Journal of Fuzzy Systems and Control, VVol. 1, No 3, 2023
ISSN: 2986-6537, DOI: 10.59247/jfsc.v1i3.152

90

Rotary Inverted Pendulum Control with Pole
Placement

Fahmizal ", Geonoky 2, Hari Maghfiroh 3
12 Department of Electrical Engineering and Informatics, Vocational College, Universitas Gadjah Mada, Indonesia
3 Department of Electrical Engineering, Universitas Sebelas Maret, Indonesia
Email: * fahmizal@ugm.ac.id, 2 geonoky@gmail.com, 2 hari.maghfirohn@gmail.com
*Corresponding Author

Abstract—This research focuses on the analysis of inverted
pendulums, specifically the rotary inverted pendulum, which is
a multivariable and highly unstable dynamic system. Inverted
pendulums are commonly employed in studying modern control
and control system designs due to their challenges related to
nonlinearity, complexity, and inertia. The rotary inverted
pendulum, in particular, is investigated in this paper, with a
primary emphasis on utilizing state feedback adjusted by pole
placement. The objective is to guide the pendulum along a
circular path, eliminating the challenges associated with the
traditional transversal path. The careful selection of design
parameters is crucial to ensure that the pendulum reaches a
stable equilibrium point. The study underscores the importance
of addressing the specific area where the pendulum is expected
to reach this point of agreement.

Keywords—Inverted Pendulum; System Modeling; Pole
Placement

l. INTRODUCTION

The control system means commanding, regulating, and
directing both physically and dynamically. Hence, the design
of a control system depends on what elements are to be
regulated, commanded, or directed according to the designer.
One example is an inverted pendulum. Inverted pendulums
have been widely used in linear and nonlinear control systems
with applications to less active mechanical systems involving
nonlinear dynamics, robotics testing, and vehicles. A wide
variety of resources have been produced to support teaching,
emphasizing complex processes that enable us to better
understand how to handle control system design. For
example, such as the Rotary Inverted Pendulum [1], [2].

The Rotary Inverted Pendulum is a system that has two
degrees of freedom (DOF), namely clockwise and anti-
clockwise. This system is integrated with three elements: a
motor and two rods called the arm and pendulum. The rotary
inverted pendulum is shown in Fig. 1, the way the system
works is how to balance the pendulum connected to the arm.
The arm functions as a link between the pendulum and the
DC motor. The function of the DC motor here is to provide
rotation which allows the pendulum to carry out balancing
movements. An inverted pendulum has characteristics of
nonlinear, unstable, under-actuated, multivariable, and fast
dynamic [3], [4].

The rotary inverted pendulum involves physical modeling
concepts and tools for validating regulators in automatic
control [5]. A pendulum that rotates freely in the vertical
plane is assembled from the other end of the arm. The rotary
inverted pendulum is a compact and simple system that

shows control problems can be managed. Some examples of
the inverted pendulum in daily life applications are missile
launchers [6], balancing robots [7], and humanoid robots [8].
This problem, being physical, allows us to construct
nonlinear equations of dynamic behavior based on Newton's
laws [9].

Fig. 1. Rotary inverted pendulum

As observed in Lundberg and Barton [10], the approach
that has been used considers a linear model, where the
process is simplified to treat it as if it were a linear system.
The rotary inverted pendulum is a process that allows
teaching the use of state space modeling techniques,
linearization, regulatory controller design, and sensitivity
analysis. This is a classic problem that allows simple schemes
such as PID control to be tested up to complex control
schemes, such as SMC control. Attempts have also been
made to achieve global stability in these processes, separating
them into systems where a swing-up is performed to move
the pendulum away from a stable equilibrium position, and
then switching to another controller tasked with keeping the
pendulum stable at an unstable equilibrium point.

The rest of the paper is as follows: Section |1 discusses the
materials and method which include the overview of
modeling of the rotary inverted pendulum and the proposed
method. The results and discussion are presented in Section
Il. Finally, the conclusion of this research is resumed in
Section 1V.
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1. MATERIALS AND METHOD

A. Materials

1. Modeling of rotary inverted pendulum

A schematic image of a rotary inverted pendulum (RIP)
with several parameters is shown in Fig. 2. The Rotary
Inverted Pendulum modeling is considered using a system
based on the Quanser inverted rotary pendulum [11]. In this
system, the dynamic equation is obtained as (1) to (3).

