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ABSTRACT

Stability analysis is a crucial aspect of autonomous off-road vehicle research,
particularly in unknown environments. This study introduces a method
for evaluating and predicting vehicle stability, based on the hypothesis that
maximum stability and minimal tip-over risk are achieved when the total
contact forces on the left and right wheels are equal. This condition is
typically observed when roll and pitch angles are zero. The research validates
this concept by analyzing orthogonal contact forces at the wheel-terrain
interface, derived from the overall force distribution across the vehicle
body.A sinusoidal terrain model considered as rough and uneven terrain
is employed, and a multi-objective optimization problem is formulated
and solved in MATLAB to minimize the difference between the left
and right side contact force amplitudes. Simulation results indicate that
the vehicle’s tip-over tendency can be minimized by equalizing the total
forces on both sides using variable force distributions by using control system.
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1. Introduction

The current robotic missions to planets demonstrate the great importance of off-road autonomous
vehicles for space exploration projects [1], [2]. An inhospitable environment has been monitored and
to get effective remote operation, it is necessary to consider efficient locomotion systems, capable of
working in uneven and rough terrain, specifically without tipover and deadlocks [3]. The mobility
criteria relations such as ground clearance, orientation, traction etc. are taken into consideration
for optimization [4], [5]. Also, M. P. Mann et al. proposed the range of acceptable velocities and
accelerations that satisfy dynamic constraints such that the vehicle will not slide, tipover, or lose
contact with the ground [6], [7]. The general formulation of an optimization problem is presented
and an optimal but computationally efficient solution is proposed. An algorithm that controls the
robot posture, based on the velocity model, is described [8], [9]. In this paper, a new concept based
on orthogonal forces is taken into consideration in two sets of forces for the stability measure. The
basic idea is to achieve a balance between the forces acting at the left and right sides of the vehicle by
minimizing the difference as much as possible close to zero. This concept assumes that the difference
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will be zero at zero roll and pitch angles; which is taken as the condition for minimum tip-over
tendency or maximum stability.

The force balancing methods used in the terramechanics model with soil parameters are explained
in [10]–[12]. Also, the force balnce approch is explained in Wiberg’s PhD thesis for heavy machines
for rough and deformable terrain [13]. Shear force parameters as balancing of vehicle used for
lunar explorations are considered to optimize by Zou at el. [14]. Vehicle actuation forces as tipover
stability considered by Aoshima et al. [15]. Some studies consider the trajectory of the bucket and the
force actuated on it for the soil and a kinematically controlled bucket geometry [16]–[19]. Stability
guarantee for motion planning of autonomous vehicles by motion and tractive force in simulation
environment by Zhang et al. [20]. Hegazy and Sandu; Taheri et al., and Peiret et al. extended the
research for steady-state predictions and dynamic simulations by integrating kinematic constraints
in the calculation of the contact forces with force balance principles [21]–[23]. Deep Collision with
random and greedy approach govern the environment with suitable time interval operating on different
terrain structures have been illustrated [24]. 3D mapping and 3D geometry considered as vehicle tip-
over prevention using gain-scheduled State-dependent Riccati Equation–based anti-rollover controller
has been presented [25]. Furthermore, Tip-over detection and avoidance algorithms as stabilization
strategy highlighted [26]. Patent overview based on variable CG which emphasizes reducing the
turning radius of the vehicles and thereby increasing the efficiency of the vehicles [27]. Vepa includes
in his book, kinematics of multi-body systems to control space vehicles in detail which ensures
probabilistic representation of uncertain motion using particles and Monte Carlo integration used to
control the vehicle for unknown region [28]. Mapping sensors and state-of-the art vision-based control
introduced [29]. Sliding mode-based guidance strategy is proposed for the control of an autonomous
vehicle collected measurement guidance strategy introduced to propel vehicle on rough terrain [30].
High-assurance controller (HAC) to tolerate concurrent software and physical failures introduced by
Mao et al. [31]. The Lyapunov- Krasovski approach of the physical constraints of the steering system
and direct yaw moment control employed [32]. Longitudinal slip of front wheels and sliding mode
control, an integrated longitudinal and lateral control system used for wet terrain [33]. Adaptive
sliding mode control of sliding-based switching non-linear vehicle model introduced [34]. A robust
controller proposed for safe execution of the trajectory in the presence of state noise and dynamic
model uncertainty [35]. A security-by-design framework principle for smart and complex autonomous
systems proposed by Chattopadhyay et al. [36]. Multiple physical systems including skid-steer and
tracked robots with real-time on-board computation using noisy sensor data on rocks and boulders,
steep slopes, negative obstacles like cliffs and holes, and narrow passages were major concern of the
work [37]. A variety of path planning approaches for autonomous vehicles, path planning algorithms
with ultimate goal is to create a way, explore, and exploit its further values proposed by Ming et
al. [38]. Dual modes for optimal mobility under different surface-traction conditions proposed the
robot is capable of yaw axis mobility using differential drives with payload balances [39]. Tan et
al. proposed an analysis presented based on Zero Moment Point (ZMP) concept to gain equilibrium
condition without tipping over [40]. A methodology and trajectory planning of a serial manipulator
using septic and nonic functions presented to prevent wear and tear with stability in weight balance
way [41]. Ability of the robot to effectively navigate in rough terrain mechanism for improving
maneuverability, longitudinal or lateral stability, and rollover prevention are considered with recent
researches [42]. Considering the forces acting on a wheel slip reduction is defined as the reference
signal specifically lateral force balance method employed [43]. Different working environments are
modeled by backstepping method and hence the skew-symmetry property is validated to be feasible
for nonholonomic mechanical systems [44]. Ranjan Vepa discusses kinematics of multi-body systems,
and then to conservation principles in dynamics by the application of MATLAB [45]. More robust
and reliable navigation strategies are reviewed with the fusion of advanced sensors and state-of-the-art
control algorithms [46].
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In order to achieve better stability during stirring, He Xu et al. [47] propose a trade-off design for
a reconfigurable autonomous vehicle based on multi-objective optimization with respect to terrame-
chanics. There is no single solution for the real problem, in spite of the fact that a set of solutions can
be achieved, which shows that there are no best solutions considering all the objectives at a time [48].
These types of trade-off solutions derived from multi-objective optimization have already been con-
sidered for different aspects of autonomous vehicles and other vehicles [49], [50], [51]. Furthermore,
an algorithm is advised to find a set of Pareto-optimal solutions to coordinate two autonomous polyg-
onal autonomous vehicles on a plain [50]. Autonomous vehicles subject to skidding and slipping
effects on the wheels are modeled at the level of kinematics and dynamics [52]. Li et al. presented
stability margin measurement, which is sensitive to topheaveness and is applicable to the dynamic
systems subject to inertial loads and external forces [53]. A novel approach for optimal path planning
over deformable terrain of complex operating condition for maximum stability with robustness and
optimality [54]. Multiobjective optimization is used in vehicle Soccer to plan the optimal path to
the ball, minimize elapsed time, and maximize shot accuracy criteria [51] [55]. This work tries to
optimize the stability of a vehicle by minimizing tip-over tendency based on the difference between
total right-hand-side and left-hand-side forces acting on the body of the vehicle. A multi-objective
optimization problem for minimum force difference is formulated and solved in MATLAB using a
genetic algorithm.

