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ABSTRACT

This paper presents a RISE-based Actor–Critic control scheme for a
four-wheeled Mecanum mobile robot subject to manipulator-induced
center-of-mass (COM) offset and dynamic uncertainties. The COM
deviation is explicitly modeled, leading to nonuniform wheel loading and
wheel-dependent slipping. By transforming the time-varying tracking
problem into an autonomous affine system, an online Actor–Critic algorithm
with a discounted cost function is developed to achieve optimal trajectory
tracking. A multi-channel RISE feedback term is integrated to compensate
COM-induced and slip-related disturbances without requiring persistent
excitation. Lyapunov analysis guarantees uniformly ultimately bounded
closed-loop behavior, and simulation results demonstrate improved tracking
accuracy and robustness under time-varying COM offsets.
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1. Introduction

Four-wheeled Mecanum wheeled mobile robots (FMWRs) have been widely adopted in modern
robotic applications due to their omnidirectional mobility, compact mechanical structure, and superior
maneuverability in confined environments. These advantages make FMWRs particularly attractive
for logistics automation, service robotics, industrial transportation, and intelligent warehousing sys-
tems [1], [2], [6]–[8]. In recent years, FMWRs have increasingly served as mobile platforms for
robotic manipulators, forming so-called mobile manipulator systems that integrate locomotion and
manipulation capabilities to execute complex tasks in unstructured environments [3], [4], [9]–[11].

The integration of a robotic arm onto a Mecanum mobile base introduces a time-varying center-
of-mass (COM) shift, which changes the wheel load distribution and alters the dynamic behavior of
the platform. For wheeled mobile manipulators, such dynamic coupling between the manipulator
and the mobile base is a well-known challenge because it can degrade motion stability and tracking
accuracy [5], [12], [13]. Therefore, explicitly accounting for COM offset is important for reliable
trajectory tracking of Mecanum mobile manipulators.

The presence of COM offset leads to an unbalanced normal force distribution among Mecanum
wheels, directly affecting the wheel-ground interaction and the traction capability. Previous studies
have shown that variations in normal forces can severely influence the dynamic behavior of wheeled
robots, resulting in asymmetric actuation effectiveness and increased sensitivity to disturbances [14]–
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[17], [20], [21]. For Mecanum-wheeled systems, this issue is further amplified by the roller-based
wheel design, which inherently introduces additional slip components. Consequently, COM-induced
load redistribution often gives rise to wheel-dependent slipping, where each wheel experiences dis-
tinct and time-varying slip characteristics [22]. Such effects may cause oscillatory motion, trajectory
deviation, or even instability, particularly when the manipulator and mobile base move simultaneously.
A comprehensive dynamic model explicitly accounting for center-of-mass offset and frictional uncer-
tainties was developed in [18], while an integrated mathematical model that jointly captures both the
dynamic and kinematic characteristics of the system was analyzed and validated in [19]

A considerable body of literature has addressed trajectory tracking control of Mecanum-wheeled
mobile robots using kinematic control, feedback linearization, and nonlinear Lyapunov-based methods
[19], [23]–[25], [37]. Although these approaches can achieve satisfactory performance under ideal
assumptions, most of them rely on simplified dynamic models that assume a centrally located COM and
neglect the coupling effects introduced by mass redistribution. Robust control techniques, including
sliding mode control and adaptive control, have been proposed to mitigate modeling uncertainties and
external disturbances [26], [27], [39], [46]–[49]. However, such methods often require conservative
gain tuning, suffer from chattering, or depend on prior knowledge of uncertainty bounds, which limits
their applicability to mobile manipulators with rapidly varying COM.

In parallel, reinforcement learning (RL) has emerged as a powerful framework for optimal
control of nonlinear robotic systems. Actor–Critic reinforcement learning architectures have been
successfully applied to mobile robots and autonomous systems to achieve optimal trajectory tracking
without explicitly solving the Hamilton-Jacobi-Bellman (HJB) equations [28], [29], [40]–[43], [50]–
[54]. Nevertheless, most existing RL-based control schemes either assume accurate dynamic models or
treat complex physical effects, such as COM offset and wheel slip, as lumped disturbances. Moreover,
many RL algorithms require the persistent excitation (PE) condition to guarantee convergence of
learning parameters, which is difficult to ensure in practical mobile manipulation tasks where motion
patterns are task-driven and repetitive [30].

On the other hand, the Robust Integral of the Sign of the Error (RISE) technique has been demon-
strated as an effective approach for compensating unmodeled dynamics and time-varying disturbances
in nonlinear systems [31]–[35]. RISE-based controllers offer strong robustness properties and can
achieve asymptotic or uniformly ultimately bounded tracking performance without requiring PE con-
ditions. These features make RISE particularly suitable for robotic systems subject to COM-induced
disturbances and load variations. However, existing RISE-based methods primarily focus on stability
and robustness, while optimality considerations are rarely incorporated, especially in the context of
FMWRs with manipulator-induced COM offset.

