy disturbance
observer, and an improved version incorporating a Type-2 Fuzzy Logic Controller, where x flc1, dx
flc1,θ flc1,θ̇ flc1,e flc1, and x flc2, dx flc2,θ flc2,θ̇ flc2,e flc2, represent the results from SMC withe
FLC type-1 in [60] and FLC type-2 respectivly, and xP , dxP ,θP , θ̇P and eP correspond to the
outcomes of the proposed control method.

Fig. 8, Fig. 9, and Fig. 10 collectively offer a thorough performance assessment of the system
states and tracking errors under identical operating conditions. Figure Fig. 8 examines the evolution
of x and dx , where the proposed control scheme exhibits quicker settling behavior, and a smaller
steady–state deviation when compared with withe the outer. The responses of θ and θ̇ in Fig. 9 fur-
ther reinforce this trend, showing closer alignment with the desired reference paths. Fig. 10 focuses
on the error signals e1 and e2 which decay more rapidly and maintain consistently lower magnitudes
under the proposed controller. The enlarged sections within these figures clearly highlight that the in-
troduced method achieves more precise trajectory tracking and overall enhanced performance relative
to previously reported techniques.
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Fig. 8. Comparison in terms of x and ẋ

Table 2 presents a detailed comparison of trajectory tracking performance. The tracking error
indices, including RMSE, ISE, IAE, MSE, ITAE, and variance, were calculated according to the
equations in Table 3. These results provide a quantitative assessment of controller accuracy and
demonstrate the superior performance of the proposed method compared to existing SMS-FLC vari-
ants.

Across all evaluated metrics, the proposed controller consistently achieves lower errors. as an
illustration, it achieves an ISE of 0.0364, whereas the SMC–FT1 approach in [60] yields 0.0424 and
the SMC–FT2 method attains 0.0423.

Resulting in more precise trajectory tracking. The convergence times for e1 and e2 are 3.15 s and
0.55 s, respectively, under the proposed controller, compared with 10.45 s and 1.82 s for SMS-FLC-1
in [60], and 10.50 s and 1.84 s for SMS-FLC-2. The most notable improvements are observed in e1,
indicating faster convergence. Overall, these findings confirm that the proposed controller enhances
robustness against uncertainties and external disturbances while maintaining high tracking accuracy.
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Furthermore, the proposed controller achieves the desired performance while consuming (110.50)
of control energy, which is lower than SMS-FLC-1 (124.62) and comparable to SMS-FLC-2 (109.01).
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Table 2. Quantitative comparison of trajectory tracking performance for e1 and e2 under the proposed
controller and SMS-FLC1, SMS-FLC1 controller

Controller Error RMSE ISE IAE MSE ITAE TV

Proposed Controller
e1 0.0270 0.0364 0.7213 0.00073 13.7967 0.000722
e2 0.0099 0.0042 0.4115 0.00009 9.3465 0.000098

SMS-FLC2
e1 0.0291 0.0423 0.8580 0.00085 14.5388 0.000767
e2 0.0100 0.0049 0.4135 0.00010 9.3473 0.000099

SMS-FLC1 [60]
e1 0.0292 0.0424 0.8601 0.00086 14.5765 0.000769
e2 0.0102 0.0050 0.4141 0.00011 9.3611 0.00010

Table 3. Performance indices used for tracking evaluation

Index Equation Description

MSE MSE =
1

T

∫ T

0

e2(t) dt Mean Squared Error; average of squared tracking error
over simulation time.

RMSE RMSE =

√
1

T

∫ T

0

e2(t) dt Root Mean Squared Error; provides typical magnitude
of tracking error.

ISE ISE =

∫ T

0

e2(t) dt Integral of Squared Error; penalizes large errors heavily.

IAE IAE =

∫ T

0

|e(t)| dt Integral of Absolute Error; accumulates absolute error
over time.

ITAE ITAE =

∫ T

0

t |e(t)| dt Integral of Time-weighted Absolute Error; emphasizes
long-lasting errors and settling behavior.

TV TV =
1

T

∫ T

0

(e(t)− ē)2 dt Tracking Variance, measures variability of the tracking
error around its mean; indicates smoothness and stabil-
ity.

The control energy Eu =

∫ T

0

u2(t) dt Measures the total actuator effort required by the con-
troller over the simulation duration

Note: e(t) represents the tracking error, and ē denotes the mean value of e(t) over the interval [0, T ]. ∆t is the sampling
period. This text will automatically wrap to multiple lines inside the table cell if it exceeds the width.

These results confirm that the proposed method not only enhances robustness against uncer-
tainties and external disturbances but also provides efficient control with reduced actuator effort.
However, a noted limitation is that the energy consumption is still approximately on par with other
controllers. This could be mitigated by implementing an event-triggered control strategy, updating the
control signal only when necessary, which would reduce computational demands and communication
load.

6. Conclusion

In this study, presents a adaptive hybrid adaptive fuzzy Type-3 fractional-order sliding mode
controller strategy for underactuated mechanical systems (UMS). The proposed controller utilized
a novel time-varying switching surface to eliminate the reaching phase achieves higher robustness
and mitigates the chattering effect, while the Fractional-order implementation yielded faster conver-
gence and smoother transient behavior. To estimate unknown disturbances, an adaptive Type-3 fuzzy
inference system is utilized.

The results indicate that the developed control strategy exhibits enhanced robustness and high
tracking accuracy in comparison with traditional schemes, thereby providing a solid basis for further
developments in the control of complex underactuated mechanical systems. Moreover, the proposed
methodology can be generalized to higher-order UMS, where the increasing complexity of system
dynamics demands more effective integration of fractional-order control and adaptive fuzzy mecha-
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nisms. The limitation of energy consumption can be mitigated through the use of an event-triggered
control strategy.

As future work, the integration of a predictive control scheme will be considered to improve
decision-making over a finite horizon and enhance the controller’s performance in dynamic environ-
ments. Additionally, implementing an event-triggered control strategy can reduce computation and
communication by updating the control signal only when necessary, thereby improving efficiency,
enhancing responsiveness, and reducing energy consumption.
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