The findings of this research can contribute to real-world autonomous navigation systems by
helping to avoid or quickly rectify tip-over tendencies caused by rough and uneven terrain. Future
work involving multidirectional force detection and decision-making control system design will build
upon and emphasize the contributions of the present work.

2. Kinematic Analysis

2.1. General Introduction of the Autonomous Vehicle

This research is based on a five-wheeled mobile robot represented by the Pro-Engineer model
and real robot (Fig. 1), which has four powered wheels and a 5𝑡ℎ wheel for slip estimation.

Fig. 1. Pro/E Model of WMR

The robot consists of eight sections: reconfigurable chassis (bodyworks), differential mechanism,
control unit, wheels, wheel propulsion unit, 5𝑡ℎ wheel mechanism, steering mechanism and rocker
mechanism.

Camera mast, GPS antenna and other scientific instruments embedded in autonomous vehicle for
position variation monitoring and reconfigurable chassis facilities for proper adjustment of center of
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gravity. Wheels are adjustable with two pivots at the rocker mechanism such that those can be adjusted
with required camber and caster angles. The 5𝑡ℎ wheel with a steerable mechanism is employed to
get the measurement of the slipping rate which is one of the major parameters to control the vehicle
in rough terrain suggested by [56].

2.2. Kinematics Model of the Autonomous Vehicle

A 3-dimensional body can be rotated about three orthogonal axes, as shown in Fig. 2. Borrowing
aviation terminology, these rotations will be called roll(𝜙), pitch(𝜃) and yaw(𝜓). The basic transfor-
mation can be obtained by evaluating the corresponding angle rotation in each direction in terms of
yaw, pitch and roll angles. These are explained stepwise according to basic rotation rules. Where Yaw
is interpreted as the counterclockwise rotation of 𝛼 around the z-axis. The rotation matrix is given by;

𝜓 = 𝑅𝑧 (𝛼) =


cos𝛼 −sin𝛼 0
sin𝛼 cos𝛼 0

0 0 1

 (1)

Note that the upper left entries of 𝑅𝑧 (𝛼) form a 2D rotation applied to the x and y coordinates,
whereas the z coordinate remains constant.

Fig. 2. SAE vehicle axis system

A pitch is a counterclockwise rotation of 𝛽 about the y-axis. The rotation matrix is given by;

𝜃 = 𝑅𝑦 (𝛽) =


cos 𝛽 0 sin 𝛽
0 1 0

−sin 𝛽 0 cos 𝛽

 (2)

A roll is a counterclockwise rotation of 𝛾 about the x-axis. The rotation matrix is given by;

𝜙 = 𝑅𝑥 (𝛾) =


1 0 0
0 cos𝛾 −sin 𝑦
0 sin𝛾 cos𝛾

 (3)

Two-dimensional rotation matrixes have been obtained in extended form. For illustration, the
yaw matrix 𝑅𝑧 (𝛼), essentially performs a 2D rotation with respect to the x and y coordinates while
z-coordinate remains unchanged. Thus, the third row and third column of 𝑅𝑧 (𝛼) seems like part of the
identity matrix, while the upper right portion of 𝑅𝑧 (𝛼) seems like the two-dimensional rotation matrix.
This type of rotation allows the robot to rotate on a particular axis through a particular rotational angle.
By multiplying the yaw, pitch, and roll, a single rotation matrix can be formed as;

𝑅(𝛼, 𝛽, 𝛾) = 𝑅𝑧 (𝛼)𝑅𝑦 (𝛽)𝑅𝑦 (𝛾) =


cos𝛼 cos 𝛽 cos𝛼 sin 𝛽 sin𝛾− sin𝛼𝒄𝒐𝒔𝛾 cos𝛼 sin 𝛽cos𝛾+ sin𝛼 sin𝛾
sin𝛼 cos 𝛽 sin𝛼 sin 𝛽 sin𝛾+ cos𝛼 cos𝛾 sin𝛼 sin 𝛽cos𝛾− cos𝛼 sin𝛾
−sin 𝛽 cos 𝛽 sin𝛾 cos 𝛽cos𝛾

 (4)
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Note that the order of rotation matrix as 𝑅(𝛼, 𝛽, 𝛾) performs the roll first, then the pitch, and
finally the yaw. If the order of these operations is changed, a different rotation matrix would result. The
homogeneous transformation matrix for 3D bodies can be expressed as in the 2D case; a homogeneous
transformation matrix can be defined. For the 3D case, a 4X4 matrix is obtained that performs the
rotation given by𝑅(𝛼, 𝛽, 𝛾) , followed by a translation (T) given by 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 . The result is;

𝑇 =


cos𝛼 cos 𝛽 cos𝛼 sin 𝛽 sin𝛾− sin𝑐𝑥 cos𝛾 cos𝛼 sin 𝛽cos𝛾+ sin𝑐𝑧 sin𝛾 𝜋2
sin𝛼 cos 𝛽 cos𝛼 sin 𝛽 sin𝛾− sin𝑐2 cos𝛾 sin𝛼 sin 𝛽cos𝛾− cos𝑐2 sin𝛾 𝑦2
−sin 𝛽 cos 𝛽 sin𝛾 cos 𝛽cos𝛾 𝑧2

0 0 0 1

 (5)

The required motion must be satisfied before one can design a machine. Both translational and
rotational motions must be analyzed in terms of position, velocity, and acceleration, which requires
kinematics analysis. Dynamic analysis is required to size the links, joints, bearings, gearboxes, and
actuators (motors).