Actor–Critic reinforcement learning has become an effective framework for continuous-time
nonlinear control because it can approximate the solution of the Hamilton–Jacobi–Bellman equation
online and generate an implementable feedback policy without requiring an explicit analytical solution
[55]–[57]. However, when the controlled system is subject to time-varying uncertainties, model
mismatch, and disturbance-contaminated measurements, purely RL-based schemes may suffer from
degraded learning performance and limited robustness in practical robotic applications. In contrast,
the robust integral of the sign of the error (RISE) methodology has demonstrated strong disturbance-
rejection capability and favorable tracking properties for uncertain nonlinear systems [58]–[62].

Therefore, combining Actor–Critic learning with a RISE compensation mechanism provides a
meaningful hybrid structure, in which the learning component improves tracking performance while
the RISE term enhances robustness against slip-related disturbances and other unmodeled effects. This
motivation is particularly relevant for Mecanum mobile robots operating under payload variation and
center-of-mass offset, where both performance optimization and disturbance attenuation are required.
Motivated by the above observations, this paper proposes a RISE-based Actor–Critic reinforcement
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learning controller for a four-wheeled Mecanum mobile robot under center-of-mass offset and wheel-
dependent slipping. The trajectory-tracking problem is reformulated into an autonomous affine system,
where an online Actor–Critic scheme improves tracking performance and a RISE term compensates
for COM-induced and slip-related disturbances.
The main contributions of this paper are summarized as follows:

A RISE-based Actor–Critic reinforcement learning controller with a discount factor is proposed to
achieve optimal and robust trajectory tracking under COM-induced dynamic uncertainties. A rigorous
Lyapunov-based stability analysis is provided, guaranteeing uniformly ultimately bounded closed-loop
behavior and disturbance estimation convergence without the persistent excitation condition.

The remainder of this paper is organized as follows. Section 2 presents the kinematic and dynamic
modeling of the FMWR with center-of-mass offset. Section 3 describes the proposed RISE-based
Actor–Critic reinforcement learning controller. Stability analysis is provided in Section 4, followed
by simulation results in Section 5. Conclusions and future research.

2. Dynamic Modeling of the Four-Wheeled Mecanum Mobile Robot with Center-of-
Mass Offset

Consider a four-wheeled Mecanum mobile robot (FMWR) operating on a planar surface and
equipped with a robotic manipulator, as illustrated in Fig. 1. An inertial reference frame {OI , XI , YI}
is defined on the ground, while a body-fixed reference frame {OR, XR, YR} is attached to the geometric
center OR of the mobile base.

Fig. 1. Experimental four-wheeled Mecanum mobile manipulator under different COM conditions (a), (b)

The generalized coordinate vector of the robot is defined as

q = [x y ϕ]T (1)

Where x and y denote the position of the mobile base in the inertial frame, and ϕ represents the
orientation of the robot.

As shown in Fig. 1(a), when the robotic manipulator remains in a compact and symmetric
configuration, the overall center of mass (COM) of the system is located close to the geometric center
OR. Under this condition, the mass distribution of the FMWR can be regarded as approximately
balanced, and conventional dynamic models assuming a centralized COM provide a reasonable
approximation [14]–[17]. However, when the manipulator moves away from the base, as illustrated
in Fig. 1(b), the mass distribution of the system becomes asymmetric, resulting in a shifted and
time-varying COM.
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To explicitly capture this effect, the actual COM location Rc is defined relative to the body-fixed
frame {OR, XR, YR}, as depicted in Fig. 1(b). The COM offset vector is defined as

Rc =

[
rx
ry

]
, (2)

Where rx and ry denote the longitudinal and lateral displacement of the COM with respect to the
geometric center OR, respectively. The vector Rc is generally time-varying and depends on the
configuration and motion of the mounted manipulator. To ensure static stability and prevent rollover,
the COM offset is assumed to be bounded as

|rx| < L, |ry| < W, (3)

Where L and W are positive constants determined by the geometric stability margin of the robot
platform. This assumption guarantees that the projection of the COM remains inside the support
polygon during motion, thereby reducing the risk of rollover when the manipulator induces a time-
varying mass eccentricity.

As illustrated in Fig. 2, the presence of the COM offset introduces an eccentric mass distribution,
which leads to coupling between the translational and rotational dynamics of the mobile base.

