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ABSTRACT

In many control applications, achieving precise tracking and rejecting periodic
disturbances remain persistent challenges. A widely adopted solution is
repetitive control (RC), which provides excellent steady-state performance
for periodic reference tracking but often exhibits large overshoots during
transients and offers only asymptotic stability guarantees. To overcome
these limitations, this study integrates a Control Barrier Function (CBF)
into an output-feedback RC framework to enforce safety while maintaining
tracking accuracy. In the proposed structure, the CBF operates as a safety
filter that modifies the RC–PD control input only when needed to prevent
potential violations of predefined output states. This ensures that system
trajectories remain within a prescribed safe region throughout operation. The
framework is validated through a servomotor simulation study, including a
case with periodic disturbance to demonstrate consistent tracking behavior
under non-nominal operating condition. The simulation results show that
the RC–CBF controller eliminates overshoot, ensuring transient safety
while preserving the key benefits of RC in achieving accurate steady-state
periodic tracking. Although the integration of the CBF introduces a slight
increase in steady-state error compared with standalone RC, the error remains
negligible for all tested conditions. By contrast, a PD controller with or
without a CBF yields safer transients than standalone RC but does not
achieve the steady-state accuracy of RC-based methods. Overall, combining
RC with CBF offers a practical way to enforce transient safety while
preserving accurate periodic tracking, making the approach promising for
precise reference tracking and disturbance rejection in industrial applications.

© 2025 The Authors.
Published by Association for Scientific Computing Electrical and Engineering.

This is an open access article under the CC-BY-SA license.

1. Introduction

In many control applications, accurate tracking and rejection of periodic signals remain a common
challenge. A widely adopted solution is repetitive control (RC), first proposed by Inoue et al. [1].
RC concept was originated by the Internal Model Principle (IMP) developed in [2], which enables
periodic reference tracking and disturbance rejection with minimal steady-state error [3]. Compared
to classical control schemes such as PID, RC provides superior performance because it learns and
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reuses the repeating components of a signal as feedforward input [4]. This is achieved by inserting
a one-period delay in the feedback loop, storing the error from the previous period, and using it to
correct the next cycle. RC methods are generally classified into two categories: state-feedback RC
and output-feedback RC. State-feedback RC is designed in the state-space framework and is typically
synthesized in the continuous-time domain [5], whereas output-feedback RC is formulated using
transfer-function models in the discrete-time frequency domain [6]. In the discrete-time framework,
RC is usually constructed from two components: the internal model and a compensator. The internal
model generates the periodic pattern using a delay whose length matches the period of the reference,
thereby enabling tracking or rejection of periodic signals. The compensator, often viewed as a learning
function, ensures closed-loop stability and determines the convergence rate of the overall RC system.

RC has demonstrated effectiveness across diverse applications involving periodic signal tracking
and rejection, including functional electrical stimulation (FES) [7]–[10], pulse width modulation
(PWM) converters [11]–[14], active power filters [15], and flexible robotic joints [16]–[18]. Recent
developments in RC-related approaches have been surveyed across numerous studies [19]–[26].
For instance, [19] proposed a novel design methodology for the development of a compensator
for discrete-time high-order RC (HORC) systems. The compensator is derived by fulfilling the
HORC stability criterion, which is necessary for formulating an objective function that addresses the
compensator design challenge as an optimization problem. The method applies to both minimum-
phase and non-minimum-phase systems. In [20], preview RC with an equivalent-input-disturbance
(EID) estimator for continuous-time systems was introduced by converting the one-period delay into
a delay-free form and using a linear quadratic regulator (LQR) to synthesize the controller, thereby
improving periodic tracking and rejection of unknown disturbances. A model-reference RC combined
with HORC was proposed in [21] for a class of linear systems to track time-varying references and
reject uncertain periodic disturbances. Furthermore, [22] presented a general multi-frequency RC
algorithm for power converters that can track periodic references and reject periodic disturbances,
including multi-frequency components.

Building on these advances, several researchers have further extended the RC framework to
address more complex scenarios. For example, the advancement of RC formulations to enhance direct
force control in quasi-periodic human–robot interaction was presented in [23], where a zero-force
controller was assessed via simulations and bench-top experiments against a passive proportional
baseline. In addition, [24] introduced a discrete-time RC with a fractional-delay internal model that
allows for more accurate tracking, especially when the delay duration is not an integer. Subsequently,
[25] proposed a novel disturbance-rejection framework for RC systems that addresses unknown

dynamics by explicitly aligning the EID compensation with the estimated EID, constructing a minimal
loop that couples the EID estimate, the output-error signal, and the compensation signal. Moreover,
[26] developed an algorithm consisting of a fractional-delay RC scheme combined with a nonlinear

control method, namely the sliding mode control technique. In this approach, the fractional-delay RC
is utilized for trajectory tracking and disturbance rejection to enhance steady-state accuracy, while
sliding mode control improves the transient response of the RC system and ensures robustness against
parametric uncertainties.

Beyond these developments, RC has been applied to a broad spectrum of system classes, including
single-input single-output (SISO) systems [27]–[30], nonlinear SISO systems [31]–[34], and multi-
input multi-output (MIMO) systems [35]–[40]. While RC demonstrates excellent performance in
tracking and rejecting periodic signals across these diverse systems, several inherent limitations
remain. One major concern is the potential for excessively large control signals, particularly during
the initial learning phase or when the reference or disturbance varies unpredictably. In its effort to
rapidly suppress periodic errors, the controller often generates high-amplitude control actions, which
can lead to larger overshoots compared to conventional controllers, especially during transient phases
of each cycle [41]. Furthermore, RC guarantees only asymptotic stability in periodic tracking and
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does not provide formal safety assurances for the plant output. In the absence of explicit constraint-
handling mechanisms—such as actuator saturation or state/output limits—transient responses may
violate safety bounds even though convergence is ultimately achieved. Accordingly, the integration
of a safety framework is essential to ensure that the RC control input and plant output remain within
acceptable limits.

Accordingly, one control approach that not only guarantees stability but also ensures system
safety throughout the control process is the Control Barrier Function (CBF). A CBF defines a safe set
in the system’s state space and keeps the system within it by imposing barrier-based constraints on the
control input [42]–[44]. It offers a simple yet effective means to augment controllers in applications
that must enforce safety performance. Conceptually, a CBF acts as a supervisor (safety filter) that
modifies the control command whenever a potential safety violation is detected [42], [45]. Moreover,
CBFs offer a rigorous framework for enforcing safety in control systems while accommodating
performance objectives through integration with nominal or Control Lyapunov Function (CLF)-based
controllers [46]. By enforcing barrier-based constraints on states and inputs, CBFs restrict system
trajectories to a prescribed safe set and certify forward invariance, even in the presence of uncertainty
and external disturbances [47]. In practice, CBFs synthesize safety feedback so that any trajectory
starting in an admissible initial set remains within the safe set and never enters its complement (the
unsafe region), mirroring the relationship between Lyapunov functions and CLFs [48], [49]. A
common approach to designing a CBF is to first specify hard constraints and then construct a function
that guarantees forward invariance of a prescribed safety set, which is particularly effective for simple
linear constraints [50].