XZ

Motor
Fig. 2. Schematic rotary inverted pendulum (RIP)
—mlLrcos(x;)x; + gmszz —mgLsin(x,) =0 1)
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Ty = Kpu — Kpxy — Boxy (3)

As seen in Fig. 2, x; is the arm angle while x; is the
pendulum angle. The parameter values are listed in Table 1.
To define two additional variables X3=x; and X4=x», equations
(2)-(3) can be expressed as a first-order nonlinear system in
equations (4)-(5) as follows:

Table 1. Parameter values of rotary inverted pendulum model
Symbol Parameters Value
m Mass 0.125 kg
r Arm length 0.215m
L Half the length of the pendulum 0.1675m
g Gravitational acceleration 9.81 m/s2
J Inertia Pendulum 0.0023 kg.m2
B, Viscous Friction 0.004 Nm/ rad.s
K Constant Motor 0.1513 Nm/ V
Ky Motor friction constant 0.0805 Nm/ rad
X1 _ X3
2|62 @
X2
X -
[ Bl = D(x;) 1(Gu — H(x,, xz,xz,xa,)) (5)
X4
L (x3) 4 L?
—mLrcos(x -m
D(x,) = 2 3 (6)
J+mr? —mlLrcos(x;)

—mgLsin(x,)
mLrx,*sin(x,) + Bexz + Kpxy

H(x1'x2lx3'x4-) = [ (7)

G = [0 Km]T (8)

With the output y=[x1 xo]" is a linear expression
containing both angles, namely the arm and the pendulum. If
we define X=[x1 X2 X3 X4]" with equation (4), then we obtain
the standard representation of equation (9). According to K.
Munoz and Poblete [1] with this representation in state
variables (9) a Simulink / MATLAB function model is
created (Fig. 3). In this model the parameters are shown in
Table 1 and xini is defined as a vector containing the initial
conditions of the arm angle, pendulum, and respective
angular velocity.

.’).C =f(x,u)
y = h(x,u) 9)
x(0) = xip;

function [sys,x0,str,ts] = (t,x,u,flag,xini,mr,L,q,Je,Be,KE,B)
switch flag

case 0 % Initialization

sys = [4,0, 1, 2, 0, 0, 1]:

x0 = xini;
str = []:
ts = [0 0];% sample time: [period, offset]

case 1 % Derivatives

G = [0;Kn]:

D=[-m*L*r*cos (x(2)) 4/3*m*L"2; Jetm*r"2 -m*L*r*cos(x(2))]:
H=[-m*g*L*sin(x(2));m*L*r*sin(x(2))*x(4) "2 +Be*x(3) +Kf*xz(1l)]:
sys(1:2) = [x(3): x(4)]:

3ys3(3:4) = inv(D)*(G*u-H):

case 3

sys(1:2) =[ =x(1)7 x(2)] % outputs

otherwise

sys = []; % do nothing

end

Fig. 3. MATLAB s-function for RIP
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&
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From equations (10) and (11) in equilibrium x3=0 and
Xs=0. Where it can be concluded that the manipulated
variable must be zero and there are infinite solutions for the
pendulum angle in equilibrium, which corresponds to x, = nx
where n is an integer. If n is even, then the equilibrium
position for the pendulum is up (inverted pendulum) and if n
is odd, the equilibrium position for the pendulum is down
(normal pendulum). Likewise, x,=0 is the balance position
for the pendulum in an inverted state.

2. Linearization

The analysis techniques that will be used only apply to
linear systems. Because the goal of the control system is to
keep the pendulum upright, the equation that has been
obtained must be linearized. Linearization of this equilibrium
state system can be achieved by carrying out a first-order
Taylor series expansion for the functions f(x,u) and h(x,u), so
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that the equation (12) is obtained. Where ¥(x,u) represents 0 0 1 0
the component of the order greater than 1. Note that for points 0 0 0 1

very close to equilibrium it is true that ¥(x,u)=~0. A= 21498 528058 —1.0682 0 7)
Flouw) = x = Ax + Bu + ¥ (x,0) —10.6959 94.7608 -—-1.0284 0

h(x,u) =y = Cx + Dx 12) BT=[0 0 404056 38.8979] (18)

. *0) = . . c=[1 %20 sp=0 (19)

Matrices A, B, C, and D are obtained as equations (13), 01 00

(14), (15), and (16), respectively. When evaluated at the
equilibrium point it is calculated by equations (10) and (11).
Fig. 4 shows the Simulink model, where the feedback control
system is configured.

a ’
A=M|x=0,u=0 (13)
Ox
of (x,
B=M|x=0,u=0 (14)
u
oh(x,
C=M|x=0,u=0 (15)
Ox
oh(x,
D=M|x=0,u=0 (16)
du