The Jacobian algorithms converge locally, often producing weird end effector and platform
trajectories with Jacobian inverse kinematics algorithms for autonomous vehicles. We use the existing
theory of Newton algorithms to improve the quality of convergence of the Jacobian algorithms in this
research.

Some assumptions are made to develop the kinematics model. Firstly, there is no deformation
of wheels as well as terrain surface; secondly, the wheels of the vehicle are simplified to wafers; and
thirdly wheels and surface keep point contact. The definition and description of frames are described
as; Fig. 4 shows the coordinate frames of the autonomous vehicle. Then, the left front wheel means
wheel 1; the left rear wheel means wheel 2; the right front wheel means wheel 3; right rear wheel
means wheel 4; the meanings of coordinate frames are: G is the terrain frame, R is the reference
frame of the vehicle body, D is the middle point frame of differential mechanism, T is the middle
point frame of the axis of differential mechanism, 𝑈𝑖 (𝑖 = 1,2,3,4)is frame fixed on the ends of left
and right rockers according to the wheel number, 𝑉𝑖 (𝑖 = 1,2,3,4) is the steering frame of each wheel,
𝑊𝑖 (𝑖 = 1,2,3,4) is the wheel frame of wheel 1,2,3 and 4 respectively; 𝑅,𝐷,𝑇 ,𝑉𝑖 and 𝑊𝑖 are frames at
time t. 𝑅̄, 𝐷̄,𝑇,𝑉̄𝑖 and 𝑊̄𝑖 are frames at time 𝑡−Δ𝑡, besides, they are instantaneously coincidence with
𝑅,𝐷,𝑇 ,𝑉𝑖 and 𝑊𝑖 respectively.

𝐼 = 𝑇𝑊1 ,𝐶 (𝛿𝑖) =


cos𝛿𝑖 0 sin𝛿𝑖 −𝑟 sin𝛿𝑖

0 1 0 0
−sin𝛿𝑖 0 cos𝛿𝑖 −𝑟 cos𝛿𝑖

0 0 0 1

 (6)

The frame parameters are listed as 𝑑1 is the vertical offset between vehicle reference frame R to
differential frame D; 𝑑2 is the forward offset between vehicle reference frame R to differential frame
D; 𝑑3 equal to 165 mm and is the distance between D and rocker; 𝑑4 equal to 161.5 mm and is the
distance between the middle point of rocker and frame H; 𝑑5 equal to 178.1 mm and is distance
between rocker arm and the center of the wheel; 𝑑6 equal to forward offset between vehicle reference
frame R to fifth wheel arm frame T; Other specification of the autonomous vehicle is given in Table 2.
For wheel rotation by angle 𝛿𝑖 ; then transformation can be written as; For slipping rates by 𝜁𝑖 and 𝜂𝑖 ,
the transformation I given by;

𝑇𝐶1 ,𝐺 =


cos 𝜁𝑖 sin 𝜁𝑖 0 𝑟𝜃𝑖 + 𝜉𝑖
sin 𝜁𝑖 cos 𝜁𝑖 0 𝜂𝑖

0 0 1 0
0 0 0 1

 (7)

The pose of reference point in terrain frame G is illustrated as a vector 𝑈 =
[
𝑋𝑌𝑍𝜙𝑥𝜙𝑦𝜙𝑧

]𝑇 ,
where, [𝑋𝑌𝑍]𝑇 and

[
𝜙𝑥𝜙𝑦𝜙𝑧

]𝑇 is the orientation vector.
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Fig. 3. (a) Rotation on contact frame (b) Incremental rotation by rolling and slip

The lower-case quantities concern the instantaneous vehicle frame R. If left and right side rocker
angles 𝜌is measured by encoders then joint angles are represented by a vector as; 𝑞 = [𝜌𝜓1𝜓2𝜓3𝜓4]𝑇 ,
the range of 𝜌 and the steer angles 𝜓𝑖 is −900 ≤ 𝜌 ≤ 900;−450 ≤ 𝜏 ≤ 450;−900 ≤ 𝜓𝑖 ≤ 90◦. In addition,
every wheel is driven independently, and its angular rotation 𝜃𝑖 is measured by an encoder. Jacobian
matrix and motion equation is computed as;[

¤𝑥 ¤𝑦 ¤𝑧 ¤𝜙𝑥
¤𝜙𝑦

¤𝜙𝑧

]𝑇
= 𝐽𝑖

[
¤𝑞 ¤𝜃𝑖 ¤𝜀𝑖 ¤𝜃𝑖

]𝑇 (8)

Written for short as;
¤𝑢 = 𝐽𝑖 ¤𝑝 (9)

Which gives the vehicle configuration-rate vector ¤𝑑 in terms of the joint angular-rate vector ¤𝑞,
wheel-rolling rate ¤𝜃𝑖 , contact-angle rate ¤𝛿𝑖 , and the slip rate vector ¤𝜀𝑖 . The schematic diagram of WMR
and transformation coordinates is shown in Fig. 4 and the transformation graph in Fig. 6. Referring
to the transformation graph of Fig. 6, the resulting equation of motion for wheel-1 is as follows: in
which,