Because of their strong safety guarantees, CBF frameworks have been successfully applied
to a wide range of control problems, including robotics applications [51]–[54], adaptive cruise
control [55]–[58], permanent magnet (PM) motor control [59]–[62], and dynamic balancing of
Segways [63]–[65]. Several studies provide comprehensive theoretical and experimental evidence
that barrier-based constraints can enforce forward invariance of prescribed safe sets, accommodate
model uncertainties and disturbances through real-time optimization, and be seamlessly integrated with
nominal controllers—such as model predictive control, iterative learning control, CLF-based quadratic
programming (QP), and sliding mode control—to maintain tracking performance while guaranteeing
safety [57], [58], [66]–[70]. For instance, [57], [58] introduced a barrier-function formulation that
implies forward invariance and demonstrated how CBF can be unified with CLF in a QP to balance
performance and safety. In [66], it was shown that a CBF can be implemented as a standalone safety
mechanism that minimally modifies the nominal control input to maintain system safety. To address
restrictions with high relative-degree constraints, [67] developed the exponential CBF. Subsequently,
High-Order CBFs (HOCBFs) were introduced in [68], generalizing CBFs to arbitrary relative degrees,
providing Lyapunov-like conditions that ensure forward invariance of safety sets, and improving QP
feasibility through penalty and parameterization methods. The framework in [69] extended CBFs
to uncertain nonlinear systems with actuator saturation, eliminating the need for prior disturbance
bounds, enforcing prescribed tracking-error limits, and reducing chattering in conventional sliding
mode control. Furthermore, [70] presented a CBF combined with model-free adaptive iterative
learning control to guarantee safety via QP constraints while handling system uncertainties. While
RC and CBF have been widely studied, to the best of our knowledge the specific learning–projection
interaction in safety-critical repetitive tracking has not been systematically characterized.

In safe periodic tracking, RC attains high steady-state accuracy by learning from cycle-to-cycle
tracking error, yet it lacks formal safety guarantees and can require large control efforts during
transients. CBFs complement RC by enforcing state and input constraints through an optimization-
based safety filter that projects the nominal control input onto a constraint-admissible set. Such a safety-
critical repetitive tracking capability is particularly relevant for industrial electromechanical systems
that operate under periodic motion, such as servo-driven positioning stages, flexible robotic joints, and
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machinery requiring active vibration compensation. In these applications, large transient overshoots
or violations of position and input constraints can lead to degraded product quality, accelerated
mechanical wear, or even unsafe operating conditions, making an RC–CBF framework especially
attractive.

Therefore, this study aims to integrate a Control Barrier Function (CBF) with Repetitive Control
(RC) to overcome the inherent limitations of conventional RC and analyzes their interaction to derive a
practical architecture that retains high tracking accuracy while guarantee enforcing safety. In particular,
RC often suffers from large control efforts during transients and provides only asymptotic stability
without formal safety guarantees. To address these issues, we propose a repetitive proportional–
derivative controller augmented with a control barrier function (RCPD-CBF) for accurate and safe
periodic signal tracking. The proposed approach not only ensures a small steady-state tracking error
but also enforces safety by imposing state and input constraints. In the integrated architecture, the RC–
PD serves as the nominal controller responsible for tracking and rejecting periodic components, while
the CBF acts as a real-time safety filter that minimally adjusts the nominal control input, for instance,
through a quadratic program that prioritizes constraint satisfaction over tracking accuracy, whenever
the system is at risk of violating safety limits. This work’s primary contributions are summarized as
follows:
1. A novel and systematic integration of RCPD and CBF is developed and analyzed for a single-

input single-output (SISO) linear servomotor system, combining their complementary strengths
to achieve accurate periodic tracking while enforcing safety constraints during transients and
maintaining tracking precision at steady state.

2. The inclusion of the CBF in the nominal RC controller ensures boundedness of both the system
states and the control input through forward-invariance conditions on prescribed state and input
constraints, in addition to the asymptotic convergence properties of RC.

3. The effectiveness of the proposed RCPD augmented with a CBF is validated through simulations
both in a disturbance-free case and under a disturbance, demonstrating superior periodic-tracking
performance and enhanced safety compared with RCPD, PD-CBF, and standalone PD controllers.

The remainder of this paper is organized as follows. Section 2 outlines the proposed methodology,
including the plant modeling, standalone output-feedback RC design, standalone CBF design, and the
development of the integrated RC–CBF strategy. Section 3 presents the simulation results, comparative
analysis, and discussion, while Section 4 concludes the study.

2. Method

2.1. Plant Modelling

In this study, a servomotor system is employed as the plant model [71]. The motor dynamics are
represented as a linear system relating the armature voltage 𝑣𝑚(𝑡) (input) to the load–shaft speed𝜔ℓ (𝑡)
(output). By lumping the motor, gear, and load effects into equivalent inertia and damping terms, the
governing equation can be expressed as

𝐽𝑒𝑞 ¤𝜔ℓ (𝑡) + 𝐵𝑒𝑞 𝜔ℓ (𝑡) = 𝐴𝑚 𝑣𝑚(𝑡), (1)

Where 𝐽𝑒𝑞 is the equivalent inertia, 𝐵𝑒𝑞 the viscous damping coefficient, and 𝐴𝑚 the actuator gain
capturing the electromechanical coupling, 𝑣𝑚(𝑡) is an input voltage and 𝜔ℓ (𝑡) is an angular velocity.
Applying the Laplace transform of (1) under zero initial conditions yields the transfer function

𝜔ℓ (𝑠)
𝑉𝑚(𝑠)

=
𝐴𝑚

𝐽𝑒𝑞𝑠 + 𝐵𝑒𝑞
=

𝐾

𝜏𝑠 + 1
, (2)

Where 𝐾 =
𝐴𝑚

𝐵𝑒𝑞
and 𝜏 =

𝐽𝑒𝑞
𝐵𝑒𝑞

represent the steady-state gain and time constant, respectively. Consid-
ering the angular position 𝜃 (𝑡) as the output, an additional integration gives the voltage-to-position
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transfer function
𝜃 (𝑠)
𝑉𝑚(𝑠)

=
𝑋 (𝑠)
𝑈 (𝑠) =

𝐾

𝑠(𝜏𝑠 + 1) . (3)

For simplicity, the Laplace-domain input and output are represented as𝑈 (𝑠) for the input voltage
and 𝑋 (𝑠) for the angular position. Applying the inverse Laplace transform to (3) yields the second-
order differential equation. Under zero initial conditions for 𝑥(𝑡) and ¤𝑥(𝑡), the system dynamics
become:

¥𝑥(𝑡) = −1
𝜏
¤𝑥(𝑡) + 𝐾

𝜏
𝑢(𝑡), (4)

Where 𝑥(𝑡) denotes the angular position, ¤𝑥(𝑡) the angular velocity, ¥𝑥(𝑡) the angular acceleration, and
𝑢(𝑡) the input voltage in the time domain. The corresponding state-space representation of the plant
is therefore

¤x(𝑡) =
[
0 1
0 − 1

𝜏

]
︸    ︷︷    ︸

A

x(𝑡) +
[

0
𝐾
𝜏

]
︸︷︷︸

B

𝑢(𝑡), 𝑦(𝑡) =
[
1 0

]︸ ︷︷ ︸
C

x(𝑡), (5)

Where x(𝑡) = [𝑥1(𝑡) 𝑥2(𝑡)]T = [𝑥(𝑡) ¤𝑥(𝑡)]T = [𝜃 (𝑡) 𝜔ℓ (𝑡)]T is the state vector, A is a system matrix,
B is an input matrix, and C is an output matrix. The transfer function (3) and state-space model (5)
represent the final plant model used in this work. Finally, the block diagram of the open-loop plant
model can also be illustrated in Fig. 1.