Controller Sudut Pendulum

Fig. 4. Close loop control model of rotary inverted pendulum in simulink,
Tegangan input (Input voltage), Sudut lengan (Arm Angle), Sudut
pendulum (Pendulum angle), Perhitungan x (x Calculations)

syms xl x2 %3 x4 u f1 f2
x=[x1;x2;x3;x4];

f1 = [x(3); x(4)]:

f2 = inv (D) * (B*u-H):
f=[£1;£2]: h=[xl;x2];
jfx=jacobian(f,x);
jfu=jacobian(f,u);
jhx=jacobian(h,x);
jhu=jacobian (h,u);

x1=0; x2=0; x3=0; x4=0; u=0;
A=eval (jfx); B=eval(jfu): C=eval(jhx); D=eval(jhu)

Poles =eig(A)

Fig. 5. MATLAB code for RIP linearization

Fig. 5 makes it possible to obtain by symbolic algebra the
values of these matrices. It should be noted that there is no
relationship that depends on the value of x; at equilibrium,
where the matrix generated in equations (17) to (19) is
identical for each arm angle that we want to operate, where
with these equations we can perform reference tracking for
the arm by creating change of coordinates to refer to the new
angles of the arm to the desired position.

Eigenvalues of matrix A, obtained with the MATLAB
function eig(A). The system values obtained are -9.4328,
8.9784, -0.3069 + 3.3250h and -0.3069 - 3.3250h. One of the
poles is positive, which indicates that the system is unstable
at this equilibrium point.

In controller design, system stability can be verified from
the location of the system poles in the complex plane. The
system is said to be unstable if one of the poles is on the right
side of the complex plane. However, on the contrary, the
system is said to be stable if all the poles are located on the
left side of the complex plane. For an unstable system, a
control method is needed that can bring all poles to the left of
the imaginary axis to become a stable system [12].

The control system must be able to be checked whether
the system can be controlled in full condition or not. If the A
and B matrices of the state space model can be controlled,
then the system can be controlled by placing the poles in a
full state. The resulting system is fully controllable at the
balance point, namely with the controllability equation M=[B
AB A?B A®B] equal to the number of states in the system
(rank(M)=4) [13]. This problem does not require a state
observer because the first two components of the state vector
are the arm and pendulum angles, and the last two
components of the state vector can be reconstructed by
deriving these angles.

B. Method

One type of state feedback control is pole placement. Pole
placement control is a way to place poles arbitrarily
according to the characteristics we want. However, there are
still criteria that we must fulfill before starting to use pole
placement. The first criterion is that all the state variables that
we define must have known values. If one of the states is not
known, then an observer is used to estimate it.

Pole placement control aims to stabilize an unstable
system or to improve its performance in terms of stability so
that transients turn off very quickly. Fig. 6 illustrates the full
state feedback block diagram in the state space model and is
more simply presented in Fig. 7.

{

Fig. 6. Full state feedback detailed block diagram
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Fig. 7. Full state feedback simplified block diagram

It is assumed that the desired closed-loop poles are set at
S=p1, S=pP2, S=P3, ..., S=Pn by choosing the right gain matrix
to represent the feedback. It is easy to set the closed-loop
poles of the system at the desired location in the complex
field when the system is completely under control. For the
selection of desired closed-loop poles in complex fields, there
is a compromise that needs to be made between the response
to the speed error and the responsiveness to interference and
measurement noise. If there is an increase in the response
speed of the displayed error, then there will be an increase in
the harmful effects of the interference and measurement noise
displayed.

a.c = Ax + Bu (20)

y=Cx +Du (21)

A linear dynamic system in the form of a state space is
shown in Equation (20) and Equation (21), where D is zero
[14], [15]. To improve system stability, the full state feedback
control law is considered proportional to the state.

u=—Kx (22)

x=[A—B-Klx+¥(x) (23)

The Lyapunov function is defined as:
1
V(x) = ExTx >0 (24)
Derivative in time V(x) as:

V=xTx<0 (25)

And combined using equation (23) then:

V=xT[A—B - Klx +xT¥(x) <0 (26)

The condition for (26) always be negative if the values of
K are such that the eigenvalues of A-BK all have a negative
real part, and this W(x) is contained in the small neighborhood
for compliance with (26). If equation (26) is satisfied, then it
can be ensured, according to Lyapunov's theorem, that the
system fed back to the controller (22) will be stable.

The closed-loop poles are located using the place routine
in the MATLAB control toolbox. This value for the desired
closed-loop pole is set considering that the expected time for
the pendulum and arm to stabilize is 4 seconds. Note that the
controller design influences the range of x values satisfying
equation (12). It was considered to design two controllers
using the pole placement technique. The first controller,
named C1, is designed such that the poles of the closed-loop

controller are located at {-1, -5, -1-3i, -1+3i} and the second
controller, called C2, is designed such that the closed-loop
poles are located at {-5, -4.1, -5-3i, -5+3i}, poles are selected
to meet the stated requirements.