Fig. 2. Dynamic modeling of the four-wheeled Mecanum mobile robot with time-varying center-of-mass
offset, showing the inertial frame {OI , XI , YI}, the body-fixed frame {OR, XR, YR}, wheel configuration,

and the COM displacement vector Rc = [rx, ry]
T resulting from manipulator motion

Moreover, the normal forces acting on the individual Mecanum wheels become nonuniform, re-
sulting in wheel-dependent friction forces and slipping phenomena. These effects introduce additional
dynamic uncertainties that cannot be adequately described by conventional FMWR models assuming
a fixed and centralized COM.

By explicitly incorporating the COM offset, the planar dynamic equations of the FMWR can be
expressed in the following compact form [36], [38]:

M(Rc)q̈+C(q, q̇,Rc)q̇+D(Rc,ρ) = Bτ , (4)

Where M(Rc) ∈ R3×3 denotes the inertia matrix modified by the COM offset:

m11 = mb + 4
(
mw + I

r2

)
;

m22 = mb + 4
(
mw + I

r2

)
;m12 = m21 = 0;

m13 = m31 = mb (rx sinϕ+ ry cosϕ) ;
m23 = m32 = mb (−rx cosϕ+ ry sinϕ)

m33 = mb

(
r2x + r2y

)
+ Ib + 8

(
mw + I

r2

)
l2sin2(π/4− α)

Minh Dong Nguyen (RISE-Based Actor–Critic Control for a Four-Wheeled Mecanum Robot with Center-of-Mass Offset)



ISSN 2775-2658 International Journal of Robotics and Control Systems
Vol. 6, No. 2, 2026, pp. 1573-1592

1577

Where mb and Ib denote the mass and moment of inertia of the robot body, mw and I represent the
mass and inertia of each wheel, l is the distance from the robot center to each wheel, and α is the
roller angle of the Mecanum wheel.
C(·) represents the Coriolis and centrifugal terms affected by the eccentric mass distribution

C =

 0 0 0
0 0 0

mbϕ̇(rx cosϕ− ry sinϕ) mbϕ̇(rx sinϕ+ ry cosϕ) 0

T (5)

The vector τ represents the wheel torque inputs, B is the input transformation matrix, and ρ
denotes the wheel-dependent slip ratios and D(·) denotes a lumped disturbance term accounting for
COM-induced dynamic coupling and wheel–ground interaction uncertainties.

B =
1

r


−(Cϕ−Sϕ) −(Sϕ+Cϕ) −

√
2lS(π4 − α)

−(Cϕ+Sϕ) −(Sϕ−Cϕ) −
√
2lS(π4 − α)

Cϕ−Sϕ Sϕ+Cϕ −
√
2lS(π4 − α)

Cϕ+Sϕ Sϕ−Cϕ −
√
2lS(π4 − α)


T

(6)

C ϕ = cosϕ;Sϕ = sinϕ

It is worth noting that when the COM offset satisfies Rc = 0, the dynamic model in (4) reduces
to the conventional FMWR dynamics reported in [14]–[17]. Therefore, the proposed formulation
can be viewed as a generalized dynamic model that encompasses both balanced configurations, as
shown in Fig. 1(a), and unbalanced configurations induced by manipulator motion, as shown in
Fig. 1(b). In this work, the COM-induced coupling effects and wheel slipping phenomena are treated
as bounded disturbances and will be explicitly compensated through the proposed RISE-based Actor–
Critic reinforcement learning control framework.

3. Controller Design

This section presents the control design for the four-wheeled Mecanum mobile robot (FMWR)
subject to center-of-mass (COM) offset and dynamic uncertainties. Based on the control-oriented
dynamic model derived in Section 2.2, a RISE-based robust controller augmented with an Actor–Critic
reinforcement learning (RL) framework is developed to ensure stable trajectory tracking in the presence
of time-varying disturbances.

3.1. Control Objective and Problem Formulation

Based on the kinematic model of the four-wheeled Mecanum mobile robot (FMWR), the trans-
formation between the inertial-frame velocity and the body-fixed velocity can be expressed as:

vq = H(ϕ)q̇ (7)

Where

H(ϕ) =

 cosϕ sinϕ 0
− sinϕ cosϕ 0

0 0 1

 (8)

Taking the time derivative of (7) yields

v̇q = H(ϕ)q̈ + ϕ̇Ḣ(ϕ)q̇ (9)

From the dynamic model of the FMWR derived in the previous section, the generalized acceler-
ation can be expressed as

q̈ = M−1BT τ −M−1BT ξ −M−1Cq̇ (10)
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Substituting (10) into equation (9), it obtains that:

v̇q = H(ϕ)M−1BT τ −H(ϕ)M−1BT ξ

−H(ϕ)H(ϕ)−1M−1Cvq

+ ϕ̇ Ḣ(ϕ)H(ϕ)−1vq

(11)

By regrouping terms, the nonlinear dynamics of the FMWR can be rewritten in an affine form
with respect to the control input as:

v̇q = f̄(q)vq + ḡ(q)τ + ḡ(q)d(q, vq) (12)