Fig. 1. Block diagram of the open-loop servomotor plant model illustrating the relationship between the input
voltage 𝑢(𝑡) and the angular position 𝑥(𝑡)

2.2. Output-Feedback RC

The structure of the output-feedback repetitive controller (RC) is illustrated in Fig. 2, where the
RC is implemented in a plug-in configuration with a conventional controller 𝐶 (𝑧). The term output-
feedback RC refers to a configuration in which only the measured output state is used for feedback to
the RC. The RC-based system aims to achieve accurate tracking of a periodic reference signal 𝑟 (𝑘),
where 𝑟 (𝑘) denotes the desired trajectory to be followed. The tracking error 𝑒(𝑘) is defined as the
difference between the reference input and the plant output, expressed as

𝑒(𝑘) = 𝑟 (𝑘) − 𝑦(𝑘), (6)

Where 𝑦(𝑘) represents the plant output. Based on Fig. 2, 𝑃(𝑧) denotes the discrete-time plant model,
𝐶 (𝑧) represents the conventional controller, 𝐼 (𝑧) is the internal model of the RC, and 𝐿 (𝑧) is the RC
compensator.

The signal 𝑢𝑟𝑐 (𝑘) corresponds to the control signal generated by the plug-in RC. The transfer
function of the plug-in RC can be expressed as

𝑈𝑟𝑐 (𝑧)
𝐸 (𝑧) = 𝐼 (𝑧)𝐿 (𝑧), (7)
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Fig. 2. Closed-loop system block diagram incorporating the output-feedback RC

Where 𝐸 (𝑧) is the 𝑧-transform of the tracking error.
The essential design task in the plug-in RC structure is to determine the internal model 𝐼 (𝑧) based

on the internal model principle (IMP) and to design a stabilizing compensator 𝐿 (𝑧). The discrete-time
internal model is formulated as

𝐼 (𝑧) = 𝑄(𝑧)𝑧−𝑁
1 −𝑄(𝑧)𝑧−𝑁 , (8)

Where 𝑁 = 𝑇𝑟/𝑇𝑠 is the number of samples per reference period, 𝑇𝑠 is the sampling period, and 𝑄(𝑧)
is a low-pass filter. In this study, 𝑄(𝑧) is selected as a zero-phase low-pass moving-average filter
defined by

𝑄(𝑧) = 𝑞0 +
𝑛∑︁
𝑗=1

𝑞 𝑗 (𝑧 𝑗 + 𝑧− 𝑗), (9)

Where 𝑛 denotes the filter order and the coefficients 𝑞0, 𝑞1, . . . , 𝑞𝑛 satisfy

𝑞0 + 2
𝑛∑︁
𝑗=1

𝑞 𝑗 = 1. (10)

The filter structure in (9) and condition in (10) ensures that the Q-filter provides unity gain within
the tracking bandwidth and maintains zero phase across all frequencies.

The compensator 𝐿 (𝑧) plays a crucial role in ensuring closed-loop stability when the plug-in RC
is employed. For the closed-loop configuration shown in Fig. 2, the stabilized plant is defined as

𝑃𝑠 (𝑧) =
𝐶 (𝑧)𝑃(𝑧)

1 + 𝐶 (𝑧)𝑃(𝑧) , (11)

Where 𝐶 (𝑧) is a conventional feedback controller, such as a proportional–derivative (PD) controller.
In this work, the stabilizing compensator 𝐿 (𝑧) is chosen based on the general stability conditions of
plug-in RC, namely that (i) 𝑃𝑠 (𝑧) is internally stable and (ii) the following norm holds:

(1 − 𝐿 (𝑧)𝑃𝑠 (𝑧)

)
𝑄(𝑧)




∞ < 1. (12)

From (12), it is evident that 𝐿 (𝑧) is designed to cancel both the magnitude and phase of 𝑃𝑠 (𝑧)
within the tracking bandwidth, achieving ideal compensation when

𝐿 (𝑧) = 1
𝑃𝑠 (𝑧)

. (13)

This choice requires that 𝑃𝑠 (𝑧) be stable and minimum phase so that 𝑃−1
𝑠 (𝑧) does not intro-

duce unstable poles. In cases where 𝑃𝑠 (𝑧) exhibits non–minimum–phase characteristics, alternative
compensator designs may be adopted, such as those proposed in [72].
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Although the ideal choice (13) may lead to an improper transfer function, its implementation
remains practical. Let 𝑑𝑁 and 𝑑𝐷 denote the numerator and denominator degrees of 𝐿 (𝑧), respectively,
and define 𝑛𝐿 = 𝑑𝑁 − 𝑑𝐷 ≥ 0. The compensator is then realized as a proper block by multiplying
𝐿 (𝑧) with a pure delay 𝑧−𝑛𝐿 in the controller, while the factor 𝑧𝑛𝐿 is absorbed into the internal model.
Substituting this decomposition into (7) and (8) yields the final form of the output–feedback RC:

𝑈𝑟𝑐 (𝑧) =
(
𝑄(𝑧) 𝑧−𝑁+𝑛𝐿

1 −𝑄(𝑧) 𝑧−𝑁

) (
𝑧−𝑛𝐿𝐿 (𝑧)

)
𝐸 (𝑧), (14)

Where 𝑄(𝑧) and 𝐿 (𝑧) are designed according to (9) and (13), respectively, and the implemented
compensator 𝑧−𝑛𝐿𝐿 (𝑧) is proper and suitable for realization.

2.3. Control Barrier Function

This subsection presents the design of the control barrier function (CBF) and its role in ensuring
system safety. The overall closed-loop configuration incorporating the CBF is illustrated in Fig. 3 [73].
Consider a dynamic system described by

¤𝑥 = 𝑓 (𝑥) + 𝑔(𝑥) 𝑢, (15)

Fig. 3. Block diagram of the closed-loop system with CBF.