The most relevant variable in this process is the angle of
the pendulum, and the goal is for the pendulum to remain in
an upright position. Although, interestingly, the arm angle
reaches the reference, it has been considered a performance
function that only considers the evolution of the pendulum
angle. To evaluate the performance of the system, the
maximum absolute value achieved by the pendulum angle is
considered as a cost function (27).

MP = tg(zgg]cc)(lh(tﬂ) (@7)

This value is chosen because if it reaches the normal
stable position (pendulum hanging down) or MP > &, at any
time in the specified time interval between start time zero and
end time(ts), the system is then considered unable to hold the
pendulum in reverse. The value of t; is considered large
enough to ensure that the system has been able to reach its
equilibrium condition because the establishment time is
determined in 4 s, the value for this time is setin t;=5s.

IIl.  RESULTS AND DISCUSSION

Two experiments are considered in which the
performance of the closed-loop system is compared with both
controllers (C1 and C2). The first experiment aims to analyze
how the starting angle of the arm affects the system
performance. For this reason, the RIP is initialized from
various arm angles, as shown in Fig. 8. As can be seen, the
pendulum starts from an inverted equilibrium position with
an initial angle d for the arm, zero for the pendulum, i.e., in a
vertical position and stops with zero velocity for the arm and
pendulum (x1=d, Xxo=0, X3=0, and x4=0). It runs repeatedly
with variable d (see code shown in Fig. 9).

In each iteration the instruction [t, x, y] = sim('RIP") is
executed, calling the model into RIP.sIx (Fig. 4) and running
it for 5 seconds with the initial condition xini = [d, 0, 0, 0]. In
this way, 21 simulations are carried out, starting from the arm
angle, from -1 [rad] to +1 [rad] separated every 0.1 radians,
that is, sweeps are made from about 57 degrees to the left and
right of the equilibrium point. The variables that return the
instruction ([t,x,y] = sim('RIP"), correspond to a matrix
where each column contains the signal values indicated at the
output gates listed in Fig. 4.

Fig. 8. Top view of the rotary inverted pendulum, red dot shows the
simulation's initial position
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Jal = [1:

ford=-1: 0.1: 1

% mengulangi sudut lengan -1 [rad] to 1 [rad] dengan interval 0.1
zini = [d, 0,0,07:[t, %, y] = sim ('RIP"):

% menjalankan simulasi rotatory inverted pendulum

eta = max (abs (y(:,3))):

% mengurangi error pendulum maksimum selama simulasi

Jl = [J1; [d eta]];

end

Fig. 9. First simulation coding

The second experiment starts from the system for
different pendulum angles as shown in Fig. 10. In this case
the initial pendulum angle ranges from -1 rad to +1 rad, every
0.1 radians, but with positions initial xi,i = [0, d, 0, 0]. It is
assumed that the remaining initial conditions are zero, that is,
the system always starts with the arm in an angular position
of zero radians, and the arm and pendulum are stopped at the
beginning (x1=0, x2=d, xs=0, and xs=0). After carrying out
the simulation, the first experimental results were obtained
which are presented in Fig. 11 and Fig. 12. In Fig. 11, each
circle represents the maximum absolute error calculated by
(27) for the initial conditions shown on the ordinate axis.

X3+ 0 rad: Kondisi awal untuk pendulum
(dalam kesatimbangan)

2.1 rad: Mulai kondisi
terjauh dari

x2+ 1 ract Mulai kondisi
terjauh dari
hak

x2-0 rad: Posisi awal
untuk lengan

Fig. 10. Lateral pendulum, red dot shows the simulation's initial position
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001 [ ‘U\ \G} 0/ //

Arm angle

Fig. 11. Performance of a closed-loop system with controllers C1 (in blue)
and C2 (black) under different initial conditions of arm angle, keeping the
remaining variables at the equilibrium point

From the obtained simulation results as the initial angle
increases, the maximum absolute error presented by the
pendulum angular response will also increase. Fig. 12 shows

that the growth rate obtained with controller C2 is greater
than that obtained with controller C1. From the results shown
in Fig. 11 the circles colored red and green, indicate the
maximum absolute angular errors reached in the pendulum
for two specific cases: when the simulation starts with arm
angles of 0.3 [rad] and 0.5 [rad], respectively.