¤𝑥
¤𝑦
¤𝑧
¤𝜙𝑥

¤𝜙𝑦

¤𝜙𝑧


=



𝐽𝑥,1 𝐽𝑥,𝜓 𝐽𝑥, 𝜃 𝐽𝑥, 𝜉 𝐽𝑥,𝜁 𝐽𝑥,𝜂 𝐽𝑥, 𝛿
0 𝐽𝑦,𝜓 𝐽𝑦, 𝜃 𝐽𝑦, 𝜉 𝐽𝑦,𝜁 𝐽𝑦,𝜂 𝐽𝑦, 𝛿
𝐽𝑧,1 𝐽𝑧,𝜓 𝐽𝑧, 𝜃 𝐽𝑧, 𝜉 𝐽𝑧,𝜁 𝐽𝑧,𝜂 𝐽𝑧, 𝛿
0 𝐽𝜙𝑥,𝜓 0 0 𝐽𝜙𝑘,𝜁 0 𝐽𝜙𝑥, 𝛿

𝐽𝜙𝑦,1 0 0 0 𝐽𝜙𝑦,𝜁 0 𝐽𝜙𝑦, 𝛿
0 𝐽𝜙𝑐,𝜓 0 0 𝐽𝜙,𝜁 0 𝐽𝜙𝜀, 𝛿


×



¤𝜌
¤𝜓1
¤𝜃1
¤𝜉1
¤𝜁1
¤𝜂1
¤𝛿1


(10)

In which,
𝐽𝑥,1 = 𝑑1;
𝐽𝑥,𝜇 = −𝑐𝜌𝑐𝛼1𝑐𝛽1𝑑3 − 𝑠𝜌𝑑3𝑠𝛼1 − 𝑐𝛼1𝑑1𝑠𝛽1 + 𝑠𝜌𝑐𝛼1𝑑4𝑠𝛽1;
𝐽𝑥, 𝜃 = 𝑐𝜌𝑟𝑐𝛼1𝑐𝛿1𝑐𝜓1 + 𝑟𝑠𝜌𝑐𝛽1𝑐𝛿1𝑐𝜓1𝑠𝛼1 − 𝑟𝑠𝜌𝑐𝛼1𝑐𝛽1𝑠𝛿1 + 𝑐𝜌𝑟𝑠𝛼1𝑠𝛿1 + 𝑟𝑠𝜌𝑐𝛿1𝑠𝛽1𝑠𝜓1;
𝐽𝑥, 𝜉 = 𝑐𝜌𝑐𝛼1𝑐𝛿1𝑐𝜓1 + 𝑠𝜌𝑐𝛽1𝑐𝛿1𝑐𝜓1𝑠𝛼1 − 𝑠𝜌𝑐𝛼1𝑐𝛽1𝑠𝛿1 + 𝑐𝜌𝑠𝛼1𝑠𝛿1 + 𝑠𝜌𝑐𝛿1𝑠𝛽1𝑠𝜓1;
𝐽𝑥,𝜁 = 𝑐𝜌𝑐𝛼1𝑐𝛽1𝑐𝛿1𝑑3+𝑠𝜌𝑐𝛿1𝑑3𝑠𝛼1+𝑐𝛼1𝑐𝛿1𝑑1𝑠𝛽1−𝑠𝜌𝑐𝛼1𝑐𝛿1𝑑4𝑠𝛽1−𝑠𝜌𝑐𝛼1𝑐𝜓1𝑑3𝑠𝛿1−𝑐𝜌𝑐𝛽1𝑐𝜓1𝑑3𝑠𝛼1𝑠𝛿1−
𝑠𝜌𝑐𝜓1𝑑𝑠𝑠𝛽1𝑠𝛿1 + 𝑐𝜓1𝑑1𝑠𝛼1𝑠𝛽1𝑠𝛿1 − 𝑠𝜌𝑐𝜓1𝑑4𝑠𝛼1𝑠𝛽1𝑠𝛿1 − 𝑐𝛽1𝑑1𝑠𝛿1𝑠𝜓1 + 𝑠𝜌𝑐𝛽1𝑑4𝑠𝛿1𝑠𝜓1 + 𝑐𝜌𝑐𝛼1𝑑𝑠𝑠𝛿1𝑠𝜓1 +
𝑠𝜌𝑐𝛽1𝑑5𝑠𝛼1𝑠𝛿1𝑠𝜓1 + 𝑐𝜌𝑑3𝑠𝛽1𝑠𝛿1𝑠𝜓1;
𝐽𝑥,𝜂 = 𝑠𝜌𝑐𝜓1𝑠𝛽1 − 𝑐𝜌𝑐𝛼1𝑠𝜓1 − 𝑠𝜌𝑐𝛽1𝑠𝛼1𝑠𝜓1;
𝐽𝑥, 𝛿 = 𝑐𝛽1𝑐𝜓1𝑑1−𝑠𝜌𝑐𝛽1𝑐𝜓1𝑑4−𝑐𝜌𝑐𝛼1𝑐𝜓1𝑑5−𝑠𝜌𝑐𝛽1𝑐𝜓1𝑑5𝑠𝛼1−𝑐𝜌𝑐𝜓1𝑑3𝑠𝛽1−𝑠𝜌𝑐𝛼1𝑑3𝑠𝜓1+𝑐𝜌𝑐𝛽1𝑑3𝑠𝛼1𝑠𝜓1−
𝑠𝜌𝑑5𝑠𝛽1𝑠𝜓1 + 𝑘1𝑠𝛼1𝑠𝛽1𝑠𝜓1 − 𝑠𝜌𝑑4𝑠𝛼1𝑠𝛽1𝑠𝜓1
Where, ’c’ stands for cosine and ’s’ for sine of respective angles. Also, ¤𝜉1, ¤𝜂1 and ¤𝜁1 are rolling slip rate, lateral
slip rate and turn-slip rotation rate respectively. Similar equations are derived for other wheels, wheel 2, 3, 4 and
5 , which give the particular wheel motion and the connecting joints rotation to the vehicle body motion. The
net vehicle motion is the combined effect of wheels and is obtained by combining all wheel motion equation all
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together into a single matrix equation as: 

𝐼6
𝐼6
𝐼6
𝐼6
𝐼6
𝐼6
𝐼6





¤𝑥
¤𝑦
¤𝑧
¤𝜙𝑥

¤𝜙𝑦

¤𝜙𝑥


= 𝐽


¤𝑞
¤𝜃
¤𝜀
¤𝛿

 (11)

Where, 𝐽 is formed by each wheel Jacobian 𝐽. Besides this, 𝐽 represents a sparse matrix. These transformations
and the Jacobian matrix are used for simulation to determine wheel positions.