Where 𝑥 ∈ R𝑛 denotes the system state and 𝑢 ∈ R𝑚 is the control input. The functions 𝑓 : R𝑛 → R𝑛

and 𝑔 : R𝑛 → R𝑛×𝑚 are considered to maintain locally Lipschitz continuous. The control input
𝑢 : R𝑛 → R𝑚 is also assumed to be locally Lipschitz continuous, ensuring that the closed-loop
dynamics in (15) are well-defined. Under these assumptions, for any initial condition 𝑥0 ∈ R𝑛, there
exists a maximal interval of existence 𝐼 (𝑥0) = [0, 𝜏max) on which a unique solution 𝑥 : 𝐼 (𝑥0) → R𝑛

satisfies (15) with the initial state 𝑥(0) = 𝑥0.
The concept of safety is formalized by defining a safe set within which the system state must remain

to ensure safety. Specifically, consider a set C ⊂ R𝑛 defined as the zero-superlevel set of a continuously
differentiable function ℎ : R𝑛 → R, where 0 is a regular value (i.e., ℎ(𝑥) = 0 ⇒ 𝜕ℎ

𝜕𝑥
(𝑥) ≠ 0). The

safe set is thus given by
C ≜ { 𝑥 ∈ R𝑛 | ℎ(𝑥) ≥ 0 }. (16)

We refer to C as the safe set, whose boundary and interior are respectively defined as

𝜕C ≜ { 𝑥 ∈ R𝑛 | ℎ(𝑥) = 0 },
int(C) ≜ { 𝑥 ∈ R𝑛 | ℎ(𝑥) > 0 }.

CBF provides a constructive framework for synthesizing controllers which guarantee the forward
invariance of a prescribed safe set, thereby ensuring the safety of the closed-loop system [42], [58].
Before formally defining CBFs, we first recall the following terminology. A continuous function
𝛼 : (−𝑏, 𝑎) → R is called an extended class-K function (𝛼 ∈ K𝑒) if 𝛼(0) = 0 and 𝛼 is strictly
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monotonically increasing. If 𝑎 = 𝑏 = ∞, lim𝑟→∞ 𝛼(𝑟) = ∞, and lim𝑟→−∞ 𝛼(𝑟) = −∞, then 𝛼 is said
to be an extended class-K∞ function (𝛼 ∈ K∞,𝑒).

This leads to the following definition of CBF. Safety is characterized by a safe set C ⊂ R𝑛. Let
ℎ : R𝑛 → R be a continuously differentiable function defining the boundary of C.
Definition 1 (Control Barrier Function, CBF) [58]. Let C ⊂ R𝑛 be the zero-superlevel set of a
continuously differentiable function ℎ : R𝑛 → R, where 0 is a regular value. The function ℎ is a CBF
for the system in (15) on C if there exists 𝛼 ∈ K∞,𝑒 such that, for all 𝑥 ∈ C,

sup
𝑢∈R𝑚

[
𝐿 𝑓 ℎ(𝑥) + 𝐿𝑔ℎ(𝑥) 𝑢

]
≥ −𝛼

(
ℎ(𝑥)

)
, (17)

Where 𝐿 𝑓 ℎ(𝑥) and 𝐿𝑔ℎ(𝑥) denote the Lie derivatives of ℎ along 𝑓 (𝑥) and 𝑔(𝑥), respectively. This
condition yields the CBF control set

𝑈cbf (𝑥) =
{
𝑢 ∈ R𝑚

�� 𝐿 𝑓 ℎ(𝑥) + 𝐿𝑔ℎ(𝑥) 𝑢 + 𝛼(ℎ(𝑥)) ≥ 0
}
, (18)

Which contains all admissible control inputs ensuring that the state trajectory remains within the
safe set C for all time.
Definition 2 (Exponential Control Barrier Function, CBF) [67] To overcome the relative-degree
limitation of standard CBFs, the exponential CBF (eCBF) was introduced in [67]. When the safety
function ℎ(𝑥) has relative degree 𝑟 ≥ 1 (particularly 𝑟 > 1), its 𝑟-th time derivative can be expressed
as

ℎ (𝑟 ) (𝑥, 𝑢) = 𝐿 𝑟𝑓 ℎ(𝑥) + 𝐿𝑔𝐿
𝑟−1
𝑓 ℎ(𝑥) 𝑢, (19)

Where 𝐿𝑔𝐿 𝑓 ℎ(𝑥) = 𝐿𝑔𝐿
2
𝑓
ℎ(𝑥) = · · · = 𝐿𝑔𝐿

𝑟−2
𝑓

ℎ(𝑥) = 0 and 𝐿𝑔𝐿 𝑟−1
𝑓

ℎ(𝑥) ≠ 0. The augmented state
variable 𝜂ℎ is defined as

𝜂ℎ (𝑥) :=



ℎ(𝑥)
¤ℎ(𝑥)
¥ℎ(𝑥)
...

ℎ (𝑟−1) (𝑥)


=



ℎ(𝑥)
𝐿 𝑓 ℎ(𝑥)
𝐿 2
𝑓
ℎ(𝑥)
...

𝐿 𝑟−1
𝑓

ℎ(𝑥)


, (20)

and the new scalar control input is defined as 𝜇ℎ = 𝐿 𝑟
𝑓
ℎ(𝑥) + 𝐿𝑔𝐿 𝑟−1

𝑓
ℎ(𝑥) 𝑢. Hence, the dynamics of

ℎ(𝑥) can be reformulated as a linear system of the form

¤𝜂ℎ (𝑥) = 𝐹ℎ 𝜂ℎ (𝑥) + 𝐵ℎ 𝜇ℎ,
ℎ(𝑥) = 𝐶ℎ 𝜂ℎ (𝑥),

(21)

Where

𝐹ℎ =



0 1 0 · · · 0
0 0 1 · · · 0
...

...
. . .

. . .
...

0 0 0 · · · 1
0 0 0 · · · 0


, 𝐵ℎ =



0
0
...

0
1


, 𝐶ℎ =

[
1 0 · · · 0

]
. (22)

To drive the output ℎ(𝑥) to zero, the pole-placement technique is employed to design a feedback
law 𝜇ℎ = −𝐾ℎ 𝜂ℎ such that all closed-loop poles 𝑝ℎ = −[𝑝1 𝑝2 · · · 𝑝𝑟ℎ ] satisfy 𝑝𝑖 ≥ 0, 𝑖 = 1, . . . , 𝑟ℎ.
This yields ℎ(𝑥(𝑡)) = 𝐶ℎ𝑒𝐴ℎ𝑡𝜂ℎ (𝑥0) with 𝐴ℎ = 𝐹ℎ − 𝐵ℎ𝐾ℎ. It follows that ℎ(𝑥(𝑡)) ≥ 𝐶ℎ𝑒𝐴ℎ𝑡𝜂ℎ (𝑥0)
if 𝜇ℎ ≥ −𝐾ℎ𝜂ℎ.
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For a safety set C characterized by an 𝑟-times continuously differentiable function ℎ(𝑥), the
function ℎ(𝑥) is called an exponential CBF if there exists a row vector 𝐾ℎ = [ 𝑘1 𝑘2 · · · 𝑘𝑟 ] such that

sup
𝑢∈U

[
𝐿 𝑟𝑓 ℎ(𝑥) + 𝐿𝑔𝐿

𝑟−1
𝑓 ℎ(𝑥) 𝑢

]
≥ −𝐾ℎ 𝜂ℎ (𝑥). (23)