Where
f̄(q) =

[
ϕ̇Ḣ(ϕ)H(ϕ)−1 −M−1C

]
ḡ(q) = H(ϕ)M−1BT

fd(q, vq) = −H(ϕ)M−1BT ξ

The problem of controlling a robot to follow a set trajectory qr(t) in a short time with a low cost
function. The dynamic model (12) is rewritten as:

ẋ = f(x) + g(x)τ + g(x)d (q, vq) (13)

Where
x = (qT , vTq )

T ,

f(x) = (vTq , (f(q)vq)
T )T ,

g(x) = (03×3, g(q)
T )T

(14)

The control objective is to drive the robot to track a desired reference trajectory qr(t) while
compensating for uncertainties induced by the center-of-mass displacement. To enable reinforcement
learning design for time-invariant systems, a reference system is introduced as

ẋr = hr(xr) (15)

We defining the tracking error as e = x− xr

ė = f(x) + g(x)τ − hr(xr)
= f(x)− hr(xr) + g(x)τ + g(x)u

(16)

Where u = τ − τr ,
τr(xr) = g+(xr)(hr(xr)− f(xr)) (17)

By introducing a concatenated state vector z = (eT , xTr )
T , then the dynamics of z is formulated

by an invariant-time system as
ż = F (z) +G(z)(ûrl + ∆̃) (18)

Where

F (z) =

(
f(x)− hr(xr) + g(x)τr

hr(xr)

)
, G(z) =

(
g(x)
06×4

)
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3.2. RISE-Based Online Actor–Critic Control With Discount Factor Under Center-of-Mass
Offset

Due to the presence of RISE, dynamic uncertainties or disturbances can be handled by estimating
its effects on the, means the error ∆̃ would be converged to 0. In this section, the nominal system
(15) obtained from the perturbed system (14) by ignoring the term ∆̃ is taken into account in optimal
control design.

The input disturbance estimation equation is designed within the RISE framework to robustly
estimate and compensate for unknown input disturbances arising from center-of-mass offset variations
and modeling uncertainties [44]:

χ(t) = (ks + 1)
(
e2(t)− e2(0)

)
+

∫ t

0

(
(ks + 1)λ2e2(τ) + β1 sgn

(
e2(τ)

))
dτ (19)

The objective of the infinite-horizon optimal control problem is to determine an optimal control
scheme u∗(X) that simultaneously achieves the desired tracking performance and minimizes the
following cost function with a positive discount factor λ > 0:

V
(
z(t), ûr(t)

)
=

∫ ∞

t
e−λ(s−t)U

(
X(s), ûr(s)

)
ds (20)

The instantaneous utility function is defined as

U(x, ûrl) ≜ xT Q̄x+ ûTrlRûrl, (21)

Where R ∈ Rn×n is a symmetric positive definite constant matrix, and Q̄ is defined as

Q̄ =

[
Q 02n×2n

02n×2n 02n×2n

]
. (22)

Here, Q̄ ∈ R2n×2n is a positive definite matrix that regulates the weighting of the state vector x.
The introduction of the discount factor λ into the performance index ensures the boundedness of the
control signal ûrl as time approaches infinity. By augmenting the state vector as

x =
[
zT ηTd η̇Td

]T ∈ R4n, (23)

The challenge of developing reinforcement learning algorithms for time-varying systems is
addressed. Consequently, the Bellman equation at an arbitrary time instant t can be expressed in terms
of the optimal value function V ∗(x(t)) as

V ∗(x(t)) = min
ûrl(X(t))∈Y (U)

V
(
x(t), ûrl(x(t))

)
. (24)

The discounted Hamiltonian function is derived by taking the time derivative of the Bellman
equation using two different approaches. First, a direct derivation yields

d

dt
V ∗(x(t)) =

∂V ∗

∂x

dx

dt
=

∂V ∗

∂x

(
F (x) +G(x)u∗

)
. (25)

The second approach is to employ the dynamic programming (DP) principle to evaluate the
Bellman equation (24) over an infinitesimal time interval, which yields the following expression:

V ∗(x(t)) =

∫ t+∆

t
e−λ(s−t)U

(
x(s), u∗(x(s))

)
ds

+ e−λ∆V ∗(x(t+∆)).

(26)

Minh Dong Nguyen (RISE-Based Actor–Critic Control for a Four-Wheeled Mecanum Robot with Center-of-Mass Offset)



1580 International Journal of Robotics and Control Systems
Vol. 6, No. 2, 2026, pp. 1573-1592

ISSN 2775-2658

Accordingly, the following relation can be obtained:

δV (t) ≜
V ∗(x(t))− V ∗(x(t+∆))

∆
(27)

U∆(t) ≜
1

∆

∫ t+∆

t
e−λ(s−t)U

(
x(s), u∗(x(s))

)
ds (28)

U∆(t) ≜
1

∆

∫ t+∆

t
e−λ(s−t)U

(
x(s), u∗(x(s))

)
ds (29)

D∆(t) ≜
e−λ∆ − 1

∆
V ∗(x(t+∆)) (30)

δV (t) = U∆(t) +D∆(t) (31)

In practice, the optimal value function V ∗(x) is unknown. Therefore, the Bellman difference
δV (t) is approximated onlineand used to construct the critic learning law.