, Arm angle Arm angle
1

I S

1 -1

[rad]
[rad]

1 2 3 i 5 1 2
[s] [s)
Pendulum angle Pendulum angle

‘g‘ 0 Tg‘ 0 Qba—
01 <01
[ 1 5 1 2 L] >
[s] [s)
0s Voltage . Voltage
> 0 > 0
05 05
0 1 3 ] 0 1 2 3 ‘
[s] (s)
Fig. 12.  Response of a closed-loop system with controllers C1 (in blue)

and C2 (black) for initial conditions of arms 0.3 [rad] (left) and 0.6 [rad] on
the right, keeping the remaining variables within the balance point

Fig. 12 shows the reaction curve of the angular response
of the arm, pendulum, and voltage applied to the motor when
the initial conditions are the initial conditions marked in the
previous figure: 0.3 [rad] on the left and 0.5 [rad] on the right.
If you look at the graph on the left side, the first one marks
0.3 [rad] for the arm (see green circle), and the middle one
marks 0 [rad] as the initial condition for the pendulum. The
middle graph shows that the maximum error achieved by the
arm is 0.03 rad with controller C1 (in black) and a much less
high value with controller C2 (in blue).

In the resulting graphic image, it can be observed that the
stabilization times achieved with both controllers are the
same and meet the design requirements. In the graph on the
right, the responses obtained with both controllers when the
initial arm condition is 0.5[rad] are observed. It is observed
that this maximum pendulum error is larger with controller
C1 (in black) than with controller C2 (in blue).

The results of the second experiment are presented in Fig.
13 and Fig. 14. As in Fig. 11, each circle represents the
maximum absolute error calculated by (27) during the 5 s
simulation. The initial conditions are shown on the horizontal
axis, which this time corresponds to the initial angle of the
pendulum because the initial condition of the arm is zero and
the angular velocity of the arm and pendulum is zero. It is
observed that as the initial angle increases, the maximum
absolute error of the angular path of the pendulum also
increases and that within + 0.5 [rad] this index starts to take
values greater than 3 [rad] for controller C1 (in blue), with
controller C2 (black) something similar happens but for
higher values +0.6[rad]. When this angle reaches a value
greater than 3[rad] it means that the pendulum falls from an
unstable equilibrium position, so the results obtained with the
maximum absolute error of the pendulum greater than 3[rad]
should be rejected, considering that the controller cannot
meet the requirements which are determined.
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In Fig. 13, like the previous scenario, red and green circles
are utilized to represent the maximum absolute errors in
pendulum angles during simulations starting with initial
pendulum angles of 0.3 [rad] and 0.5 [rad]. Moving on to Fig.
14, the left side illustrates response curves for both controllers
(C1 in blue and C2 in black) concerning the arm angle,
pendulum angle, and the motor voltage. These responses are
observed when the simulation begins with an initial condition
of 0.3 [rad] for the pendulum (depicted by the green circle).
Specifically, the initial conditions include 0 [rad] for the arm,
zero initial velocity for both the arm and pendulum. On the
right side of Fig. 14, a similar analysis is presented, but this
time the initial condition of the arm is set at 0.5 [rad]
(indicated by the red circle in the top-right graph). The initial
angle of the pendulum is maintained at zero (middle-right
graph), along with zero initial angular velocity for both the
arm and the pendulum. This comprehensive examination
provides insights into the system's behavior under different
initial conditions and the corresponding controller responses.
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Fig. 13.  Performance of a closed-loop system with controllers C1 (in

blue) and C2 (black) under different initial conditions of pendulum angle,
keeping the remaining variables at the equilibrium point
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Fig. 14.  Response of a closed-loop system with controllers C1 (in blue)
and C2 (black) to the initial pendulum condition of 0.3 [rad] (left) and 0.6
[rad] to the right, keeping the remaining variables at the equilibrium point

IV.  CONCLUSION

This research aimed to implement a state feedback
controller using the pole placement method for designing a
control system tailored to a rotary inverted pendulum. The

pole placement control technique facilitates the strategic
placement of poles to achieve desired system characteristics.
The step-by-step elucidation presented in this study guides
the resolution of the controller design challenge through state
feedback, ensuring the rotary inverted pendulum attains
stability at an equilibrium point, despite its inherent
instability. The process involves nonlinear representation in
state space, balance point computation, linearization,
controller design, and performance function definition.
Notably, the nonlinear dynamics of the rotary inverted
pendulum introduce a complexity wherein the feedback
system exhibits variable behavior in response to diverse
initial conditions, potentially causing destabilization. This
exploration enhances our understanding of control strategies
for inherently unstable systems, paving the way for more
robust and adaptive control methodologies.
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