Consequently, ℎ(𝑥(𝑡)) ≥ 𝐶ℎ𝑒𝐴ℎ𝑡𝜂ℎ (𝑥0) ≥ 0 whenever ℎ(𝑥(0)) ≥ 0, ensuring forward invariance
of the safe set C. An appropriate selection of𝐾ℎ not only guarantees that 𝐴ℎ is Hurwitz (all eigenvalues
have strictly negative real parts) but also ensures a dependence on the initial condition 𝜂ℎ (𝑥0) that
helps maintain forward invariance. The characteristic polynomial of 𝐴ℎ is expressed as

𝜆𝑟 + 𝑘𝑟𝜆𝑟−1 + · · · + 𝑘2𝜆 + 𝑘1 = 0, (24)

With corresponding poles 𝑝1, 𝑝2, . . . , 𝑝𝑟 .
A sequence of functions 𝑦𝑖 : R𝑛 → R, each defining a superlevel set C𝑖 , for 𝑖 = 1, 2, . . . , 𝑟 , is

introduced as
𝑦0(𝑥) = ℎ(𝑥), C0 = { 𝑥 : 𝑦0(𝑥) ≥ 0},
𝑦1(𝑥) = ¤𝑦0(𝑥) + 𝑝1𝑦0(𝑥), C1 = { 𝑥 : 𝑦1(𝑥) ≥ 0},

...
...

𝑦𝑟 (𝑥) = ¤𝑦𝑟−1(𝑥) + 𝑝𝑟 𝑦𝑟−1(𝑥), C𝑟 = { 𝑥 : 𝑦𝑟 (𝑥) ≥ 0},

(25)

With C0 coinciding with C. Following the main result in [67], if C𝑖 is forward invariant, then
C𝑖−1 is also forward invariant provided that 𝑥0 ∈ C𝑖 ∩ C𝑖−1 and 𝑝𝑖 ≥ 0 for all 𝑖 = 1, . . . , 𝑟 . From (25),
if 𝑥0 ∈ C𝑖 , the following inequality holds:

¤𝑦𝑖−1
(
𝑥(𝑡)

)
+ 𝑝𝑖 𝑦𝑖−1

(
𝑥(𝑡)

)
≥ 0. (26)

Finally, the exponential CBF-based controller adopted in this study is formulated as the following
quadratic program:

𝑢(𝑥) = arg min
𝑢∈R𝑚

1
2 ∥𝑢 − 𝑢nom∥2

s.t. 𝐿 𝑟𝑓 ℎ(𝑥) + 𝐿𝑔 𝐿
𝑟−1
𝑓 ℎ(𝑥) 𝑢 + 𝐾ℎ 𝜂ℎ (𝑥) ≥ 0,

(27)

Where 𝑢nom denotes the nominal control input and the inequality constraint ensures satisfaction of the
exponential CBF condition.

2.4. Proposed RC-CBF System

In this subsection, Table 1 provides an overview of the procedure for constructing the output-
feedback RC integrated with CBF, as summarized in Table 1. The overall closed-loop structure of
the RC–CBF system is illustrated in Fig. 4. In the proposed architecture, the nominal controller
responsible for achieving high tracking accuracy is provided by the RCPD, which is designed solely
to minimize the periodic tracking error in the unconstrained setting.

The CBF is not intended to improve tracking performance; instead, it is introduced as a supervisory
safety layer that monitors the system state and ensures that the transient response remains confined
within prescribed state and input bounds. Whenever the nominal RC–PD command would drive the
system close to or beyond these safety limits, the CBF modifies this command through the QP so that
the applied input satisfies the constraints while deviating as little as possible from the nominal control
signal. The control strategy is then applied to a servo system model.

To ensure the performance advantages of the proposed method, we examine its robustness to
disturbance and its capability to maintain both stability and safety. The systems performance is
assessed using Max Error, RMSE, and overshoot, followed by further analysis, as detailed in Section 3.
A summary of the research methodology is illustrated in the flowchart shown in Fig. 5.
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Table 1. Design algorithm for RC–CBF system

RC–CBF System Design Steps
Step 1. Obtain the transfer function as given in (3) and the corresponding state-space model as in (5).
Step 2. Obtain the period of the periodic reference signal, 𝑇𝑟 , to compute 𝑁 for the design of the RC internal model.
Step 3. Determine the Q-filter 𝑄(𝑧) using the expressions in (9) and (10).
Step 4. Design the internal model 𝐼 (𝑧) according to (8).
Step 5. Determine the conventional controller 𝐶 (𝑧) to result in a stable 𝑃𝑠 (𝑧).
Step 6. Calculate the closed-loop plant model 𝑃𝑠 (𝑧) based on (11).
Step 7. Design compensator 𝐿(𝑧) according to (13).
Step 8. Define the safety set C using the barrier function formulation in (16).
Step 9. Compute the Lie derivatives of the barrier function according to (17).
Step 10. Determine the relative degree 𝑟 of ℎ(𝑥) with respect to the system dynamics in (15), and if 𝑟 ≥ 1, construct
the exponential CBF according to (19).
Step 11. Define the exponential CBF output equations according to (25)–(26), which yield affine-in-input inequality
constraints.
Step 12. Formulate the CBF–QP–based controller as in (27), where the objective minimizes the deviation from the
nominal control input while enforcing the exponential CBF constraints introduced earlier.
Step 13. Construct the RC-CBF system based on Fig. 4.

Fig. 4. Closed-loop structure of the RC–CBF system

3. Results and Discussion

3.1. Controller Design Parameters

To demonstrate the effectiveness of the proposed RC–CBF scheme, the control strategy is imple-
mented on a Quanser SRV02 rotary servo system [74]. The servo parameters 𝐾 and 𝜏 are obtained
from frequency-response identification of the same servomotor hardware [74], yielding (𝐾 = 1.74)
and (𝜏 = 0.0268). Using these values, the plant dynamics given by the second-order transfer function
in (3) can be written as

𝑃(𝑠) =
𝜃 (𝑠)
𝑉𝑚(𝑠)

=
1.74

𝑠 (0.0268 𝑠 + 1) , (28)

Where 𝜃 (𝑠) denotes the angular position (rad) and 𝑉𝑚(𝑠) represents the applied input voltage (V).
Based on the state-space model (5), the parameters constructing system and input matrices are given
by − 1

𝜏
= −37.3134 and 𝐾

𝜏
= 64.9254. The plant model (28) is discretized using the zero-order-hold

(ZOH) method with a sampling period of𝑇𝑠 = 0.005 s, yielding the following discrete-time state-space
representation:

𝑥 [𝑘+1] = 𝐴𝑑 𝑥 [𝑘] + 𝐵𝑑 𝑢[𝑘],
𝑦[𝑘] = 𝐶 𝑥 [𝑘] + 𝐷 𝑢[𝑘],

(29)

Where

𝐴𝑑 =

[
1 0.0045613
0 0.8298

]
, 𝐵𝑑 =

[
0.00076337

0.29614

]
, 𝐶 =

[
1 0

]
, 𝐷 = 0. (30)
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Fig. 5. Flowchart of research methodology