When the time interval approaches an infinitesimal value, i.e.,∆ → 0, the infinite-horizon optimal
control problem can be solved recursively at each instant. Under this condition, the control policy is
continuously updated such that the optimal value function V ∗(x(t)) is generated by the corresponding
optimal control input u∗(t). Consequently, the discounted Hamilton–Jacobi–Bellman(HJB) equation
is obtained as

U(x(t), u∗(t))− λV ∗(x(t)) +
∂V ∗

∂x

(
F (x) +G(x)u∗

)
= 0 (32)

To explicitly derive the control policy from the value function, an inverse mapping from the
optimal value function V ∗(x(t)) to the optimal control input u∗(t) is formulated using the dynamic
programming (DP) principle. Specifically, the optimal value function is expressed as

V ∗(x(t)) = min
ûr(t)∈Y (U)

(∫ t+∆

t
U(x, ûr) ds

+ e−λ∆V ∗(x(t+∆))

) (33)

By letting ∆ → 0+, the above DP formulation leads to an equivalent instantaneous optimal
control problem, which provides the inverse relationship between V ∗(x(t)) and u∗(t) as

min
ûr(t)∈Y (U)

(
U(x, ûr)− λV ∗(x)

+
∂V ∗

∂x

(
F (x) +G(x)ûr

))
= 0

(34)

To facilitate the derivation of the optimal control law, a modified Hamiltonian function incorpo-
rating the discount factor λ > 0 is defined as

H(x, ûr,∇V ∗, V ∗) = xTQx+ ûTr (x)Rûr(x)

− λV ∗(x) +∇V ∗T (x)
(
F (x)

+G(x)ûr(x)
) (35)

Where
∇V ∗(x) ≜

∂V ∗(x)T

∂x
. (36)
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Based on the optimality condition implied by (34) and the Hamiltonian defined in (35), the
optimal control input u∗(x) can be explicitly derived as

u∗(x) = arg min
ûr(x)∈Y (Ω)

[
H(x, ûr,∇V ∗, V ∗)

]
= −1

2
R−1GT (x)∇V ∗(x)

(37)

Furthermore, by substituting the optimal control policy (37) into the Hamiltonian function and
invoking the necessary condition for optimality, and optimization problem (34), the corresponding
partial differential equation (PDE) governing the optimal value function is obtained as

H∗(x, ûr,∇V ∗, V ∗) = xTQx− λV ∗(x)

− 1

4
∇V ∗T (x)G(x)R−1GT (x)∇V ∗(x)

+∇V ∗T (x)F (x) = 0

(38)

However, it is impossible to analytically solve the partial derivative (38). Therefore, the on-policy
actor–critic strategy is employed to seek the optimal control signal in Section 3.3.

3.3. Implementation of an Online Actor–Critic Algorithm

In this subsection, the implementation of the proposed online actor–critic (AC) reinforcement
learning algorithm with a discount factor is presented. Due to the presence of center-of-mass
(COM) offset–induced uncertainties and the nonlinear nature of the system dynamics, the Hamil-
ton–Jacobi–Bellman (HJB) equation given in (38). Based on the Weierstrass approximation theorem
for higher-order functions [43], the optimal value functionV ∗(z) can be approximated by a single-layer
neural network as

V ∗(z) = W TΨ(z) + εv(z), (39)

Where W ∈ RN denotes the ideal constant weight vector satisfying ∥W∥ ≤ W̄ , with W̄ being a
known positive constant. The vector Ψ(X) ∈ RN represents the activation functions, N is the number
of neurons, and εv(X) denotes the function approximation error.
Taking the gradient of (39) with respect to X yields

∇V ∗(z) = ∇ΨT (z)W +∇εv(z). (40)

It is well established that, over a compact set Ω, both the approximation error εv(X) and its gradi-
ent ∇εv(X) are bounded, i.e., ∥εv∥ ≤ bε and ∥∇εv∥ ≤ bεx [43]. To facilitate the subsequent stability
analysis in Section 3.3, the following assumption regarding the activation functions is introduced.
The activation functions Ψ(X) and their gradients are bounded such that

∥Ψ(z)∥ ≤ bψ, ∥∇Ψ(z)∥ ≤ bψx.