Fig. 4. Schematic diagram of WMR and transformation coordinate system

3. Force Distribution

3.1. Force Analysis of the Autonomous Vehicle

Regarding Newtonian dynamics, internal and external forces are considered for system analysis. For
example, external forces can be a contact force, such as the traction force at the contact point of a driving wheel,
or a body force, such as the gravitational force on the vehicle’s body. The basic forces acting upon a vehicle at
the point of contact between the wheel and terrain are shown in Fig. 5.

Considering four wheels of the vehicle and three forces in three directions on each wheel as shown in
Fig. 4, hence the forces along 𝑥, 𝑦 and 𝑧 directions of the local coordinate system are considered for the analysis.
These are the force components along 𝑥, 𝑦 and 𝑧 directions at the point of contact of each wheel. So, for wheel i
; 𝑇𝑖 = Tractive force along 𝑥-direction at the point of contact of wheel i, 𝐿𝑖 = Lateral force along 𝑦 direction at
the point of contact of wheel i and 𝑁𝑖 = Normal force along z-direction at the point of contact of wheel i, where
i = 1,2,3 and 4. 5𝑡ℎ wheel is not considered for analysis because it lies in the central axis of the vehicle and is
not taken as a contributor to unbalanced forces.

For the first case, to analyze force distribution along 𝑥-direction, all wheels are separated as right-hand
side and left-hand side forces. Therefore, each side could be resolved into a single resultant set of forces as
follows:
Right-hand side forces(𝐹𝑟 ),

𝐹𝑟 =

𝑛 𝑗∑︁
𝑖=1

𝐹𝑥 𝑗
(12)

and left-hand side forces(𝐹𝑙),

𝐹𝑙 =

𝑛𝑙∑︁
𝑖=1

𝐹𝑥 𝑗
(13)
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𝐹𝑟 , 𝐹𝑙 are the forces on the right-hand side and left-hand side respectively. 𝐹𝑥 is the force along 𝑥 direction on
ith wheel. 𝑛𝑟 , 𝑛𝑙 are the number of wheels on the right-hand side and left-hand side respectively.

Fig. 5. Wheel-ground interface on uneven terrain

Fig. 6. Transformation graph

3.2. Condition for Maximum Stability

The basic concept is to balance the forces acting at the left and right sides of the vehicle by minimizing
the difference as much as possible close to zero. This concept assumes that the difference will be zero at zero
roll and pitch angles; which is the condition for minimum tip-over tendency and maximum stability. This can
be expressed as thus:

𝐹𝑟 −𝐹𝑙 � 0 (14)

or,
𝑛 𝑗∑︁
𝑖=1

𝐹𝑥𝑖 −
𝑛𝑖∑︁
𝑖=1

𝐹𝑥𝑖 � 0 (15)

For the whole vehicle’s body to be stable similar analysis is carried out for y and z-directions respectively
as follows:

𝑛2∑︁
𝑖=1

𝐹𝑦𝑛 −
𝑛𝑖∑︁
𝑖=1

𝐹𝑦𝑖 � 0 (16)

𝑛∑︁
𝑖=1

𝐹𝑧𝑖 −
𝑛∑︁
𝑖=1

𝐹𝑛
𝑧 𝑗
� 0 (17)

and hence in absolute term; ����� 𝑛∑︁
𝑖=1

𝐹𝑟

�����−
����� 𝑛∑︁
𝑖=1

𝐹𝑖

����� � 0 (18)

Furthermore, the normalized three-dimensional forces (3D-forces) are considered for simplicity but in practice,
it is not the exact situation, for the reason it is convenient to compute the resultant force on right-hand side and
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left-hand side separately as Euclidean Vector Sum of forces. For any real number considered for resultant force
in the respective direction then shown in Fig. 7;

|𝑟 | = | (𝑋,𝑌, 𝑍) | =
√︁
𝑋2 +𝑌2 + 𝑍2®𝑟1 + ®𝑟2 = 𝑅̄ : 𝑅 =

√︁
𝑋2 +𝑌2 + 𝑍2 (19)

Fig. 7. Euclidean vector force representation

By this basic consideration of resultant force, the force equation in quadratic form is now introduced for
analysis and also in MATLAB simulation, it is convenient and logical to consider resultant forces in the form
of the quadratic equation. So, Eq. (15) can be rewritten as;√√

𝑛∑︁
𝑖=1

(𝐹𝑟 )2 −

√√√ 𝑛 𝑗∑︁
𝑖=1

(𝐹𝑙)2 � 0 (20)

3.3. Formulation of Multi-Objective Optimization

Sources of forces in an autonomous vehicle available from self-weight, torque applied by actuators also
unwanted and unbalanced forces are due to obstacles and inclinations. The forces of the environment such as
wind blow and others are neglected.