Meanwhile, the discrete-time transfer function of the model (28) is given by:

𝑃(𝑧) =
0.0007634 (𝑧 + 0.9398)
(𝑧 − 1) (𝑧 − 0.8285) . (31)

The resulting discrete-time plant (31) is marginally stable since one of its poles lies on the unit
circle. To enhance the stability margin of the system, a conventional proportional–derivative (PD)
controller 𝐶 (𝑧) is incorporated, as indicated in (11), with proportional and derivative gains set to
𝐾𝑝 = 39.125 and 𝐾𝑑 = 0.97813, respectively. Consequently, the closed-loop plant model 𝑃𝑠 (𝑧) can
be expressed as

𝑃𝑠 (𝑧) =
0.17924 (𝑧 + 0.9397) (𝑧 − 0.833)

(𝑧 − 0.8355) (𝑧 − (0.408 − 𝑗0.0431)) (𝑧 − (0.408 + 𝑗0.0431)) . (32)

We now obtain a third-order discrete-time closed-loop model as shown in (32), which has a
relative degree of one. The closed-loop plant model 𝑃𝑠 (𝑧) possesses three stable poles located at
𝑝1 = 0.408 + 𝑗0.0431, 𝑝2 = 0.408 − 𝑗0.0431, and 𝑝3 = 0.836. According to (13), the compensator
𝐿 (𝑧) is determined as

𝐿 (𝑧) =
(𝑧 − 0.8355)

(
𝑧2 − 0.815 𝑧 + 0.1679

)
0.17924 (𝑧 + 0.9397) (𝑧 − 0.833) . (33)

It is observed that 𝐿 (𝑧) is an improper transfer function. However, it remains realizable since it
can be rendered proper by multiplication with the term 𝑧−𝑁 in the internal model 𝐼 (𝑧). The periodic
reference signal 𝑟 (𝑘), with a maximum amplitude of 1.134 rad (65◦) and a period of 2 s, is illustrated
in Fig. 6. In the numerical simulation, a repetitive tracking control problem with external periodic
disturbance is considered and ilustrated in Fig. 7. From Fig. 6, it can be observed that the reference
signal has a period of 𝑇𝑟 = 2 s, corresponding to a fundamental frequency of 𝑓𝑟 = 0.5 Hz.
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Fig. 6. Periodic reference signal 𝑟 (𝑘)

Fig. 7. Periodic disturbance signal 𝑑 (𝑘)

Hence, the delay length 𝑁 used in constructing the internal model (8) is determined as 𝑁 =

𝑇𝑟/𝑇𝑠 = 2/0.005 = 400. Furthermore, Fig. 7 shows the disturbance signal used in this study, which is
defined as 𝑑 (𝑘) = 0.25 sin(𝜋𝑡) + 0.25 sin(2𝜋𝑡). The Q-filter is chosen as

𝑄(𝑧) = 0.25𝑧−1 + 0.5 + 0.25𝑧, (34)

Which represents zero-phase low-pass filter giving a unity gain (0 dB) with a tracking bandwidth
of 𝑓𝑐 = 36.35 Hz, which is sufficiently higher than the frequency content of the reference and distur-
bance signals; this ensures that the RC retains adequate tracking accuracy and removes unnecessary
high-frequency components, as shown in Fig. 8. In addition, the filter contributes zero phase to the
RC system.
By substituting into (7), the transfer function of the output-feedback RC can be expressed as

𝑈𝑟𝑐 (𝑧)
𝐸 (𝑧) =

(0.25 𝑧−1 + 0.5 + 0.25 𝑧) 𝑧−400

1 − (0.25 𝑧−1 + 0.5 + 0.25 𝑧) 𝑧−400

[
(𝑧 − 0.8355)

(
𝑧2 − 0.815 𝑧 + 0.1679

)
0.17924 (𝑧 + 0.9397) (𝑧 − 0.833)

]
. (35)

Next, we define the barrier functions with respect to the state variable 𝑥1 as

ℎ1(𝑥) = 𝜃max − 𝑥1︸                 ︷︷                 ︸
Upper barrier

; ℎ2(𝑥) = 𝑥1 + 𝜃max︸                 ︷︷                 ︸
Lower barrier

, (36)

Which correspond to the upper and lower position constraints of the servomotor shaft, respectively.
The gradients of the barrier functions, ∇ℎ1,2(𝑥) ∈ R2×1, are obtained by taking the partial

derivatives of ℎ1,2(𝑥) with respect to the state vector x =
[
𝑥1 𝑥2

]⊤. For (36), the resulting gradients
are

∇ℎ1(𝑥) =
[−1

0

]
, ∇ℎ2(𝑥) =

[
1
0

]
. (37)
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Fig. 8. Magnitude and phase responses of 𝑄(𝑧).

Using the servomotor plant model in state-space form (5), the drift and input vector fields are expressed
as

𝑓 (𝑥) =

𝑥2

−1
𝜏
𝑥2

 , 𝑔(𝑥) =


0
𝐾

𝜏

 . (38)

To characterize the rate of change of each barrier function ℎ1,2(𝑥) under the system dynamics,
the corresponding Lie derivatives with respect to the drift and input vector fields are computed as

𝐿 𝑓 ℎ1,2(𝑥) = ∇ℎ(𝑥)⊤ 𝑓 (𝑥),

𝐿𝑔ℎ1,2(𝑥) = ∇ℎ(𝑥)⊤𝑔(𝑥).
(39)

Consequently, we obtain 𝐿 𝑓 ℎ1(𝑥) = −𝑥2 and 𝐿𝑔ℎ1(𝑥) = 0, whereas for ℎ2(𝑥) we have 𝐿 𝑓 ℎ2(𝑥) =
𝑥2 and 𝐿𝑔ℎ2(𝑥) = 0. Since the plant exhibits a relative degree greater than or equal to one (𝑟 ≥ 1)
with respect to the barrier function ℎ(𝑥), the exponential CBF framework is adopted. By invoking
(19), we take the second time derivative of ℎ(𝑥) to obtain

ℎ (2) (𝑥, 𝑢) = 𝐿 2
𝑓 ℎ(𝑥) + 𝐿𝑔𝐿 𝑓 ℎ(𝑥) 𝑢, (40)

Where 𝐿 2
𝑓
ℎ(𝑥) denotes the Lie derivative of ℎ(𝑥) taken twice along the drift field 𝑓 , and 𝐿𝑔𝐿 𝑓 ℎ(𝑥)

is the Lie derivative taken first along 𝑓 and then along the input field 𝑔.
To evaluate 𝐿𝑔𝐿 𝑓 ℎ1,2(𝑥), we differentiate 𝐿 𝑓 ℎ1,2(𝑥) with respect to the state vector 𝑥 =

[
𝑥1 𝑥2

]⊤
to obtain the required gradients. From the previously obtained expressions, ∇

(
𝐿 𝑓 ℎ1(𝑥)

)
=

[
0
−1

]
and

∇
(
𝐿 𝑓 ℎ2(𝑥)

)
=

[
0
1

]
. The Lie derivative with respect to the input field 𝑔 is then given by

𝐿𝑔𝐿 𝑓 ℎ1,2(𝑥) = ∇
(
𝐿 𝑓 ℎ1,2(𝑥)

)⊤
𝑔(𝑥), (41)

From which we obtain 𝐿𝑔𝐿 𝑓 ℎ1(𝑥) = −𝐾/𝜏 and 𝐿𝑔𝐿 𝑓 ℎ2(𝑥) = 𝐾/𝜏. The second Lie derivative
along the drift field is computed as 𝐿 2

𝑓
ℎ1,2(𝑥) = ∇

(
𝐿 𝑓 ℎ1,2(𝑥)

)⊤
𝑓 (𝑥), yielding 𝐿 2

𝑓
ℎ1(𝑥) = 1

𝜏
𝑥2 and

𝐿 2
𝑓
ℎ2(𝑥) = − 1

𝜏
𝑥2.