Accordingly, the optimal control law in (41) can be reformulated as

u∗(z) = −1

2
R−1GT (z)

((
∂Ψ

∂z

)T
W +

(
∂εv
∂z

)T)
. (41)

As the number of neurons N approaches infinity, the approximation errors εv and ∇εv asymp-
totically converge to zero. For a practical implementation with a finite number of neurons N ∈ N, the
estimated value function and the corresponding control policy are defined as

V̂ (z, Ŵc) = Ŵ T
c Ψ(X), (42)
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ûrl(X, Ŵa) = −1

2
R−1GT (z)

(
∂Ψ

∂X

)T
Ŵa. (43)

Where Ŵc and Ŵa a are the estimates.
The signal control is determined as follows: (17), the tracking controller τ of FWMR can be

obtained as

τ = −1

2
R−1GT (z)▽ ϕT (z)Ŵa + g+(xr)(hr(xr)− f(xr)) (44)

Using the approximations û and V̂ :

Ĥ(z, Ŵc, Ŵa) = λ2
M (z) + zT Q̄z +

1

4
Ŵ T
a D1Ŵa

−γŴ T
c ϕ+ Ŵ T

c ▽ ϕ(F − 1

2
GR−1GT ▽ ϕT Ŵa)

(45)

Define the Bellman error as δ = Ĥ −H∗,

δ(z, Ŵc, Ŵa) = λ2
M (z) + zT Q̄z +

1

4
Ŵ T
a D1Ŵa + + Ŵ T

c (▽ϕ(F +Gû)− γϕ) (46)

Training critic NN to minimize the integral error, The tuning law for the actor NN is developed as

˙̂
Wa = −ηa1(Ŵa − Ŵc)− ηa2Ŵa +

ηa
4
D1Ŵa

σ̄T

mσ
Ŵc (47)

Where ηa1 > 0, ηa2 > 0 and ηa > 0 are tuning parameters.

3.4. Stability Analysis

Considering the candidate Lyapunov function for the stability of the system

V (t) = V ∗(t) +
1

2ηc
W̃ T
c (t)Γ

−1(t)W̃c(t) +
1

2ηa
W̃ T
a (t)W̃a(t) (48)

In which the optimal cost function has the following derivative:

V̇ ∗(t) = W T ▽ ϕF − 1

2
W TD1Ŵa

+▽ εTυ

(
F − 1

2
GR−1GT ▽ ϕT Ŵa

) (49)

From the HJB equation (38), we can rewrite the optimal cost function determined can be rewritten as:

V̇ ∗(t) = −λ2
M (z)− zT Q̄z + γW Tϕ+

1

4
W TD1W

+
1

2
W̃ T
a D1W +

1

2
W̃ T
a ▽ ϕD2 ▽ ευ

+
1

4
▽ εTυD2 ▽ ευ + γευ(z)

(50)

into the derivative of V (t) yields

V̇ (t) = −λ2
M (z)− eTQe− 1

4
W TD1W − W̃ T

c σ̄

mσ
εH

−W̃ T
c A1W̃c − W̃ T

a A2W̃a + W̃ T
a A3W̃c + W̃ T

a B1 +B2

(51)
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Where

A1 =
1

2
σ̄σ̄T +

β

2
Γ−1, A2 =

(ηa1 + ηa2)

ηa
I − 1

4
D1

σ̄T

mσ
W

A3 =
1

4
D1W

σ̄T

mσ
+

ηa1
ηa

I

B1 =
1

2
D1W +

1

2
▽ ϕD2 ▽ ευ −

1

4
D1W

σ̄T

mσ
W +

ηa2
ηa

W

B2 = γW Tϕ+
1

4
▽ εTυD2 ▽ ευ + γευ(z)

The boundness ofευ and ▽ευ, positive constants κ1, κ2, κ3 such that ||B1|| ≤ κ1, ||B2|| ≤ κ2,
||(1/4)D1(σ̄

T /mσ)W || ≤ κ3. Using the Young’s inequality, (51) becomes

V̇ (t) ≤ −q||e||2 − β

4α2
||W̃c||2 −

ηa1 + ηa2
2ηa

||W̃a||2

−
(

β

4α2
− 1

2ϵ

(
ηa1

ηa
+ κ3

))
||W̃c||2

−
(
ηa1 + ηa2

2ηa
− κ3 −

ϵ

2

(
ηa1
ηa

+ κ3

))
×||W̃a||2 +

εh√
υα1

||W̃c||+ κ1||W̃a||+ κ2

(52)

Where q = λmin(Q). Choose (β/4α2) ≥ (1/2ϵ)((ηa1/ηa) + κ3) and ((ηa1 + ηa2/2ηa) ≥ κ3 +
(ϵ/2)((ηa1/ηa) + κ3) (52) becomes

V̇ (t) ≤ −ω̄1||ζ||2 + ω̄2||ζ||+ κ2

Applying (41) and (43) gives

u∗ − û = −1

2
R−1GT (▽ϕT (z)W̃a +▽ευ)

According one can get

||u∗ − û|| ≤ 1

2λmin(R)
bg(bϕzbζ + bεz) = bu (53)

Where bu is a positive constant Therefore, the tracking error dynamics of the FMWR (18) is eventually
bounded uniformly, which further shows that the state q(t) can track the desired trajectory qr(t).