Minimization problem formulation for the force distribution comprises as follows for all values of roll
angle (𝛼) less or equal to the maximum permissible value;

min
𝑇𝑟 ,𝐿𝑒 ,𝑁𝑟

����� 𝑁𝑟∑︁
𝑖=1

𝐹𝑟

�����−
����� 𝑛𝑖∑︁
𝑖=1

𝐹𝑖

�����∀𝛼 ≤ 𝛼max (21)

𝑇𝑖 , 𝐿𝑖 , 𝑁𝑖 are force components, more precisely the set of vector forces of [𝑇1, 𝐿1, 𝑁1,𝑇3, 𝐿3, 𝑁3] are force
vectors on right-hand side of wheels (wheel 1 and 3) while [𝑇2, 𝐿2, 𝑁2,𝑇4, 𝐿4, 𝑁4] are force vectors on left-hand
side of wheels (wheel 2 and 4). For the simulation in MATLAB the quadratic equation is considered as Eq.
(22) based on resultant forces on the right and left-hand sides.

min
𝑇𝑖 ,𝐿𝑝 ,𝑁𝑖

√√
𝑛𝑟∑︁
𝑖=1

(𝐹𝑟 )2 −

√√
𝑛1∑︁
𝑖=1

(𝐹𝑙)2 ∀𝛼 ≤ 𝛼max (22)

If we elaborate on Eq. (17) with the component of forces, the expression for the minimization function is
derived as follows, which is used for MATLAB simulation:

min
𝑇1 ,𝐿1 ,𝑁1

{√︃
𝑇2

1 + 𝐿12 +𝑁12 +
√︃
𝑇2

3 + 𝐿32 +𝑁32
}

−
{√︁

𝑇22 + 𝐿22 +𝑁22 +
√︁
𝑇42 + 𝐿42 +𝑁42

}
(23)
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In the proposed algorithm, the left-hand forces and right-hand forces are separately calculated. In addition,
the forces calculated can be correlated with instantaneous roll and pitch angles. The forces in each direction are
to be summed up and the difference of these two sides’ forces is computed such that the absolute values can be
compared in the next step for stability measure and prediction.

Furthermore, to compute forces, the vectors 𝑓𝑖 =
[
𝑓 𝑥
𝑖
𝑓
𝑦

𝑖
𝑓 𝑧
𝑖

]𝑇
, 𝑖 = {1,2,3,4}, represent wheel terrain

interaction forces and are expressed in the inertial frame {𝑋𝑌𝑍}. The vectors 𝑃𝑖 =
[
𝑝𝑥
𝑖
𝑝
𝑦

𝑖
𝑝𝑧
𝑖

]𝑇
, 𝑖 = {1,2,3,4},

are directed from the wheel-terrain contact points to the robot center of mass 𝑝𝑐 and are expressed in the inertial
frame {𝑋𝑌𝑍} shown in Table 1.

Table 1. Algorithm to simulate genetic algorithm multi-objective optimization

Force difference minimization
√︃∑𝑛𝑟

𝑟=𝑛 ( 𝑓𝑟 )2 −
√︃∑𝑛𝑙

𝑙=𝑛
( 𝑓𝑙)2

determine objective function(OF); 1
assign number of generations to 0 (t=0) 2
randomly create individuals in initial population P(t) 3
while termination criterion is not satisfied do 4
t=t+1; 5
for each i-th individual in the population P(t) do; 6
randomly generate RHS and LHS force difference sets; 7
𝑓 𝑜𝑟,𝑇𝑖 , 𝐿𝑖 , 𝑁𝑖 := 1to𝑇𝑖

′, 𝐿𝑖
′, 𝑁𝑖

′; 8

for, 𝑟 := 1 to 𝑛𝑟 +1 and 𝑖 := 1 to 𝑛𝑙 +1; evaluate
√︃∑𝑛𝑟

𝑟=𝑛 ( 𝑓𝑟 )2 −
√︃∑𝑛𝑙

𝑙=𝑛
( 𝑓𝑙)2 9

If
√︃∑𝑛

𝑖=1 (𝐹𝑟 )
2 −

√︃∑𝑛 𝑗

𝑖=1 (𝐹𝑙)
2 � 0 then 10

𝜀 := [𝜀] 11
min𝑇𝑟 ,𝐿𝑒 ,𝑁𝑟

���∑𝑁𝑟

𝑖=1 𝐹𝑟

���− ��∑𝑛𝑖
𝑖=1 𝐹𝑖

��∀𝛼 ≤ 𝛼max 12
End if 13
Until Termination Condition 13

The vector 𝑓𝑥 =
[
𝐹𝑥
𝑥 𝐹

𝑦
𝑥 𝐹

𝑥
𝑥 𝑀

𝑥
𝑥 𝑀

𝑦
𝑥𝑀

𝑧
𝑥

]𝑇 at the center of mass represents mainly the effects of gravitational
and inertial forces. A set of quasi-static force balance Eq. 24 for the four-wheeled vehicle is determined for the
right and left sides see [57].

1 0 0
0 𝑝𝑧1 𝑝

𝑦

1
−𝑝𝑧1 0 −𝑝𝑥

1
−𝑝𝑦1 𝑝𝑥

1 0

| · · · · · · |

1 0 0
0 𝑝𝑧4 𝑝4

𝑦

−𝑝4
𝑧 0 −𝑝4

𝑥

−𝑝4
𝑦 𝑝4

𝑥 0




𝑓1
𝑓2
𝑓3
𝑓4

 = 𝑓𝑠 (24)

4. Simulations and Results

4.1. Simulations

The terrain model is considered as a Sine function as given in Eq. (25) and Table 2 shows the basic
specifications of the mobile robot, the data is measured after the final production of the prototype suggested
by [58].

y = 10∗ sin (x∗pi/50) (25)

Table 2 shows the typical specifications of the autonomous vehicle, the data is measured after the final
production of WMR on a plane ground. Fig. 8, Fig. 9, and Fig. 10 show the alignment of double sine curve
terrain as a rough terrain to simulate. A particular type of terrain created by wooden blocks which contains
carpet on the top surface as shown in Fig. 9 and 10.