The auxiliary system (𝐹ℎ, 𝐵ℎ) in (22) is assigned repeated real poles 𝑠 = −𝜆 with 𝜆 > 0, which
corresponds to choosing 𝑝1 = 𝑝2 = 𝜆 in the operator

(
𝑑
𝑑𝑡
+ 𝑝𝑖

)
. Using (25), the general output relation

is expressed as

𝑦𝑖 (𝑥) =
( 𝑑
𝑑𝑡

+ 𝑝1

)
◦
( 𝑑
𝑑𝑡

+ 𝑝2

)
◦ · · · ◦

( 𝑑
𝑑𝑡

+ 𝑝𝑟
)
ℎ(𝑥), 𝑖 = 1, . . . , 𝑟 . (42)
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In particular, 𝑦1(𝑥) =
(
𝑑
𝑑𝑡

+ 𝑝1
)
ℎ(𝑥) and 𝑦2(𝑥) =

(
𝑑
𝑑𝑡

+ 𝑝2
)
𝑦1(𝑥), which gives

𝑦2(𝑥) = ¥ℎ(𝑥) + (𝑝1 + 𝑝2) ¤ℎ(𝑥) + 𝑝1𝑝2 ℎ(𝑥). (43)

Assuming repeated real pole placement with 𝑝1 = 𝑝2 = 𝜆 > 0, we have 𝑝1 + 𝑝2 = 2𝜆 and 𝑝1𝑝2 = 𝜆2.
Hence,

𝑦2(𝑥) = ¥ℎ(𝑥) + 2𝜆 ¤ℎ(𝑥) + 𝜆2ℎ(𝑥) ≥ 0. (44)

The parameter 𝜆 > 0 is a design constant chosen such that the operator
(
𝑑
𝑑𝑡

+ 𝜆
)2 is Hurwitz,

ensuring exponential convergence of the auxiliary dynamics. This yields the feedback gain 𝐾ℎ =

[𝜆2 2𝜆].
Substituting (40) into (44), we obtain

𝑦2(𝑥) = 𝐿 2
𝑓 ℎ(𝑥) + 𝐿𝑔𝐿 𝑓 ℎ(𝑥) 𝑢 + 2𝜆 ¤ℎ(𝑥) + 𝜆2ℎ(𝑥) ≥ 0. (45)

By substituting the previously derived Lie derivatives into (45), the barrier functions ℎ1,2(𝑥) yield
the following constraints:
Upper Barrier: for ℎ1(𝑥) = 𝜃max − 𝑥1,

𝐿 2
𝑓 ℎ1(𝑥) +𝐿𝑔𝐿 𝑓 ℎ1(𝑥) 𝑢+2𝜆 ¤ℎ1(𝑥) +𝜆2ℎ1(𝑥) ≥ 0 =⇒ 𝑢 ≤ 𝜏

𝐾

(
1
𝜏
𝑥2 − 2𝜆𝑥2 + 𝜆2(𝜃max − 𝑥1)

)
. (46)

Lower barrier: for ℎ2(𝑥) = 𝑥1 + 𝜃max,

𝐿 2
𝑓 ℎ2(𝑥) +𝐿𝑔𝐿 𝑓 ℎ2(𝑥) 𝑢+2𝜆 ¤ℎ2(𝑥) +𝜆2ℎ2(𝑥) ≥ 0 =⇒ 𝑢 ≥ 𝜏

𝐾

(
1
𝜏
𝑥2 − 2𝜆𝑥2 − 𝜆2(𝑥1 + 𝜃max)

)
. (47)

Finally, by combining these conditions with (27), the exponential CBF-based QP controller is
formulated as

𝑢safe = arg min
𝑢∈R𝑚

1
2 ∥𝑢 − 𝑢nom∥2

s.t. 𝐿 2
𝑓 ℎ𝑖 (𝑥) + 𝐿𝑔𝐿 𝑓 ℎ𝑖 (𝑥) 𝑢 + 2𝜆 ¤ℎ𝑖 (𝑥) + 𝜆2ℎ𝑖 (𝑥) ≥ 0, 𝑖 = 1, 2.

(48)

The CBF-based safety filter is implemented as a quadratic program solved using MATLAB’s
quadprog with its default interior-point configuration. All numerical tolerances, feasibility recovery
steps, and handling of constraint interactions rely on the solver’s built-in mechanisms, which follow
MATLAB’s standard optimization procedures.

3.2. Results and Comparison Studies

By increasing the state constraint on the angular position to a value slightly higher than the
maximum reference amplitude, i.e., 𝜃max = 1.14 rad (65.31◦), the controller is allowed to utilize the
full reference range while still limiting excessive excursions of the output. The tracking performance
of the RC–CBF controller is evaluated using the design parameter 𝜆 = 65 and compared with other
control schemes, namely RC, PD–CBF, and PD controllers.

The CBF parameter 𝜆 is selected by manual tuning and directly shapes the trade-off between
safety conservatism and tracking performance. If 𝜆 is chosen too small, the CBF behaves overly
conservatively, so that the nominal controller cannot drive the control signal to the desired peak
amplitude of the reference, which degrades tracking accuracy. Conversely, if 𝜆 is chosen too large,
the correction generated by the CBF becomes too aggressive, making the resulting control signal
oscillatory and potentially destabilizing the response of the nominal controller. The value 𝜆 = 65 is
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adopted in this study as a compromise that preserves stability while providing a satisfactory balance
between safety enforcement and tracking performance.

The performance of the RC–CBF system is further analyzed through the tracking error plot
shown in Fig. 11 and Fig. 13. For quantitative comparison, additional performance indices—namely
percentage overshoot, maximum error, and the root-mean-square of the steady-state error (rms-
ess)—are calculated. These metrics are defined as follows:

%Overshoot =
(MaxOut + |MinOut|) − 2 𝐴mIn

2 𝐴mIn
× 100%, (49)

Where MaxOut and MinOut represent the maximum and minimum values of the system output,
respectively, and 𝐴mIn denotes the amplitude of the periodic reference signal.

rms-ess =

√√√
1
𝑁𝑠𝑠

𝑁𝑠𝑠∑︁
𝑘=1

𝑒2(𝑘), (50)

Where 𝑡𝑠𝑠 denotes the time at which the controller reduces the tracking error to within 5% of the
reference peak, 𝑁𝑠𝑠 is the number of samples in the steady-state interval, and 𝑒(𝑘) is the tracking
error.