4. Simulation and Results

This section presents simulation-based validation of the proposed RISE-Based Actor–Critic Re-
inforcement Learning (RISE-AC RL) controller for a four-wheeled Mecanum mobile robot subject
to center-of-mass (COM) offset and external uncertainties. All simulations are conducted in MAT-
LAB/Simulink using a continuous-time plant model with numerical integration.

4.1. Robot Model and Simulation Setup

The robot is modeled as a planar 3-DOF system with generalized coordinates q = [x, y, ϕ]T

and four wheel torques τ = [τ1, τ2, τ3, τ4]
T . The center-of-mass (COM) offset (RCX , RCy) is

incorporated into the inertia and coupling terms of the dynamic model, capturing payload-induced
mass-eccentricity effects.
Unless otherwise stated, the following nominal parameters are used:
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• Body mass: mb = 12 kg; wheel mass: mw = 0.313 kg.
• Geometry: a = 0.2 m, b = 0.3 m; wheel radius: r = 0.0508 m.
• Body inertia: I = 0.5 kgm2; wheel inertia: Iw = 4.0378× 10−4 kgm2.
• Gravitational acceleration: g = 9.8 m/s2.
The initial state is selected to be significantly displaced from the reference trajectory:[

x(0), y(0), ϕ(0), ẋ(0), ẏ(0), ϕ̇(0)
]T

=
[
1.5, 1.5, 1.4, 0, 0, 0

]T
. (54)

The total simulation duration is T = 50 s. The control update period is set to ∆t ∈ [1, 5] ms
(depending on the solver configuration) to accurately capture online learning transients and the RISE
compensation dynamics.

The controller parameters were set to comparable levels, as summarized in Table 1, to ensure a
fair evaluation of the proposed controller.

4.2. Simulation Cases

4.2.1. Case 1: Baseline Evaluation Under Slippage and Fixed Com Offset

This case is designed as a baseline test to evaluate the trajectory-tracking performance of the
proposed controller under wheel–ground slippage and a constant center-of-mass (COM) offset. A
time-varying slippage profile ρ(t) is imposed, while the COM offset is fixed at

rx = ry = 0.15 m. (55)

No external disturbance torque is applied, i.e., τd(t) = 0, and the payload variation is neglected.
Under this condition, the tracking degradation is mainly caused by slippage and static mass eccentricity.

Table 1. Parameter settings for each controller

Methodology Parameters Values

Robust-based RL [38]

[
R, Q, γ, ηc, ηa1, ηa2

β, ν, ηa

] [
I3, 10I6, 10

−3, 2.3, 8, 10−3

10−3, 10−3, 10−3

]

RISE-AC RL

[
R, Q, γ, ηc, ηa1, ηa2

β, ν, λ1, λ2, β1, ks

] [
I3, 10I6, 0.5, 0.08, 0.2, 50

10−3, 10−3, 4I3, 50, 6, 100

]

As shown in Fig. 3, both the robust-based RL controller and the proposed RISE-AC RL controller
converge from the large initial displacement to the circular reference trajectory under wheel slippage
and a fixed center-of-mass (COM) offset. This result confirms that both controllers are able to maintain
stable trajectory tracking in the presence of static mass eccentricity and slip-induced uncertainty.
Nevertheless, the zoomed view in Fig. 3 shows that the proposed RISE-AC RL controller remains
closer to the reference trajectory and exhibits a smaller steady-state bias than the robust-based RL
baseline, indicating improved tracking accuracy under the considered operating condition.

The tracking errors in Fig. 4(a) decrease rapidly during the initial transient and then remain
within a small neighborhood around zero under wheel slippage and a fixed center-of-mass (COM)
offset. Compared with the robust-based RL controller, the proposed RISE-AC RL controller yields
smaller residual errors in both the translational and heading channels, indicating improved steady-state
tracking accuracy in the presence of static mass eccentricity and slip-induced uncertainty. In addition,
the wheel torque commands of the proposed controller in Fig. 4(b) remain bounded and gradually
evolve into smooth periodic signals after a short transient, which is consistent with the steady circular
motion of the robot.
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Fig. 3. Tracking trajectory: robust-based RL and RISE-AC RL

(a) (b)

Fig. 4. (a) The tracking error. (b) Control signal RISE–AC RL

Finally, Fig. 5 shows that the critic and actor weights (Wc and Wa) adapt rapidly during the
transient phase and then gradually converge to stable values, indicating a well-behaved online learning
process under wheel slippage and a fixed center-of-mass (COM) offset. These results further confirm
that the proposed RISE-AC RL framework preserves stable weight adaptation and improves steady-
state tracking performance while maintaining bounded control effort in the presence of static mass
eccentricity and slip-induced uncertainty.