For simulation, terrain equation is used to simulate a similar environment of terrain including kinematic
transformations to run the autonomous vehicle on rough terrain [58] [59]. Here also we must ensure that
autonomous vehicles do not to tipover and deadlocked. In the context of energy consumption and corresponding
drawbar pull must be optimized. That means energy consumption must be minimized whereas drawbar pull
must be maximized at rough terrain and minimized on flat terrain.
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Table 2. The basic specifications of the wheeled mobile robot

Particulars Specification

Wheel Radius (m) 0.0885
Wheel Base (m) 0.323
Wheel Stance (m) 0.33
Ground Clearance (m) 0.166 ∼ 0.256
Average velocity (m/s) 0.269
Power ( Watt ) Maximum 200 W
Length × Width × Height( (m) 0.5×0.44×0.40
Mass (Kg) 15
d1, d2 0
d3, d7( m) 0.165
d4( m) 0.162
d5( m) 0.178
d6( m) 0

Fig. 8. Terrain used in simulation study

Fig. 9. Typical Type A rough terrain

Mahesh Kumar Isher (Modeling, Simulation, Multiobjective Optimization and Mechatronic Design of Wheel-Terrain
Parameters for Better Tractability of an Autonomous Vehicle by Force Balancing Method)



ISSN 2775-2658 International Journal of Robotics and Control Systems
Vol. 6, No. 1, 2026, pp. 262-284

273

Fig. 10. Typical Type B rough terrain

The other type like terrain with sand or gravel may be the option to test vehicles with known soil parameters
such as cohesion, internal friction angle and shear deformation modulus. From Coulomb’s equation for
maximum shear strength 𝜏max that can withstand by ground with internal friction angle 𝜙 and the corresponding
wheel terrain model is shown in Fig. 11 by K. Iagnemma et al. [60], [61];

𝜏max = (𝑐+𝜎max tan𝜙) (26)

Fig. 11. Rigid wheels on deformable terrain

The known quantities are the vertical load 𝑊 , torque 𝑇 , angular speed of the wheel 𝜔, wheel linear speed
𝑉 and sinkage 𝑧 measured with on-board sensors. Hence, the force balance equations for 𝑊 , 𝐷𝑃 and 𝑇 are
given by;

𝑊 = 𝑟𝑏

(∫ 𝜃2

𝜃1

𝜎(𝜃) cos𝜃 · 𝑑𝜃 +
∫ 𝜃2

𝜃1

𝜏(𝜃) sin𝜃 · 𝑑𝜃
)

(27)

𝐷𝑃 = 𝑟𝑏

(∫ 𝜃2

𝜃1

𝜏(𝜃) cos𝜃 · 𝑑𝜃 −
∫ 𝜃2

𝜃1

𝜎(𝜃) sin𝜃 · 𝑑𝜃
)

(28)

𝑇 = 𝑟2𝑏

∫ 𝜃2

𝜃1

𝜏(𝜃) · 𝑑𝜃 (29)

The shear stress (𝜏(𝜃)) is defined as;

𝜏(𝜃) =
(
𝑐+𝜔(𝜃) tan𝜙

(
1− 𝑒 − 𝑟

𝑘
{ 𝜃1−𝜃−(1−𝑖) ) (sin 𝜃1−sin 𝜃 )}

)
(30)
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For a wide range of sinkage coefficients, the equations are simplified for computation as follows;

𝑊 =
𝑟𝑏

𝜃𝑚 (𝜃1 − 𝜃𝑚)

{
𝜎𝑚 (𝜃1 cos𝜃𝑚− 𝜃𝑚 cos𝜃1 − 𝜃1 + 𝜃𝑚)
+𝜏𝑚 (𝜃1 sin𝜃𝑚− 𝜃𝑚 sin𝜃1)

}
(31)

𝐷𝑃 =
𝑟𝑏

𝜃𝑚 (𝜃1 − 𝜃𝑚)

{
𝜏𝑚 (𝜃1 cos𝜃𝑚− 𝜃𝑚 cos𝜃1 − 𝜃1 + 𝜃2)
+𝜎𝑚 (𝜃1 sin𝜃𝑚− 𝜃2 sin𝜃1)

}
(32)

𝑇 =
1
2
𝑟2𝑏 (𝜏𝑚𝜃1 + 𝑐𝜃𝑚) (33)

Where, 𝑖, 𝑟, 𝑏, and 𝑘 are wheel slip ratio, wheel radius, wheel width and shear deformation modulus respectively.
Thus, wheel slip ratio, 𝑖 = 1− (𝑉/𝑟𝜔). Fitness function on the basis can be written by recalling equations (31),
(32) and (33) with noise-induced on it;

𝑃′
𝑖
= 𝑃 (𝑇𝑖)

𝑇 ′
𝑖
= 𝑇𝑖 (𝑐+Δ𝑐, 𝑘 +Δ𝑘, 𝜙+Δ𝜙)

𝑁 ′
𝑖
= 𝑁𝑖 (𝑐+Δ𝑐, 𝑘 +Δ𝑘, 𝜙+Δ𝜙)

(34)

Where, Δ𝑘 , Δ𝜙 and Δ𝑐 are defined as terramechanics noise intensities regarding shear deformation modulus,
internal friction angle and soil cohesion. Due to changes in terrain parameters as a major concern for the effect
of operational parameters, other noise sources like noise from measuring encoders, wheel terrain interaction,
frictional variations etc are not taken into the record. Different Pareto solutions for the different parameters in
the form of Pareto front and corresponding values are obtained in the next chapter.
The overall constraint of noise intensities is assumed as;

−0.1 ≤ (Δ𝑐 or Δ𝑘 or Δ𝜙) ≤ +0.1 (35)

∀𝑖, 𝑖 = {1 . . . 𝑛}

The physical constraints of the vehicle such that vehicle wheels remain in contact with the terrain have
been considered for optimization of wheel-terrain interaction. In terms of wheel-terrain normal forces 𝑁𝑖 must
remain positive as a constraint;

𝑁𝑖 > 0∀𝑖, 𝑖 = {1 . . . 𝑛} (36)
For torque produced, the limits are given by;

𝑇min
𝑖 ≤ (𝑇𝑖 · 𝑟) ≤ 𝑇max

𝑖 (37)

∀𝑖, 𝑖 = {1..𝑛}

By using the Coulomb friction or force coefficient model, the approximated tractive force at the surface of
contact must not exceed the maximum force that the terrain can hold up;

𝑇𝑖 ≤ 𝜇𝑁𝑖∀𝑖, 𝑖 = {1 . . . 𝑛} (38)

Particularly, in the equations 31 to 33, the constraint of angular positions has been limited for this study as
given below.