3.2.1. Tracking Performance Without Disturbance

The trajectory and output responses of the system under RC–CBF and the other control strategies
without disturbance are illustrated in Fig. 9. As shown in Fig. 9, the RC–CBF effectively suppresses
transient overshoot, whereas the RC without safety constraints exhibits a pronounced overshoot around
𝑡 = 2 s.

Nevertheless, both RC-based approaches achieve accurate steady-state tracking of the periodic
reference. In contrast, the PD–CBF controller produces minimal overshoot but fails to track the
periodic reference accurately in steady state, thus compromising long-term tracking precision.

Fig. 10 compares the control inputs generated by RC and the proposed RC-CBF controller in
steady-state operation. Both controllers produce a periodic control pattern synchronized with the
reference, but the RC input exhibits sharp high-amplitude pulses, especially around the rising and
falling edges of each cycle.

When the CBF is integrated into the RC loop, these peaks are noticeably reduced and the control
signal remains confined within a tighter voltage range while preserving the overall shape required for
accurate tracking.

The computed performance metrics for the RC–CBF and the other control schemes are summa-
rized in Table 2. As shown in Table 2, RC achieves the smallest steady-state error, with an RMS-ESS of
0.0200◦, but exhibits the poorest transient behavior, as reflected by a large maximum error of 51.1365◦
and an overshoot of 39.40%. When the CBF is integrated with RC, the transient response is dramat-
ically improved: the overshoot is completely eliminated (0%) and the maximum error is reduced to
2.7788◦. This improvement comes at the cost of an increase in steady-state error, from 0.0200◦ to
0.1547◦. This increase is mainly due to the conservative position constraint, 𝜃max = 1.14 rad (65.31◦),
which is only slightly higher than the maximum reference amplitude.

As a result, the CBF-based QP remains mildly active near the peaks of the trajectory, clipping
the nominal RC command and preventing the internal model from exactly reproducing the reference
amplitude, so that a small residual steady-state error is preserved in each cycle.

At the same time, placing the safety boundary just above the reference peak ensures that any
potential overshoot is completely removed and that the state trajectory never leaves the prescribed safe
region, providing strict transient safety while incurring only a very small steady-state error.
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(a)

(b)

Fig. 9. (a) Tracking outputs of RC and RC-CBF (b) Tracking outputs of PD and PD-CBF Without Disturbance

Fig. 10. Control signal of RC and RC-CBF

Table 2. Comparison of performance metrics for different controllers without disturbance

Method Max Error (deg) RMS-ESS (deg) Overshoot (%)
RC 51.1365 0.0200 39.40
RC-CBF 2.7788 0.1547 0.00
PD 6.8870 2.2345 5.37
PD-CBF 2.7846 2.2460 0.00

In contrast, the PD controller suffers from severe overshoot (5.37%) and poor steady-state tracking,
with an RMS-ESS of 2.2345◦, indicating its inability to maintain accurate tracking of the periodic
reference.

Although incorporating a CBF into the PD controller (PD-CBF) successfully eliminates the
overshoot and limits the maximum deviation to 2.7846◦, its steady-state accuracy remains inadequate,
as shown by the RMS-ESS of 2.22460◦.
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(a)

(b)

Fig. 11. (a) Tracking errors of RC and RC-CBF (b) tracking errors of PD and PD-CBF without disturbance

3.2.2. Tracking Performance With Disturbance

Fig. 12 shows the corresponding tracking responses in the presence of disturbance. The overall
qualitative behavior is similar to the disturbance-free case: as seen in Fig. 12 (a), the RC-CBF still
removes the transient overshoot exhibited by the conventional RC and keeps the trajectory within
the prescribed bounds, while both RC-based controllers converge closely to the periodic reference in
steady state.

Compared with the disturbance-free case in Table 2, the presence of disturbance slightly degrades
the performance of all controllers, as evidenced by the increased overshoot and steady-state error values
reported in Table 3.

From a robustness perspective, however, the RC-CBF exhibits the smallest degradation among
the considered schemes: its maximum error increases only marginally (from 2.7788◦ to 2.8992◦) and
importantly, its overshoot remains identically zero even in the disturbed case. This indicates that the
CBF layer effectively preserves the transient safety envelope in the presence of disturbance, while
allowing the RC to maintain accurate periodic tracking.

(a) (b)

Fig. 12. (a) Tracking outputs of RC and RC-CBF (b) Tracking outputs of PD and PD-CBF with distrubance
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(a) (b)

Fig. 13. (a) Tracking errors of RC and RC-CBF (b) tracking errors of PD and PD-CBF with distrubance

Table 3. Comparison of performance metrics for different controllers with disturbance

Method Max Error (deg) RMS-ESS (deg) Overshoot (%)
RC 51.2511 0.0204 39.53
RC-CBF 2.8992 0.1960 0.00
PD 6.8990 2.3914 5.39
PD-CBF 2.9039 2.6291 0.00

Overall, the RC-CBF still provides the most balanced trade-off between tracking performance
and safety enforcement: it maintains precise periodic tracking with a small steady-state error while
ensuring transient safety, whereas the conventional RC attains accuracy only at steady state, and
PD-based controllers remain insufficiently accurate despite improved safety guarantees.

4. Conclusion

In this paper, an output-feedback Repetitive Control (RC) scheme integrated with a Control
Barrier Function (CBF) has been developed for safe periodic tracking. The output-feedback RC
component is employed to learn and compensate periodic reference and disturbance signals, while an
exponential-type CBF is designed to enforce safety constraints on both the system states and control
inputs via a quadratic-program-based safety filter. The effectiveness of the proposed RC-CBF frame-
work has been validated through numerical simulations on a servomotor model, considering both
disturbance-free and disturbance scenarios. The results show that integrating the CBF with RC does
not preserve the original steady-state accuracy of the standalone RC but instead provides a systematic
trade-off between steady-state tracking accuracy and transient safety. Compared with conventional
RC, the RC-CBF controller completely eliminates overshoot and significantly reduces the maximum
error, while incurring a slight increase in steady-state error. However, this steady-state error remains
significantly small, so the loss in accuracy is negligible for the considered application compared with
the substantial gains in transient safety. From a computational standpoint, the additional overhead
introduced by the CBF-based QP remains modest in the present single-input servomotor case the
resulting low-dimensional program can be solved well within the sampling interval on typical modern
control hardware. Future research should focus on extending this approach to multivariable systems
and performing real-time experimental validation on hardware platforms in realistic scenarios, together
with a systematic evaluation of computational requirements, QP feasibility under model uncertainty,
and robustness to a broader class of disturbances beyond the periodic cases considered in this study.
These properties make the proposed RC-CBF framework particularly attractive for industrial machin-
ery requiring active vibration compensation, where large transient overshoot and constraint violations
cannot be tolerated.
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