4.2.2. Case 2: Combined-Uncertainty Robustness Test (Slippage, COM Offset, Payload Varia-
tion, and Disturbances)

To evaluate the effectiveness and robustness of the proposed control strategy, numerical sim-
ulations are conducted on a four-wheeled Mecanum mobile robot under concurrent and strongly
time-varying uncertainties that closely reflect practical operating conditions. Specifically, the robot is
subjected simultaneously to a time-varying slippage profile, a nonzero center-of-mass (COM) offset
(rx, ry), payload variation ∆m, and external disturbance torques τd(t).
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Fig. 5. Weights of the critic and the actor networks RISE–AC RL

The CoM offset is assumed to vary according to the following time-dependent functions:

rx(t) = 0.05 sin(0.8t) + 0.025 cos(1.5t) + 0.03 sin(2.5t),

ry(t) = 0.03 sin(0.3t) + 0.06 cos(1.2t) + 0.05 sin(2.8t) + 0.02 cos(3.5t),
(44)

Where rx and dry denote the COM offsets along the x- and y-axes, respectively. In addition, the robot
mass is assumed to vary with an amplitude of

∆m = 3 kg. (56)

The Gaussian noise signal is implemented numerically as

εGauss = normrnd(0, 1.5, size(t)). (57)

As shown in Fig. 6, the COM undergoes continuous variations, which strengthen translation–
rotation coupling and induce wheel-dependent traction changes, making the tracking problem more
challenging than in Case 1.

Fig. 6. Time-varying trajectory of the robot center of mass relative to its nominal position

Fig. 6 illustrates the time–varying trajectory of the robot’s center of mass relative to its nominal
position. The tracking trajectories in Fig. 7 show that both controllers can follow the reference path,
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Fig. 7. Simulated trajectory tracking performance of the robot under external disturbances and center-of-mass
(COM) offset

While robust-based RL exhibits larger deviations on several segments. In contrast, the proposed
RISE-AC RL stays closer to the real trajectory with reduced steady-state bias, owing to the RISE
disturbance compensation and the online actor–critic policy update with a discounted cost. The
simulation results of the trajectory tracking errors in Fig. 8a and the RMSE comparison of trajectory
tracking errors in Fig. 8b show that the proposed RISE-AC RL algorithm achieves better trajectory
tracking performance than the RISE-based RL algorithm. Specifically, the proposed controller yields
smaller tracking errors and lower RMSE values, thereby demonstrating its improved tracking accuracy.

(a) (b)

Fig. 8. (a) Trajectory tracking errors under external disturbances and center-of-mass (COM) offset. (b) RMSE
comparison of trajectory tracking errors between the proposed RISE-AC RL and the Robust-based RL

The simulation results in Fig. 10 show that the proposed RISE-based RL controller requires a
lower total control input than the Robust-based RL controller. Specifically, the performance index
H , which reflects the control effort and the associated energy-related consumption, is reduced from
1392(N.m.s) for the Robust-based RL method to 1289(N.m.s) for the proposed RISE-based RL
controller. This result indicates that the proposed method is more energy-efficient. As shown in Fig. 9,
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both the Actor and Critic neural network weights converge at approximately 6 s, which confirms the
stability and learning effectiveness of the proposed algorithm under a time-varying center-of-mass
offset condition.

Fig. 9. Evolution of the actor Ŵa and critic Ŵc neural network weights under a time-varying center-of-mass
offset

Fig. 10. Comparison of nominal energy consumption for each method

5. Conclusion

This paper proposed a RISE-based Actor–Critic reinforcement learning controller for trajectory
tracking of a four-wheeled Mecanum mobile robot under center-of-mass (COM) offset and dynamic
uncertainties. By integrating the online Actor–Critic learning mechanism with the RISE compen-
sation term, the proposed method improved tracking accuracy and robustness against slip-related
disturbances, payload-induced mass eccentricity, and disturbances caused by the center-of-mass off-
set. Simulation results under both fixed and time-varying uncertainty conditions showed that the
proposed RISE-AC RL controller achieved smaller tracking errors, lower RMSE values, and reduced
control effort than the robust-based RL controller, while maintaining stable convergence of the actor
and critic neural network weights. These results confirm the effectiveness of the proposed method
for trajectory tracking of Mecanum mobile robots under COM-offset and uncertainty conditions, and
future work will focus on experimental validation and extension to more challenging robotic operating
scenarios.
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