200 ≤ 𝜃1 ≤ 40◦

20◦ ≤ 𝜃2 ≤ 40◦

0◦ ≤ 𝜃𝑚 ≤ 20◦

4.2. Results

In Table 3 basic parameters considered for the simulation work have been illustrated for optimization.The
graph showing wheel odometry distance versus force experienced on each wheel is presented in Fig. 12, Fig. 13
and Fig. 14. Here, the force distributions in the three directions are presented separately.

Fig. 16 shows the proposed method’s control system design. The tracking performance of the proposed
algorithm is evaluated through the average root mean square errors with respect to variables through sensors.
The effectiveness of the proposed method is tested and verified by simulation results. Fig. 17 demonstrates the
empirical values of the Cumulative Distribution Function (CDF) of power drawn at differed noise levels in the
solution region. Fig. 18 shows the respective CDF of drawbar pull at different noise levels and Fig. 19 shows
the CDF for a normal load. Which indicates the variation range of forces acting upon the vehicle for different
parameters.
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Table 3. Parameter setting

Parameters Settings
Chromosome 15 bits per decision variable with Binary coding

Population Pop. size 100; for Archive (or sec. pop. 100)
Selection Binary tournament selection

Crossover operator Uniform crossover
Crossover rate 0.8

Mutation rate
1

chromosomelength for ZDT1, ZDT4 and ZDT6;
1

bitnumberpervariable for FON and KUR
Mutation operator Bit-flip mutation
Ranking scheme Pareto ranking

Diversity operator Niche count with radius 0.01 in the normalized ob-
jective space.

Evaluation number 50000
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Fig. 12. Plot of wheel odometry distance vs. tractive forces of all wheels and residuals
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Fig. 15. The non-dominated Pareto front between right-hand side and left-hand side forces

Fig. 16. Control system design

Fig. 17. Empirical Cumulative Distribution Function (CDF) of power at different noise levels
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4.3. Mechatronic Design

A conceptual diagram of robust motion control system design is presented in Fig. 20 which is used
to design a system to optimize tractive force and respective power consumption. A bottleneck in developing
algorithms for enabling autonomous-driving capabilities is the amount of testing and verification of the different
components contained in Fig. 21 which includes an overview of the basic architecture for the control system.
The main contribution is to reduce the tracking and lateral errors of the autonomous vehicle, especially while
going through obstacles, by developing a hybrid longitudinal and lateral control system. The longitudinal
control design is based on the geometrical curvature information and is integrated with the PID controller for
speed control purposes.

Fig. 18. Empirical Cumulative Distribution Function(CDF) of drawbar pull at different noise levels

Fig. 19. Empirical Cumulative Distribution Function (CDF) of normal load at different noise levels

The desired speed of the vehicle is generated from the vehicle’s current speed and curvature profile of the
terrain. Furthermore, the feedforward optimal set of solution control is applied to solve lateral errors of the
trajectory by controlling the steering movement decision mode of the vehicle, especially caused by highly rough
and deformable terrain. The Linear Quadratic Regulator (LQR) will be applied to decrease the errors caused
by environmental and external disturbances. The control system design of the proposed method is shown in
Fig. 22. The tracking performance of the proposed algorithm is evaluated through the average root mean square
errors with respect to variables through sensors. The effectiveness of the proposed method is tested and verified
by simulation results.
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Fig. 20. Conceptual diagram of robust motion control system design

Fig. 21. Basic Architecture for control system

Fig. 22. Control system design

5. Conclusion and Future Work

5.1. Conclusion

The size of the residuals in force curves, obtained by plugging the computed solution back into the original
equations, differs by several orders of magnitude. In a three-dimensional force environment along the x, y and
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z directions, namely the tractive force, the lateral force and the normal force are separately analyzed and from
the graph, it is clear that the robot is balanced within the constraint value with nominal force variations.

The residual plot shows the residuals on the vertical axis whereas on the horizontal axis, the independent
variable is plotted. Around the horizontal axis, the residual plots are randomly dispersed with a linear regression
model appropriate for the data; otherwise, a non-linear model is more appropriate.

A residual as sensitivity analysis is the distance of a point from the curve and is positive when the point is
above the curve, and is negative when the point is below the curve. The difference of Normal Residual, which
gives the average sum of the plots of the forces on the right and left sides, is estimated as the difference in the
residuals = 44.2708−27.8388 = 16.4320.

As this study considers symmetric design of vehicle has its center of gravity lies in the center of the body,
so force imbalance greater than 50 percent on either side greatly influence the stability and tip-over tendency.
Grand et al. [8] illustrated in terms of angular movement less than 500 applied for tipover stability. If we consider
100% stable as the ideal case, that is when the difference of these two resultant forces equals zero; then it is
concluded that the vehicle is 37.1170161% unstable and 62.8829838% stable. The non-dominated Pareto front
obtained between two sides forces that are taken as conflicting objectives are plotted using gamultiobj solver
for multi-objective optimization as shown in Fig. 15. The Pareto front obtained with the following parameter
values associated with the analysis as an initial guess of 0.1 for all variables with a population size of 60,
Pareto Fraction of 70% and evaluated with the upper bound and lower bound of [5,5] and [−5,−5] respectively.
Solutions obtained here in the Pareto front are non-dominated to each other.

However, variation in forces on one side will affect the resultant force on the other side. The change in
initial guesses as the global optimal solution is quite sensitive to such variable perturbation in its vicinity; the
implementation solution may result in a different set of objective values than that of the theoretical optimal
solution. It is seen that with the same guesses, Pareto front changes with different trade-off solutions. Hence,
the Cumulative Distribution Function (CDF) of the drawbar pull, power and normal load verifies the force
fluctuation within the range to operate the vehicle without abnormal tilt. The Linear-Quadratic Regulator
(LQR) control system regulates the variations with inputs in changes in terrain parameters Δc, Δk and Δ𝜙.

5.2. Future Work

The designer must emphasize that finding robust solutions less sensitive to variable perturbations in their
neighborhoods can be taken as future work. Such solutions can be used to control the vehicle more accurately in
terms of force distribution as a parameter that is correlated with the maximum permissible threshold by indirect
measurement of permissible(safe) roll and pitch angle so that the vehicle does not tip over and deadlock.
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